
~· 

·1 ., ..._ . - .,., 

MR 1211 '1 

AUTHORS: Livesay DE, Chen KM: 

DATE: 1974 ------------------
TITLE: Electromagnetic fields induced inside arbitrarily shaped biological bodies. 

SOURCE:. IEEE Trans Microwave Theory & Techniques MTT-22(12):1273-80 

I 

A~) HU 

MA~IN SUBJECT HEADING: 

AN :fTICS HUMAN 
EFFECTS 

AT 
ANIMAL 

TOXICITY 

SECONDARY SUBJECT HEADINGS: AN 

/4ysical/Chemical Properties 

Review 

Animal Toxicology 

Non-occupational Human 
Exposure 

Occupational Exposure 

Epidemiology 

Standards 

Manufacturing 

Uses 

Reactions 

HU 

IH 
WORKPLACE PRACTICES
ENGINEERING CONTROLS 

M 

MISCELLANEOUS 

AT IH M 

Sampling/Analytical Methods 

Reported Ambient Levels 

Measured Methods 

Work Practices 

Engineering Controls 

Biological Monitoring 

Methods of Analysis 

Treatment 

Transportation/Handling/ 
Storage/Labelling 

(,/ 



l 

I 

I: 

--- -~~ --, 

rnE: TRA:'ll::i.•.CTIONS ON MICROWAVt: THEORY AND TECHNIQUES, VOL. MTT-22, NO. 12, DECEMBER 1()74 12i3 

Electromagnetic Fields Induced Inside Arbitrarily Shaped 
Biological Bodies 

DONALD E. LIVESAY, MEMBER, IEEE, AND KUN-lVIU CHEN, SENIOR MEl\lBER, IEEE 

Abstract-A theoretical method has been developed to determine 
the electromagnetic field induced inside heterogeneous biological 
bodies of irregular shapes. A tensor integral equation for the electric 
field inside the body was derived and solved numerically for various 
biological models. 

I. INTRODUCTION 

DURING the past few years, researchers have been 
engaged in a controversy over the possible hazards 

of nonionizing electromagnetic radiation. Humans and 
animals have exhibited a variety of physiological reactions 
to electromagnetic radiation, but investigators have been 
largely unable to determine whether these effects were 
produced thermally or nonthermally. The problem arises 
mainly because it is difficult to determine the electro
magnetic field intensity inside an arbitrary configuration 
of tissues. Without knowing the field intensity, it is 
virtually impossible to determine the heat generation and 
the temperature inside the tissue structure; hence, it is 
difficult to judge whether the observed effect is thermal 
or nonthermal. 

When the human body or a biological system is il
luminated by an electromagnetic wave, an electromag
netic field is induced inside the. body and an electro
magnetic wave is scattered externally by the body. Since 
the human body or a biological system is an irregularly 
shaped heterogeneous conducting medium with frequency
dependent permittivity and conductivity, the distribution 
of the internal electromagnetic field and the scattered 
electromagnetic wave will depend on the body's physio
logical parameters and geometry, as well as the frequency 
and polarization of the incident wave. · 

The mathematical complexity of the problem has led 
researchers in this area to investigate simple models of · 
tissue structures. Some commonly used models are the· 
plane slab [3], [4], and the dielectric cylinder [5]. 

Although analyzing simple models does increase our 
understanding of microwave absorption and scattering 
by biological tissues, the results have limited applicability 

·§:- · to arbitrary physiological systems. In our study, we have 
developed a general technique for calculating the electric 
field induced inside an arbitrary biological body by an 
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incident electromagnetic wave. After deriving a. ten,.;or 
integral equation for the internal electric field, we pro
ceeded to solve the equation numerically by the method 
of moments [7]. · 

We note that Richmond [8], [9] has carried out a 
similar moment method solution to a two-dimensional 
integral equation for infinite dielectric cylinders with 
arbitrary cross sections._ An integral-equation approach 
to scattering by dielectric rings has been examined by 
Van Doeren [IO]. 

II. DERIVATION OF INTEGRAL EQUATION 
Consider a finite body of arbitrary shape, with permit .. 

tivity E ( r) and conductivity rr ( r), illuminated in free 
space · by a plane electromagnetic wave as ~hewn in 
Fig. 1. The induced current in the body gives rise to a 
scattered field E•, which may be accounted for by replac
ing the body ,vith an equivalent free-space current den
sity Jeq, given by 

Jeq(r) = [rr(r) +jw(E(r) - Eo)]E(r) = ,(r)E(r). (1) 
The first term of (1) is the conduction current and the 
second term represents the polarization current. e0 is· the . 
free-space permittivity and E ( r) is the total eiectric field 
inside the body. 

