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gi- - Perturbation theory has been used to find the first-order internal electric field, the SAR (specific
58. " absorption rate), the spatial variations of the SAR, and the maximum SAR in prolate spheroidal and
‘;31' ellipsoidal models of man and experimental animals during irradiation by an electromagnetic plane
nd ! wave when the wavelength is long as compared to the dimensions of the exposed body. In our “con-
ductor™ model of man, conductivity is written explicitly in the curl H equation as: ¥ X H=oE
In- + jwe E. In what we call the “dielectric” model, the conductivity is contained implicitly in the com-
;; plex permittivity, so that the curl H equation is VX H=jweE. The two models give different results

for first-order fields because the equations are expanded in a power series in k (k = w\/E);in
rns the conductor model O enters into the zero-order equations but in the dielectric model it does not.
Because of the nature of the zero-order equations, the expressions obtained from the conductor model

'E;e: are not valid as 6> 0. We have found that the conductor model is valid only if €; >> €, where €; and
of €2, respectively, are the real and imaginary parts of the complex dielectric constant of the models.
e, Consequently, some caution must be exercised in applying the results of perturbation theory as based
‘ on the conductor model. In this paper, the results of perturbation theory as applied to a lossy dielec-
.'Eg, i tric ellipsoidal model are described. The SAR in a dielectric ellipsoidal model of a rhesus monkey is

calculated and compared with that of the conductor model. The SAR in the two models is found to be
the same if the conduction current in the body is much larger than the displacement current. Although
the conductor model is inaccurate for low values of conductivity, the equations are simpler than the
ones for the dielectric model, and hence the conductor model is advantageous when valid,

: . 1. INTRODUCTION € =€ — j€; =€, — joJwey. We shall refer to this
: model as a dielectric model and to the ones reported by

The perturbation theory described by Van Bladel
[1964] has been used to find the first-order internal
electric field, the power distribution, and the SAR
(specific absorption rate in W/kg) in prolate spheroidal
and ellipsoidal conductor models of man and experi-
mental animals during irradiation by an electromagnetic
plane wave when the wavelength is long compared to
the dimensions of the body [Durney et al, 1975,

Johnson et al., 1975; Massoudi et al., 1977a,b] .

Expressions for the first-order internal fields and for
the SAR in the conductor models are valid only if
€, >> €,, €; and €,, respectively, being the real and
imaginary parts of the complex dielectric constant
of the models. In order to remove the above restriction,
we applied perturbation theory to a lossy dielectric ellip-
soidal model to obtain expressions for the first-order
internal fields and for the SAR, retaining both the real
and imaginary parts of the complex dielectric constant,

Durney et al. [1975], Johnson et al. [1975], and
Massoudi et al. [1977a,b] as conductor models.

We have compared results obtained for the conductor
and for the dielectric ellipsoidal models of a rhesus mon-
key. The results of the average SAR calculations for the
prolate spheroidal model of man are compared with
those of the extended boundary condition method
(EBCM) [Barber, 1976]. Since the derivation of the
internal and scattered fields for the dielectric model is
different from that of the conductor model, a brief
description of perturbation theory and the method of
derivation of the internal fields for one polarization are
given in the next section.

2. DESCRIPTION OF THE THEORY

As described by Durney et al. [1975], the set of
fields, interior, incident, and scattered, are expanded in
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a power serics in (—jk), k being the free-space propaga-
tion constant.

E= T E, (k)"

- n=0

E'= X E (k)
n=0

ESS 3 E S(jk)"
n=0

where E, E', and E°® are, respectively, the interior,
incident, and scattered fields. Similar expansions are
developed for the magnetic fields. Relationships among
the expansion coefficients can be obtained by substitut-
ing the power series for clectric and magnetic fields in
Maxwell’s equations and equating like powers of (—-/k)
Thus, for the interior fields,

VUXEy=0 ‘ RN ()}

VXE, =moH,_,  n>1 @)
‘ VXHe=0" ; 3)
VXH, = —(e/no)E,—, n=1. = C))
V-E,=0 )

V-H, = O. . 6)

and the scattered fields satisfy the following set of
equations:

VXES=0 . @)

UXES =nH,_,° n>1 8)
VUXHeS=0 - )
VXHS=—(1/n0)E,_,° n>1 - (10)
V-ES=0 (1)

V-H =0 (12)

where
€E=€ —je
€, = 6fwe,
Mo = \/m

€, and €,, respectively, are the rcal and the imaginary
part of the Lomplex permittivity. The conductivity of
the medium is o, and eJW! time variations are assumed.
The interior and the exterior ficlds are coupled by the
following boundary conditions at the surface of the
scatterer:

A - i s
AXE =fX(E, +ES (13)

nXH =nXHS +H?) (14)
n-(eE)=n-(E,+ES) D)
AH =f-(H+H? e

+ where 1 is the outer unit normal vector at the boundary.

