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El~ctromagnetic Fields Induced Inside Arbitrarily 

Biological Bodies 

Shaped 

DONALD E. LIVESAY, MEMBER, IEEE, AND KUN-MU CHEN, SENIOR MEMBER, IEEE 

Abstract-A theoretical method has been developed to determine 
the electromagnetic field induced inside heterogeneous biological 
bodies of irregular shapes. A tensor integral equation for the electric 
field inside the body was derived and solved numerically for various 
biological models. 

I. INTRODUCTION 

DURING the past few years, researchers have been 
engaged in a controversy over the possible hazards 

of nonionizing. electromagnetic radiation. Humans and 
animals have exhibited a variety of physiological reactions 
to electromagnetic radiation, but investigators have been 
largely unable to determine whether these effects were 
produced thermally or nonthermally. The problem arises 
mainly because it is difficult to determine the electro
magnetic field intensity inside an arbitrary configuration 
of tissues. Without knowing the field intensity, it is 
virtually impossible to determine the heat generation and 
the temperature inside the tissue structure; hence, it is 
difficult to judge whether the observed effect is thermal 
or nonthermaL 

When the human body or a biological system is il- . 
luminated by an electromagnetic wave, an electromag
netic field is induced inside the. body and an electro
magnetic wave is scattered externally by the body. Since 
the human body or a · biological system is an irregularly 
shaped heterogeneous conducting medium with frequency
dependent permittivity and conductivity, the distribution 
of the internal electromagnetic field· and the scattered 
electromagnetic wave will depend on the body's physio
logical parameters and geometry, as well as the frequency 
and polarization of the incident wave. · 

The mathematical complexity of the problem has led 
researchers in this area to investigate simple models of · 
tissue structures. Some commonly used models are the 
plane slab [3], [4], and the dielectric cylinder [5]. 

Although analyzing simple models does increase our 
understanding of microwave absorption and scattering 

z by biological tissues, the results have limited applicability 
:i;b to arbitrary physiological systems. In our study, we have 

developed a general technique for calculating the electric 
field induced inside an arbitrary biological body by an 
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incident electromagnetic wave. After deriving a tem;or 
integral equation for the internal electric field, we pro
ceeded to solve the equation numerically by the method 
of moments [7]. · 

We note that Richmond [8], [9] has carried out a 
similar moment method solution to a two-dimensional 
integral equation for infinite dielectric cylinders ,vith 
arbitrary cross sections. An integral-equation approach 
to scattering by dielectric rings has been examined by 
Van Doeren [10]. 

II. DERIVATION OF INTEGRAL EQUATION 
Consider a finite body of arbitrary shape, with permit~ 

tivity e ( r) and conductivity u ( r) , illuminated in free 
space by a, plane electromagnetic ,v:1 v2 as shcv-;n in 
Fig. I. The induced current in the body gives rise to a 
scattered field E•, which may be accounted for by replac
ing the body with an equivalent free-spa~e current den
sity leq, given by 

leq(r) = [u(r) +jw(e(r) - e0)JE(r) = ,(r)E(r). (1) 

The first term of (1) is the conduction current and the 
second term represents the polarization current. Eo is· the 
free-space permittivity and E(r) is the total electric field 
inside the body. 

The scattered -field inside the body may be expressed 
in terms of J.q by using the free-space tensor Green's 
function G(r,r'). However, when the field point is inside 
the body, E• must be evaluated with special care because 
of singularity and 1iniqueness problems. According to 
Van Bladel's paper [6], the scattered field E• at an arbi
trary point inside the body can be expressed as 

E•(r) = f l.q(r') ·[PVG(r,r') - lo(r .- r')] dV' 
v 3Jwt:o 

where 

= PV/ J.q(r') ·G(r,r') dV' - 1:,~(r) (2) 
V . 0JWEO 

G(r,r') = -jwµ 0 [, + :
0
:J if;(r,r') (3) 

f(r,r') 
exp ( - jko I r - r' ! ) 

471' Ir - r' I 
ko = w(µoeo) 112 

(4) 

µo is the permeability of free space, and the PV symbol 
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Fig. 1. An arbitrarily shaped biological body illu:nrinated by a 

plane electromagn.e_tic wave. 

denotes the principal value of the integral as defined by 
Van Bladel [6]. 

We may write the total electric field E ( r) inside the 
body as the sum of the incident electric field Ei and the 
scattered field E•. Thus 

E(r) = Ei(r) + E•(r). (5) 

Substituting (2) in (5) and rearranging terms gives the 
desired integral equation for E(r): 

[ 1 + T~r)] E(r) - PV f T(r')E(r') •G(r,r') dV' 
3JwEo v 

= Ei(r). (6) 

In (6), Ei(r) is the incident electric field and is a known 
quantity. E(r) is the unknown total electric field inside 
the body. E(r) can be determined from (6) by moment 
methods. 