The scattered field inside the body may be expressed 
in terms of Jeq by using the free-space tensor Green's 
function G(r,r'). However, when the field point is inside 
the body, E• m1:1st be evaluated with special care because 
of singularity and uniqueness problems. According to 
Van Bladel's paper [6], the scattered field E• at an arbi
trary point inside the body can be expressed as 

E•(r) = f Jeq(r') •[PVG(r,r') - lo(r .- r')] dV' 
v 3Jweo 

where 

= PV/ Jeq(r')·G(r,r') dV' -
1
:(r) (2) 

V ~WEo 

G(r,r') = -jwµo [, + :] ift(r,r') (3) 

exp ( - jko I r - r' ! ) ift(r,r') = 
4lT I r - r' I 

ko = w (µoeo) 112 

(4) 

µo is the permeability of free space, and the PV symbol 

I 
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Fig. I. An arbitrarily shaped biological body illuminated by a 
plane electromag?J.e_tic wave. 

denotes the principal value of the integral as defined by 
Van Bladel [6]. 

We may write the total electric field E ( r) inside the 
body as the sum of the incident electric field E; and the 
scattered field E•. Thus 

E(r) = Ei(r) + E•(r). (5) 

Substituting (2) in (5) and rearranging terms gives the 
desired integral equation for E(r): 

[ 1 + T~r)] E(r) - PV f T(r')E(r') •G(r,r') dV' 
3JwEo v 

= Ei(r). (6) 

In ( 6), E; ( r) is the incident electric field and is a known 
quantity. E(r) is the .unknown total electric field inside 

. the body. E(r) can be determined from (6) by moment 
methods. 

III. TRANSFORMATION TO MATRIX 
EQUATION 

V.'e may represent the inner product E(r') •G(r,r') as 

E(r') ·G(r,r') 

Gu(r,r') G:11 ( r,r') G:,( r,r') E:(r') 

= G11,,,(r,r') Gw(r,r') G11Ar,r') E.,ir') (7) 

G,x(r,r') G,y(r,r') G.,( r,r') E,(r') 

Let 
X1 = X X2 = Y X3 = Z. 

Then, Gz,z. ( r,r') is given by 

G:r,,.,(r,r') = -jwµo [opq + k\ a aa
2 

] if;(r,r'), 
·O Xq Xp 

p,q = 1,2,3. (8) 

The matrix in (7) is symmetric. Each scalar compo
nent of (6) may be written as 

·[ r(r)] 1 + -..., .- Ex,(r) - PV 
uJWEo 

•f r(r')[± G,,,,,,(r,r')E,,,(r')] dV' = E,,/(r), 
V q=I 

p = 1,2,:3. (9) 

We can transform (6) into u. matrix equation by using 
the method of moments. We partition the body into N 
c:11l)·p·1,l11tnAC.: ,:i,nrl_~.c._+.b.1.r J;'/y\ nn.rl _/.,a\_ L'l ............. .,-.------~..L.-~ .• ,I,. __ 

in each subvolume. We ,~i.!l denote the mth subvoi~ 
by_ V ,,., and denote the pos1t1?~ of a representative interior 
pomt of V,,. by r,,.. By requmng that (9) be satisfied at 
each r,,., we obtain, after some rearranging, . , 

After defining the following quantity: 

G:.,,z,mn = T(Tn) PV f G:,,z.(r,,.,r') dV' 
v,. 

we re,\Tite ( 10) as .. 
" 

(11) 
<: .. -__ 

= -Ez/(r.,,.), m = 1,2,· · •,N, p = 1,2,3. (i2) 

Let [Gz,,z,] be the N X N matrix whose elements :ire 
defined by 

G:,z.mn = (}z,,z,mn - OpqOmn [ 1 + ~~~] (I:J) 

and let [Ez,] and [E,,,:] be N-dimensional vecto~ 
given by 

E:,(r1) E::(r1) 

[E:,] = [E:/] = 

E:.(TN) E:.i(rN) 

p = 1,2,3. (14) 

As rn and p range over all possible values in ( 12), we ob
tain the following matrix representation of (6): 

[G:~] ! [G:u] i [G,,,.] . ' [E:] . : __ _ 
[Gyz] 1 [Gyy] 1 [Gu,] 

' ' ' ' ------·--
[Gzz] 1 [G,u] 1 [G .. J [E.] 
Symbolically, we may write (15) as 

[GJ[EJ = -[Ei]. 