The scatterer is assumed to be nonmagnetic. It should be
pointed out that the difference between the conductor
and the dielectric models comes from the way the com-
plex dielectric constant is treated in the expansions of

the equation for the interior magnetic fields (equations

(3) and (4)) and the boundary conditions for E_ (equa-
tion (15)). In the conductor model; the complex dielec-
tric constant is first written as

— 0o (“ik)-l

and then the fields are expanded in powers of (—jk)
whereas in the dielectric model € is considered as
€ = €, — je;. The appearance of the term (—jk)™! in

e=¢€, —(joleow) =€,

€ for the conductor model causes the difference between

the relations of the nth-order fields in the two models.
In the following sections, it will be shown that the
results obtained with the conductor model are valid only
if the displacement current in the body is much smaller
than the conduction current, or €; << €,, whereas the
dielectric model does not have this restriction. In the
dielectric model, on the other hand, the frequency
dependence of €, is not explicitly taken into account in
the power-series expansion. The extent of possible errors
introduced by neglecting the frequency dependence of
€, in the expansion has not been determined for the
general case but for specific cases comparison with
results obtained from the EBC method {Barber, 1976]
indicate that the error is small.

3. FIRST-ORDER INTERNAL FIELDS FOR THE
DIELECTRIC ELLIPSOID IRRADIATED BY AN
ELECTROMAGNETIC PLANE WAVE

In this section, the solution of the zeroth and the first-
order internal electric fields for a plane wave incident on
a dielectric ellipsoid-is given. The coordinate system with
respect to the ellipsoid is oriented as shown in Figure 1.

The equation of the ellipsoid in the coordinate system
of Figure 1 is:

G a?) + (2 [6%) + (2P [c*) =1 17

where a, b, and ¢ are the semiprincipal axes of the
ellipsoid witha > b > c.

Expressnons for the internal electric fields and for the
SAR are given for each of six primary polarizations. The
polarization is defined by the relation of the vectors
E!, H!, K with respect to axes a, b, c¢. Thus EKH polariza-
tion is defined as the onentatlon for which E/ lies along
a, Hf lies along b, and K lies along c, where the length
of each axis has been used to desngnate the axis. The
six polarizations are listed in Table 1.
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Fig. 1. Orientation of the coordinate system with respect to the
ellipsoid. .

3.1. Derivation for EKH polarization.

For EKH polarization the incident fields have the
following forms:

E=e™3=[§ (-oymx (9
H = —(1/n0)e ™2 = —(1/no)| E, (~iky)"[n!}Z (19)

3.1.1. Zeroth-order fields. Equations (1), (5),*(7),
and (11) require that all the zeroth-order fields must
have zero divergence and zero curl. These fields can be
expressed as the gradient of scalar potentials, that is,
Eo = V@, Eo¥ = V®,%, and Ey! = V®,'. These scalar
potentials must satisfy Laplace’s equation, since
V < E; = 0. In ellipsoidal coordinates Laplace’s equa-
tion has the following form [Strutton, 1941]:

TABLE 1. Definitions of polarization for ellipsoids.

Vector Parallel to a, b, or c

Polarization a b c
EKH B! K i
EHK E' B K
KEH K E' wt
KHE K it gt
HEK u £l K
HKE wt K £

(= HRPIIHIRQRP/E) + (¢ — §)R(3/3n)
‘[Ry(@P/3m)] + (§ —m)R(3/3D)[R, (3P/3)] = 0

with

Ro=[c+a)s+b*)s+ M2 (s=En.0) Q1)
The properties of the ellipsoidal harmonics that satisfy

Laplace’s equation, equation (20), can be found in the

literature [Whittaker and Watson, 1946; Morse and

Feshbach, 1953]. The solution for ®,, the internal
potential, is given by Stratton [1941] as:

dy=A4,x (22)
Therefore,
Eo =Vdo =4, X (23)
. where
Ay = [(@be/2)(e— 1)1 + 1] (24)
with