III. TRANSFORMATION TO MATRIX 
EQUATION 

, .. :e may rnpresent the inner product E(r') •G(r,r') as 

E(r') ·G(r,r') 

G,,x(r,r') 

G.,,(r,r') 

G,,u(r,r') G,,.(r,r')][E,,(r')] 
Gw(r,r') Guz(r,r') Eu(r') . 

G.y(r,r') G •• (r,r') E.(r') 

(7) 

Let 
X1 = X X3 = Z. 

Then, Gx,x,(r,r') is given by 

Gx,x,(r,r') = -jwµo [opq + k\ .'.la: l if;(r,r')' 
•o uXquXp_ 

p,q = 1,2,:3. (8) 

.The matrix in (7) is symmetric. Each scalar compo
nent of (6) may be written as 

·[1 + :~r)] Ex,(r) - PV 
uJwEo 

· f T(r') [I: Gx,x,(r,r')E,,.(r') J clV' = Ex/(r)' 
y q=l 

p = 1,2,3. (9) 

We can transform (6) into a matrix equation by using 
the method of moments. We partition the body into N 
subvolumes and assume that E(r) and T(r) are constant 

~<>.' ?J;,, 

in each subvolume. We ,~i~l denote the mth subvoltiine.,. 
by_ V m, and denote the pos1ti?~ of a representative interior 
pomt of V m by ~m• By requmng that (9) be satisfied at 
each Tm, we obtam, after some rearranging, .:·-::. 

[ 
T(Tm)] 

3 
N [ . 

1 + ~ E,,,(rm) - L L T(Tn) PV 
JWEo q=l n=l 

After defining the follm'iing quantity: 

Gx,xqmn = T(Tn) PV f G,,,,,.(rm,r') dV' 
v,. 

we rewrite (10) as 
.. 

),o. ~·..:. 

. .:_ ;~,~~f. 
... ;i.,... 
i~:t: 

. • ...,~::. 

(IO) 
'":;:,~:-~ 

......... , . 
- .·t•::;z~ .. 

(11) 

'i ... 

= -E,,/(rm), m = 1,2,··•,N, p = l,2,3. (12) 

Let [G,,,,,J be the N X N matrix whose elements are 
defined by 

Gx,x•mn = G,,,,,.mn - OpqOmn (1 + T(~,,.)] (13) 
3JwEo 

and let [E,,.] and [E,,.i] be N-dimensional vectoni 
given by 

[E,,,] = 
E,,:_·.·.(r1) ] , 

[E,,.i] = 

E,,:(rN) 

p = 1,2,3. (14) 

As rn and p range over all possible values in ( 12), we ob
tain the following matrix representation of (6): 

Symbolically, we may write (15) as 

06) 

[GJ is a :{N X :3N matrix, while [EJ and [E•J ha.ve 
dimension ~LV. We can determine the total electric field 
at each of the N chosen points by inverting [GJ in (16). 

IV. EVALUATION OF :MATRIX ELE.MENTS · 

Equation::;·(11) and (13) define the elements of [Gx~.J
We have 

G "'"- (r)'J)vf C' ( ') zrri Ip:C.1,1 - T u . r.CpXq Tm,r C r 
Vn 

[ 
T(Tm}] (17)-,-~ .. -opqOmn l+.-.-. ·· 

. 3Jw€o ' 
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Let us first consider the-off-diagonal elements of [Gx,x,J. 
. ·~ Clearly, Tm~ .vn, so a,,x,(Tm,r') is continuous throughout 

Vn, Th.ereforn, we may omit the principal value operation 
from cmr evaluation; so ( 17) becomes 

Gx,r,mn = r(rn) f (lz,r,(Tm,r'} dV', 
Vn 

m ~ n. (18) 

As a first approximation, "·e have 

11i~n (19) 

;_ --where 
' ~ .. ,. 

.6Vn = f dV'. 
Vn 

Using (8) to evaluate Gx,x.(rm,Yn) gives 

-jwµokor ( r n) .6 V,; exp ( -ja:,,,n) 
Gx,x•mn = 4. 3 

11'<Xmn 

•[(a,,} - 1 - j<Xmn)Opq + COS 8x,mn 

•COS8x.mn(3 - <Xmn2 + 3j<Xmn)], m ~ n (20) 

where 

Rmn = I Tm - T n I 

and we have written rm and r n as 

. 
' 

If N is sufficiently large, the approximation given by 
( 19) and ( 20) may yield . adequate restilts. For greater 
accuracy, (18) may be integrated numerically by any con-
venient method. . 