[E:•] 

[E11•] 

[E,i] 

(15) 

(16) 

[GJ is a :{N X 3N matrix, while [E] and [E•] ha.ve 
dimension :tV. We can determine the total electric field 
at each of the l'{ chosen points by inverting [GJ in (16). 

IV. EVALUATION OF l\IATRIX ELEMENTS 

Equatious·(ll) and (1:3) define the elements of [G_,.:.J• 
We have 

G.,,.,_/'" = T(r,.) PV f G_,,.,,(Tm,r') czi.ri 
Vn 

r r(r,,.)l - opqorn,. I + ~ . (17) 

I 

I 
l 
I 
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Let us first consider the off-diagonal elements of [Gx,=.J. 
Clearly, Tm ~ Vn, so Gr,,x.(Tm,T') is continuous throughout 
Vn• Therefore, we may omit the principal value operation 
from our evaluation; so ( 17) becomes 

Gz,,z.mn = T(Tn) f (t,:r.(Tm,T') dV', 
Vn 

m ~ n. (18) 

As a first approximation, we have 

m ~ n (19) 

· •··where 

.t. Vn = f dV'. 
v,. 

Using (8) to evaluate Gz,,z.(Tm,Tn) gives 

r, -jwµJcoT ( T n) .t. V n exp ( -ja~,.) G mn - __;:__;__;____;_-'----=---'----z,,z, - 4ramn3 

where 

•[(a,,;,.2 - 1 - jamn)Opq + COS Bz,mn 

•COS 8r.,mn(3 - am,.2 + 3jam,.) ], m ~ n (20) 

amft = koRmn. Rmn = I Tm - T n I 

(xq"' - Xq11
) cos Bz.m;. = ---

Rm,. 

and we have written Tm and T,. as 

If N is sufficiently large, the approximation given by 
(19) and (20) may yield.adequate ·results. For greater 
accuracy, (18) may be integrated numerically by any con
venient method. 

If the body's cross section; as seen by the incident wave, 
is elongated, with the longer dimension parallel to E', 
numerical integration of (18) may considerably improve 
the accuracy of the solution. The i:-easoh is illustrated in 
Fig. 2. The scattered field in subvolume V1 contributed 
by a parallel uriit current in subvolume Vii has approxi
mately twice the magnitude in Fig. 2(a) that it has in 
Fig. 2 (b) ,. provided koR,1! « i, even though R12 is the same 
in both figures. In the case we are considering, most of the 
contributions to the scattered field are of the type shown 
in Fig. 2 (a) . Since these contributions are more signifi
cant, they should be evaluated more carefully to preserve 
accuracy. 

For the diagonal elements of [G,,,,,.J, (17) becomes 

f · [ T(Tn)] · G,,,,,,.nn = T(Tn) PV _ a,,,z.(Tn,T') dV' - Opq 1 + 3jwEQ · 
v. 

(21) 

We approximate Vn by a sphere of equal volume centered 
at T11 • This enables us to evaluate the integral in (21) 
exactly. 

Let an be the radius of the sphere. After a lengthy 
calculation (see Appendix), we find 

(a) 

(b) 

Vlcp£• 
I 
I 
I 
I 
I 
I 

: RlZ 

1275 

Fig. 2. (a) Scattered field in subvolume V 1 produced by uriit current in subvolume Vi when elongated body is parallel to i~cident fie!~. (!>) Scattered field in subvolume V1 produced by umt current m subvolui:ne V2 when elongated body is perpendicular to incident field. 

G ,;,. = 0 ·{-2jwµoT(Tn) [ . (-.,.a )(i +· .k ) _; iJ >=,,Zq pq 3ko2 exp )"'O n J oan 

where 

[ 
: T(Tn)]} - 1+-· 

3}wEo 

a,. == (3.t. V,.)· i1a 

4r . 

(22) 

If the actual shape of V 11 diff~rs appreciably from that 
of a sphere, our approximation niay lead to poor numer
icai results. In such a case, the integration throughout 
a small sphere surrounding T n can be performed as in the 
Appendix; the integration throughout the remainder of 
V n can be done numerically. 