1a=‘};[(g +a)R,]'dE a=abec (25)

3.1.2. First-order fields. The first-order electric fields
inside the ellipsoid must satisfy equations (2) and (5),
ie,V - E; =0and V X E; = noH,. Since the ellipsoid

~

is nonmagnetic, Hy = —2/n,. Thus,
We set
E] = F] + Vq’] (27)

According to equation (5),
V:F,=0 (28)
and

A solution of equation (28), by inspection, is
Fy = (X —x¥)/2 (30)

E,® must satisfy equations (8) and (11),ie.,V « E,* =
and V X E;¥ = noH,%. But Hy® = 0; therefore,

UXESf=0 (31)

E,* can be written as the gradient of a scalar potential,
as E; ¥ = V®,¥, where $,5 must satisfy Laplace’s equa-
tion, since ¥ « E,$=0.

The first-order incident electric field, from equation
(18) can be written as

E,f=yxX | _ (32)
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Substitution of equations (27) and (32) into equations
(29) and (31) gives

EX (VO — V&, )=EXVY atk=0 (33)
and .
£V, —V&,)=F - (E,/—¢F,) at£=0(34)
with

v =xp/2 = (1) {[(t + o’} + b7)
(n+a®)n+b*)E+a W+ 67/ —a®)  (35)

(e —a ) —b*)a® —b*)] 12

Equation (33) indicates that the potentials &, and ®,°
must have the same 7 and { dependence as . We pre-
:_ume, therefore, that ®; and ®,% are functions of the
orm:

& = Agt) fi (0) 2 ®) (36)
with
fi@) = [(n+a*)n + )] /2 (7
fz(§)=[(§+a’X§+b’)]‘/2- S

Substitution of equation (36) into the Laplav.,e s equa-
tion, equation (20), gives:

Ry(@/a2) Ry [ds®ldE] }— [G/2)k + * + @ +52)/a]

(39)
=0 ,
One solution of equation (39) is: -
g®=[E+a)g+6M)) ' (40)
Another independent solution is: ‘
£:6) =51 O le1* (R ] ™' (41)

Only g, (%) is an admissible solution for the mtemal po-
tential ®, because g,(%) is infinite at £ = —c?, whereas
g1 (k) is finite at all points within the surfaces 0. But
g2(§) will vanish properly at infinity if the upper limit
of integration in equation (41) is made infinite [Strat-
ton, 1941]. Therefore, the internal and the external
potentials can be written as: :

&, =Ba(®) 1M L) =Bxy ' (42)
®,° =B u®HMAE) . (43)

The constants B, and B are determined: from the
boundary conditions, equatmns (33) and (34). The final
results are:

— 2 K2
2+ (e—1)a b*)abcl

(44)

€4+ 2e—1)a? +b?)abc ],

ab3c(1 —€)A, -
B = ( )Ao , 5)
2+ (e—1)a* +b*)abcl,

with
Ao = [(6? —a?)(c* —a®)c? —b?)a? —b%)] " '/* (a6)
and | | |

L, =W, —I)I}* —d*) (47)

The first-order electric field inside the ellipsoid can be
written as:

E,=F, +V®, =B; yx + C; xy (48)

where -
By=1/2+B, (49)
C;=B,—1/2 | (50)

The electnc field inside the elhpsmd to first order,
according to equations (23) and (48) and the power
series expansion for E, is: _

E=E, —kE, = (4, —jk B; )X —jk C5 xy (51)

" The above expression will be used for calculations of
the SAR in the next section.

Expressions for internal electric fields to the first order
for the EHK, KEH, KHE, HEK, and HKE polarizations
are derived by following the same procedure as described
above for EKH polarization. The final results for each
of these polanzatlons are given below. :

3.2. Results for other polarizations.
3.2.1. EHK. polarization. The mcxdent ﬁelds for this

polarization are chosen to be E || X, H{ | |¥.
The internal fields are:

"Eo=A; X ‘ (52)

lE., =Cy X + B, xz ~(53)

E=E, —jkE, = (4, —jkC, 2) R —jkB, x3  (54)
where '

C,=1/2-8, ©(55)

:B,=—1/2—Bb " (56)

B - 2+(e—1)a* —c*)abcl,, ' 7)
b 4+2(e—1)a® +c*)abcl,, .

o=@ II@ =) G
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A, and I, are given by equations (24) and (25), re-
spcct:vely

322. KEH Eolan’zation. The incident fields are

E'||¥, W ||—Z. The internal electric field to first
order is:

where

Az = [(abe/20e— 1), + 1) (60)
Dy=—1/2-D, (61)
Gs=1/2-D, (62)

— (@ —b*)e— Dabel,
© 4+2e—1)a +b*)abel,,

(63)

and / , is given by equation 47).