V. SELECTED NUMERICAL RESULTS 
The theory has been applied to some simple biological 

models. The first two examples evidence the accuracy of 
the riumerical method. . 

Fig. 3 · shows the electric field at the center of an elec
trically small dielectric cube ( 4 X 4 X 4 cm) illuminated 
by a plane wave, for various values of frequency and di
electric constant. Since the ctibe exhibits a symmetrical 
cross section to the incident wave, we only need to calcu
iate the induced field in one quadrant, as illustrated in 
Fig. 3. As expected, the electric field inten~ity' at the 
center of the cube is nearly equal to the etectric field 
intensity at the center of a sphere ,..,ith the same di
electric constant in a uniform electrostatic field. The 
field E in the sphere is given by 

. ( 3 ) . E = --. E• Er+ 2 
(23) 

where £i is the extemaily applied. field, and E, = e/ eo. 
For our second example, we calculated the electric field 
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the boundary conditions. If the plane of the layer is no~{~ 
oriented parallel to the incident electric field, the electric,:-", 
field inside the layer increases about ten times, as shown. i.(-. 
in Fig. 5. This example shows that the intensity of th.;i 
induced electric field iriside a conducting- body depends;;, 
heavily on the body's orientation with respect to the,i 
incident ,vave. ,;,~ · 

l A 
0 A, l lfl •• ,.,., 

• rn iHzl {cm) 
r 

(cml r l•olts/m) 

107 
l • 10

3 5. 0 1. 342 X 103 0.4Z86 0.417Z 

106 l x 104 
5. 0 l. l4Z x 10

4 
O. 4Z86 0.417Z .. 

103 
l x 107 5.0 I. 34Z x 107 O. 4Z86 o.un 

103 
l • 10

7 zo. 0 6. 708 X 106 o. 1364 O. 11Z4 

103 l x 107 ; l. 7 4. 17Z x 106 o. 0559 o. 0503 

Fig. 3. Electric field at the center of a dielectric cube (4 X 4 X 4 
cm) induced by plane waves of various frequencies. 

inside a thin conducting layer (E;- = 70, u = 1 mho/m) 
illuminated by a 300-MHz plane wave. Fig. 4 shows the 
results when the incident electric field is perpendicular to 
the plane of the layer. For this case the electric field inside 
the layer is approximately equal to E•/ Er, consistent with 

/only 1/Z of the volume 
h sh~wn). 

E b calculated at the 
lC c:enters of blocks. 

Ey and Ez are very small. 

(7 -= 1 mho/rr. 

~; r = 70 ~ 
' 0 

ra : IJ. 5 cm 

•. ::i = "t.0 cm 

Le = n. !) cm 

I I I· 
. 0159;. 0161J. 0155f OZIO 

• ---t---i--- --1- --

~

01101, 01 IZI. O!Osl, 0155 
I I. I 

T i . I , 
Oll5,- Oll6,- 0 I IZ'r 0lb0 

t
•-~1-,~r.~,~~~o~:j ~;5: 

I I I 
011z1. 01141. OllOI. 0158 

I I I I ---~--,---r--
OllZ~ 0114:-. Oll~ 0158. 

• -f = o. 0143 

->---'----~• -+---Y l r 1 1 

t~~~t :::~:-:~;~ ::~~ 
' I I .! l~l-l~:~~l~~--0~ ~0~0~~8 
~ 011s:.0110:. 0112~ 0100 
, ____ , ___ J., __ 1 __ -

r-~l~~~:~t0~~8i~l~5 

1. 0159:.0161:.01S5~ 0211 

Fig. -!. Electric field inside of a layer of conducting medium with 
• = 7D•o, rr = l mho/rn induced by a plane wave of 300 MHz 
wirh the incident- electric field perpendicular to the flat surfaces 
oi the layer. 

. ~he t~d example shows the . induced ele~:ric fiel~ 
InS1de a tISsue block ( 16 X 12 X 4 cm) compr1smg a mt:;,/ 
layer and a muscle fayer, illuminated by a 100-?vrfu,:~;: 
plane wave. The distribution of the induced field is shown::~: · 
graphically in Fig. 6 and numerically in Fig. 7. Some; 
interesting findings are as follo"\\"S. 1) Inside the tissue • 
block all three components of the electric field-E .. , E,, :~. 
and E,-are induced, although the incident electric field 
has only an x component. We note that the induced E, 
is comparabie to the induced E., in magnitude. 2) The 
distribution of the internal electric field is nonuniform, 
and its amplitude is quite different from that predicted _ 
by the plane slab i:nodel. 

In the examples considered so far, the matrix elements 
were calculated using (20) and (22). For the remaining 
cases presented here, we computed the matrix elements 
using (22) and numerically integrating (18). 

The final two examples illustrate the effects of an 
inhomogeneity in a thin tissue cylinder ( 10 cm X 1 mm X 
1 mm) exposed'to a 2.45-GHz plane wave. The dimensions 

i!!I 
i!!' = :.·iZ•(z/lOOIL·• • = O.Scm 

freq = 300 MHz -W:tttt:l+ttt:l::t:i-~-- b = 4. 0 cm 
tr : t mho/m b s c = 6. 0 cm 

J. ,...__-=--+-- (o"1y 1/Z of the 
YOlume la ehown) 

I I I 
• 095,·. 08& '· 0841. oso 

I I l 
I ~ 1 

t
'· 177l • 158J· ll~. 091 

I I 1 

. I 98 I • I 79 I• 14 7 : . 097 

---:----~--,---
' I • 1771. ibl 1• ll41.088 

f
l_. -1- ·- ~ ---:~ --

_1~:~ -_1~:~- ~:· .. ~~~7-
1 I 1 

.11s 1.11& 1.1011. 010 
I I 

I ' I 
1
.004 :.01, 1.os•:·oso 

~

--- ~--- ~---,---
• OZ! I. OZI 1. 074 I. 095 

I l I ---,---1--- .,---
' I I I 

t
.018 ~-Ol~.0731.087 

, I I 
.021 , .. ou 1.o6s •.oso 

I I I 

1 T' I t 

r.
019 to1z!.os1_~014 

I I. I 

.016 :.oz1;.o-1,9 •.o6J . ' 

l 
I I ! 

• 110: • 114~. 101~. 069 

: I : 
.130 1.1311.113

1.075 

---L..--L--·•·--
1 I I I 

t 
175 '· 167 1.1401.090 

I I I ---r---,---, ---
' I I · ::ol: :_o: ~::6~~:~o! 

'.zzD:.202 1.161 ~- IDS 

--~---~---: --
. 149:. 130 :. 114 :. 093 

Fig. 5. Electric field inside of a layer of conducting medium with 
• = 70,o, rr = l mho/m induced by a plane wave of 300 MHz 
with the incident electric field parallel to the flat surfaces of the 
layer. 
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(Only 1/4 of the 
block is ~hown) 
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Field intensity is cal
culated at the center of 
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Fig. 6. Distribution of induced electric field inside of a tissue block (16 X 12 X 4 cm) consisting of a fat and a muscle layer. The incident plane wave is E = xE' with a frequency of .100 MHz. The field intensity in a corresponding infinite slab model is E,, = 0.I97E' at the center of the fat layer and E,, = 0.210E' at the center of the muscle layer. 

(Only I/ 4 of the 
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Fig. 7. Distribution of induced electric field inside of a tissue block (16 X 12 X 4 cm) consisting of a fat and a muscle layer. The field intensity is calculated at the center of each subblock. For a corresponding infinite slab model Ez = 0.I97E• at the center of the fat layer and Ez = 0.210E• at the center of the muscle layer. 

of the cylinder ,vere chosen to help insure an accurate 
solution at this frequency. The incident electric field 
(x component only) is assumed to be parallel to the cyl-

inder axis, so we may neglect the y and z components of 
the induced field. 

Fig. 8(a) shows a homogeneous muscle cylinder, and 
Fig. S(b) shows a muscle cylinder with a section of fat 
1 cm long at its center. The field distribution in each 
cylinder is shown in Fig. 8 ( c), and the power density is 
plotted in Fig. 8 ( d). The discontinuity of the electric 
field at the muscle-fat interface in Fig. 8 ( c) obeys the 
relation 

where the subscripts F and Jl.1 ref er to fat .'.Lnd .musc!c, 
respectively, and EF and E.\f are both normal to the 
interface. Equation (24) is the boundary condition for 
the normal component of the electric field at the boundary 
of two different biological tissues. 