323. KHE polanzanon The incident fields for
this polarization are Ef[|Z, H!||¥. The internal electric
field to first order is:

E=Eo +jkE1=(A3 +]'kD2x)2+jkG'2 2R (64)

where _
D,=—(12+D,) (65)
G, =(1/2—D,) (66)
D, - 2—(e—1)a* —c*)abcl,, )
4+ 2(e—1)a* +c*)abel,, .
As = [(abc/2)(e— n,+1]™ (68)

3.24. HEK polarization. The incident fields are
E | Iy, H | |%. The internal electric field to first order
is:

E=E, +/kE, = (4, +jk B, 2)¥ +jk C,y2 (69)

where

G, =1/2-B, ' ()
2+ (e~ 1Xb* —c?)abel,,

B, = (72)

4+ 2e—1)p* + c’)abclbc

3.2.5. HKE polanzatton The incident fields for this
polarization are E!| Iz H! [|X. The internal electric field
to first order is:

E =E, —jkE, = (A3 —jk D, }’)’i —jk G, 2§ (73)
where
D, = 1/2—Da (74)
. G, =—1/2—Da (75)
2~ (e—1)(b* —c*)abel,,

D, =— (76)
4+2(e—1)(b* +c*)abely,

Aj and I,  are given previously.

The expressnons for the first-order electric fields inside
the ellipsoid for each of the six polarizations will be used
in the next section to calculate the SAR of the ellipsoid.

4. CALCULATION OF AVERAGED SPECIFIC
ABSORPTION RATE

Expressions for the first-order averaged SAR and the
spatial variation of the SAR inside the ellipsoid are
found by using the first-order internal electric fields
as given in the previous section. The distribution of the
SAR inside the ellipsoid is given by:

P(x,y,z)=(1/2)0cE-E" (77)

where * denotes the complex conjugate. The averaged
SAR is given by the volume integral

c a (x,z)
P =(/V) [ i) [ P@Eyz2)dx dy dz

z=—c¢ x=—a ~f(x,2) (78)
where

f(x.2) = b[1—(x*[a*) — (2 [c?)) /2
and V = 4nabc/3 is the volume of the ellipsoid.

Bi=-12"5, (70) The final results for the six polarizations are:
P(x,y.z)= (1/2)aE* [(A; — jkB3y XA, —jkBay)" +k*C3C5 " x?] - (79)
EKH ‘
P, = (1/2)0E* [4,4," + (K*|S)b*B3B;" +4*C5Cs ‘)_1 (80)
P(x,y,2) = (1/2)0E* [(4, — jkC,2XA, —jkCy2)" + K*B, B, x?] (81)
EHK < '

P,,=(1/2)0E? [4,A," + (K 5Xa*B,B, " + *C,C, ") (82)
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P(x.2) = (1/2)0E? [(A2 + jkD3x) A3 + jkD3x)’ + k*G3G3"y?) (83)
KEH { . ' |

P, =(1/2)oE? [A,4;" + (K [5)@*DsDs" + b2G5G3 7)) - (84)

P(x.y,2) = (1/2)0E [(A3 + jkD1x A3 + jkDyx)" + k2G5 G, " 2% | (85)
KHE { ' '

P,, = (1/2)0E* [4345" + (2 [5)@* DDy " +¢*G362 ")) -~ (86)

P(xy,2) = (1/2)0E* [(A; + jkB12XA, +jkBy2)" + K2 C,C, " y?] 3))
HEK {

P, = (112)0E* [4;4;" + (2 [S)C BBy +62C, Gy )] | (88)

P(xy,2) = (1/2)E* (45 — jkD,y)(A3 — jkD1y)" + k*G,G, " 2?] (89)
HKE ' '

P, =(1/2)0E* [A34;" + (K [S)®*D,D; " + ¢* G, G, 5 (90)

where E is the peak value of the incident electric field
and has been assumed to be unity in the previous sec-
tion. All of the other parameters appearing in equations

. (79) through (90) are given in Section 3.

As b = ¢ (the ellipsoid becomes a spheroid) and as
a = b - ¢ (the ellipsoid becomes a sphere), the above
equations reduce to those for the spheroid and the
sphere, respectively.