In Fig. 9(a) we have a homogeneous fat cylinder, and 
in Fig. 9(b) '"e have a fat cylinder ·with a 1-cm section of 
muscle at its center. The distributions of the induced field 
and the power density are shown in Fig. 9 ( c) and ( d) , 
respectively. Again, the discontinuity of the electric field· 
in Fig. 9(c) obeys (24). · 

From Figs. 8(d) and 9(d), we see that the inhomo
geneity creates a local hot spot on the fat side of the 
muscle-fat boundary because the. electric field is normal 
to the boundary. We note that in the plane slab model, 
the electric field is tangent to the muscle-fat interface. 
In that case, a local hot spot occurs in the muscle. 

Of particular interest is the cylinder in Fig. 9 (b). 
Because the muscle section is relatively small, the maxi
mum power density occurs in the fat region. The heat 
generation near the center of this cylinder is several times 
greater than the heat generation near the center of the 
homogeneous cylinder of Fig. 9(a). Therefore, the tem
perature of an irracµated cylindrical fat structure could 
be significantly increased by the presence of one or more 
small muscle segments. 

VI. DISCUSSION OF NUMERICAL RESULTS 

When using a pulse function, expansion in the method 
of moments, it is important to establish an upper limit on 
the dimensions of the subvolumes. To arrive at the limit 
for our method, we have performed two convergence 
tests. In both tests, the incident electric field was parallel 
to the x axis and had a magnitude of 1 V /m. 

In the first test, we· investigated a muscle cylinder, 
shown in Fig. 10, illuminated by a 2.45-GHz plane wave. 
Expressed in wavelength~, the dimensions of the cylinder 
were 3 X 1/2 X 1/2. Actual computations supported our 
assumption that the induced electric field had only an 
x component. We partitioned the cylinder into a variable 
number of cubical cells, or subvolumes, and calculated 
th~ induced field for each configuration. The models for 
N = 6, N = 48, and N = 162 are shown in Fig. lO(a)-
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• (ch respectively. The edges .of each cell measured 1/2; 
1/4, and 1/6 "·avelength, re:-:pect.ively. 

Fig. 11 shows the electric field intensity along the axis 
of the cylinder for each model. Since none of the sub
volumes 1n l<ig. 10 (b) lie on the axis, we h .. we plotted the 
averag~ of the field intensities in the front and back of 
Fig. lO(b) to facilitate a comparison with Fig. lO(a) 
and ( c). The results from all three models agree well, 
indicating that cells "ith dimensions as large as even 1/2 
wavelength may produce useful data in some cases. 

For the second test, we used a cube of muscle, again r · illuminated by a 2.4i5-GHz plane "·ave. The edges of our I first sample measured one wavelength, as shown in Fig . 

. I
._·_'· 12(a). Treating the cube as a single cell, we calculated 

· the induced electric field. Next, we partitioned the _cube 
into 27 cubical subvolumes, as shown in Fig. 12 (b), and 

- again. determined the induced field. We then compared 
the field intensity in the center cell with the value_ obtained 

( ~ · .. 

.. : ... 
·-;:· 

from the first computation. Finally, we repeated the pro
cedure for a 1/4-wavelength cube, shown in Fig. 12(c) 

Data from Fig. JO(a) o. 9 

·---- ... -----• 
A-vera,ed data Crom Fig. ·10(b) '_ o.6 

{ 
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:'.. 

ta 
- 0.3 

0 ~-----------0 2 2.64 
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· Data £rom Fig. JO(c) 

Fig. 11. Electric field intensity along the axis of the cy)inder shown · in Fig. 10 for models (a), (b), and (c). Frequency 1s 2.45 GHz. Incident fi~ld is IV /m. One wavelength in the cylinder is I.76 cm. 
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Fig. 12. Two cubes of muscle illuminated by a plane wave of 2.45 GHz, treated as single cells in (a) and (c), and partitioned into 27 subvolumes in (b) and (d). The edges of the cubes measure one wavelength and 1/4 wavelength, respectively . 

1:.m, 

TABLE I 
J~nuci-:o Eu:cT1nc Fu:.:1,0 AT THI-; C1-;:--T1;H llF Tm•: i\Ivi-Cl,E Cun1~s S1ww:- tN Frc. 1:2 Fon VAmov;; Nu~rni-:11,; o~- St;nvo1,u~n:s 

No. of Si2.e of IE/ center Fii:;ure 
cells each cell (Volts/ml refcrcnn~ 

I ~ o. 0789 12(•1 

27 VJ 0. 09ll 12(bl 

I V4 o. 0592 1'(cl 

l1 X/ll o. OS56 12(dl 

Nole: Frequency is 2.--1.5 GHz; incident fid<l is 1 V /m. 

and ( d). The results are given in Table I. The t,vo values 
agree well for the 1/ 4--wavelength cube. From these results, 
and from those of the first test, we conclude that sub
volumes having edges of 1/4 wavelength or less should 
yield reliable data. 

Concluding our discussion of the numerical results, we 
note the absence of supportive experimental data from 
our paper. Although we have not yet verified any of our 
numerical data experimentally, we are now beginning a 
research program in which we hope to do so. 

·APPENDIX 
EVALUATION OF l\.1ATRIX DIAGONAL 

ELEMENTS 
In (21), let us define the foIJowing: 

lz.rt = PV f Gz,...(r,.,r') dV'. (AI) 
Vn 

As outlined in Section IV, we approximate V,. by a 
sphere of equal volume centered at r,.. Hence; a,., the 
radius of the sphere, is given by 

a,.= (3!:"Y,a (A2) 

It is easily verified that (8) may be rewritten as 

Gz,,z.(r,r') = -jwµ0 [o11q + ~2 axq~;xp'] ,p(r,r'). • (A3) 

Since the derivatives are taken with respect to the primed 
variables, we are free to take r = r n at the outset. 
G (r r') is a function of I r,. - r' I only, so we may %pZq n., -
define a spherical coordinate system centered at r ,., and 
set r,. = 0. Then 

exp ( - jkor') 
,p(r,.,r') = ,p(r') = 

4
'", (A4) 

where 
r'=lr'I. 

Now 

ay u, y, Xp Xq 'I' Xp Xq • .:n.,. I ' l d·'· [ ' '] 
ax/ ax/ = dr'2 7 7 + ;; dr' o,,q - 7 7 · (A5) 
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In our spherical coordinate system 

x1' /r' = sin 81 cos <t,' x// r' = sin 8' sin <t,' 
" 

X3~/t' ~ COS 81 dV' = r'2 sin 8' d8' d<t,' dr' (A6) 

where 8' and <t,' are the usual polar angles. 
· Since the primed variables are merely dummy variables, 

we sh::ill ~mit the primes from now on. For convenience, 
we define the following: 

Xp Xq 
=--

r r 

Equation (Al) becomes 

Id1{! . ]} · + ~ dr (apq - fzp:.(8,ct,)) r2 sin 8 d8. 

Integrating by parts gives 

' {/ a. f.2r· 1 .. 1:p:.'' = -jwµo lim dr dct, r,"1{!1'2 sin 8 d8 
,,..0 11 0 0 

1 ( a1{!1°•) 1
2

.. f." -+ - r2- dct, fzp:.(8,ct,) sin 8 d8 ko2 dr 'I o o 

• -rdr • 1°• d1{! } 
, dr 

In the third term of ( A9), 

1°• dt/t rdr 
, dr 

(A7) 

(AS) 

(A9) 

becomes infinite as .,, -o. However, it is readily verified 
that 

J2

,.. dct, [' [on - 3fzp:.(8,<t,)] sin 8 d8 = 0,. p,q = 1,2,3. 
0 0 

(AlO) 

Hence, the third term of (A9) is -zero for all finite vaiuJt . 
of 11, and contributes nothing as 11 - 0. ;TX 

It may also be readily verified that -,,;;':, 
~.::tf;J .. , ... 

12.. 1,.. . 4r d4> . fz»&.(8,<f,) sin 8 d8 = -
3
· opq• 

0 0 -

:-~~~- -~ ··•·'T 

Equation (A9) then becomes 

1:p:_" = -jwJl-O()pq lim {/
0

" dr f2

"' dct, J."' t/tr2 sin 8 dH 
.--0 , 0 0 

4r dt/11°•1 + 3ko'I. r'I. dr 
11 

• 
(Al?):;;;:. - __ ..... 

After a few simple steps, we obtain 

I - 2jwµoOpq r ( .,. -) ( .,. -) J zp:." = 3ko2 Lexp -J"'OIJ,n 1 + J"'OIJ,n - I . 

(A13);._· 
Substituting (A13) into (21) gives (22). 
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