Expressions for the averaged SAR for the conductor
ellipsoidal model have been reported previously
[Massoudi et al., 1977a]. The results of the calcula-
tion of averaged SAR in the conductor model and in the
dielectric ellipsoidal model are compared in this section.

Figures 2 through 4 show the averaged SAR in the two
models for a monkey-sized ellipsoid as a function of
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Fig. 2. Averaged specific absorption rate in the ellipsoidal model
of a rhesus monkey as a function of the complex dnelectgc con-
- stant at 10 MHz. Incident power density is 1 _mW/cm .

the conductivity, with the real part of the complex
dielectric constant as a parameter, for EKH polarization
at frequencies of 10, 30, and 100 MHz. The values of,
€, given in the figures are those for muscle tissue and
for saline solution at different frequencies. These values
are: 210, 160, 110, 68, and 52 for muscle tissue at
frequencies of, respectively, 5, 10, 30, 100, and 500
MHz [Johnson et al., 1975], and 78 for saline solution
at frequencies of 0.1-100 MHz [Von Hippel, 1954}.
Note that the averaged SAR in the two models is the
same if the imaginary part of the complex dielectric
constant is about a factor of five larger than its real
part,ie.,if .

€./€; = oJwege, =5 1)
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Fig. 3. Avcraged specific absorption rate in the ellipsoidal model
of a rhesus monkey as a function of the complex dielectric
constant at 30 MHz. Incident power density is 1 mW/em?.
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Fig. 4. Averaged specific absorption rate in the ellipsoidal model
of a rhesus monkey as a’function of the complex dielectric
constant at 100 MHz. Incident power density is 1 mW/cm?2,

It is also interesting to note, referring again to Figures
24, that the separation between the two models for a
given €; is a function of frequency. This would be
expected because of the dependence of €, on frequency,
as stated in condition (91). Calculations have been
carried out for the five other polarizations at several
frequencies below 100 MHz and the results are qualita-
tively similar. The SAR in the conductor model at zero
conductivity is infinite, whereas the dielectric model
gives an SAR equal to zero for zero conductivity.

The first-order averaged SAR calculations in the
prolate spheroidal (b = ¢) model of man have been com-
pared with those of the EBCM; the results for the
electric polarization (incident £ field parallel to the
major axes of the spheroid) are shown in Figure 5. It
can be seen from Figure 5 that the results of the con-
ductor model agree with those of the EBCM only for
higher values of conductivity (o/weq > €,) while the
results of the dielectric model are in good agreement
with those of the EBCM for all values of conductivity.
This emphasizes that the theoretical results obtained in
the conductor model, as described by Durney et dl.
[1975], are valid only if 0/wey>>¢, . .

Figure 6 shows the averaged SAR in an ellipsoidal
model of a rhesus monkey for the six polarizations as
a function of frequency. Note that there is a strong
orientational effect with the EKH polarization, result-
ing in approximately one order of magnitude increase in
the averaged SAR as compared with the HKE polariza-
tion. The dependence of the averaged SAR on orienta-
tion of the body with respect to the incident electro-
magnetic fields has been described previously [Massoudi
et al,, 1977b] and has been confirmed qualitatively by
Gandhi [1975].

5. SUMMARY AND CONCLUSIONS

Perturbation theory has been applied to obtain the
first-order solution of the internal electric fields and the

CONDUCTIVITY (MHO/M)

Fig. 5. Averaged spccific absorption rate in the prolate spher-

oid model of an average man as a function of the complex

diclectric constant at 10 MHz. Incident power density is
1 mW/cm?,

electromagnetic SAR in a dielectric ellipsoidal' model.
The SAR in the conductor and in the dielectric el-
lipsoidal models of a rhesus monkey are compared. The
two models give the same results if the conduction
current in the body is much larger than the displace-
ment current. The results obtained by perturbation
theory for both the dielectric and the conductor pro-
late spheroidal (b = ¢) models of man have been com-
pared with those of the EBCM. The results of the con-
ductor model agree with those of the EBCM -only for
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Fig. 6. Averaged specific absorption rate in the ellipsoidal
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higher values of conductivity, while the results of the
dielectric model are in good agreement with those of the
EBCM for all values of conductivity.

Since it has been found necessary to use values of
tissue conductivity that are below the range of validity
of the conductor model, the dielectric model is essen-
tial in such cases for accurate theoretical modeling.
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