If the body's cross section; as seen by the incident wave, 
is elongated, with the longer dimension parallel to Ei, 
numerical integration of (18) may considerably improve 
the accuracy of the solution. The reason is illustrated in 
Fig. 2. The scattered field in subvolume Vi contributea 
by a parallel uriit current in subvolunie Vii has approxi
mately twice the magnitude in Fig. 2(a) that it has in 
Fig. 2 (b) , provided koR12 « i, everi though R12 is the sanie 
in both figures. In the case we are considering, most of the 
contributions tci the scattered field are of the type shown 
in Fig. 2 (a). Since these contributions are more signifi-

1 
cant, they should be evaluated more carefully to preserve 

· ,* •. _ accuracy. 
L For the diagonal elements of [Gx,x.J, (17) becomes 

= r(rn) PV f Gx,x,(rn,r') dV' - opq [1 + 7
3

\rn_)] .. 

·. .,, 

G nn 
Xp:Z:q 

v,; JwEo 

(21) 

We approximate V n by a sphere of equal volume centered 
at rn, This enables us to evaluate the integral in (21) 
exactly. 

Let an be the radius of the sphere. After a lengthy 
calculation (see Appendix), we find 

(a) 

(b) 

v1[pE' 
I 
I 
I 
I 
I 
I 

: Rl2 
I 

127.5 

Fig. 2. (a) Scattered field in subvolume Vi produced by unit currellt -
in subvolume V2 when elongated body is jJarallel to incident field. 
(b) Scattered field in subvolume Vi produced by unit current in 
subvoluine Vz when elongated body is perpendicular to incident 
field. 

. ·{-2jwµor(rn) [ . ( 'k )(l. 'k ) . 1· J Gx,x/n = opq 
3

ko
2 

exp -J oan + J 'oan -

(22) 

where 

an== (3.6V,;)· 11a 

4'11' ' 

If the actual shape of V n diff ~rs appreciably from that 
of a sphere, our approximation rriay lead to poo:r: numer
icai results. In such a case, the integration throughout 
a small sphere surrounding r n can be performed as in the 
Appendix; the integration throughout the remainder of 
Vn can be dohe numerically. 

V. SELECTED NUMERICAL RESULTS 
The theory has been applied to sotne simple biological 

models. The first two examples evidence the accuracy of 
the numerical method. . 

Fig. 3. shows the electric field at the center of an elec
trically small dielectric cube ( 4 X 4 X 4 cm) illuminated 
by a plane wave, for various values o.f frequericy and di
electric constant. Since the cube exhibits a symmetrical 
cross section to the incident wave, we only need -to calcu
iate tlie induced field in one quadrant, as illustrated in 
Fig. 3. As expected, the electric field intensity' at the 
ceilter of the cube is nearly equal to the electric field 
intensity at the center of a sphere with the same di
electric constant in a uniform electrostatic field. The 
field E in the sphere is given by 

- ( 3 ) E·. E= --_ ' fr+ 2 
(23) 

where Ei is the externaily applied_ field, and Er = E/ eo. 
For our second example, we calculated the electric field 

.• 
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Fig. 3. Electric field at the center of a dielectric cube (4 X 4 X 4 
cm) induced by plane waves of various frequencies. 

IDside a thin conducting layer (e, = 70, u = l mho/m) 
illuminated by a 300-MHz plane wave. Fig. 4 shows the 
results when the incident electric field is perpendicular to 
the plane of the layer. For this case the electric field inside 
the layer is approximately equal to Ei/ ~" consistent with 

(only 1/2 of the volume 
is 9howri), 

Ex is calculated at the 
centers of blocks. 

Ey and Ez are very small. 

{
T 
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c~ 
I' 
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Fig. -t. Electric field inside of a layer of conducting medium with 
, = 70,0, <1' = 1 mho/m induced by a plane wave of 300 MHz 
\\·ith the incident electric field perpendicular to the flat surfaces 
of the layer. 

the boundary conditions. If the plane of the layer is no~~ 
oriented parallel to the incident electric field, the electric"·:~:
field inside the layer increases about ten times, as showii"; 
in Fig. 5. This example shows that the intensity of thJif 
induced electric field inside a conducting body deperi ,;:; 
heavily on the body's orientation with respect to th 
incident wave. 

The third example shows the induced electric fie! 
inside a tissue block (16 X 12 X 4 cni) comprising a fa 
layer and a muscle fayer, illuminated by a 100-Mffi:& 
plane wave. The distribution of the induced field is showu·::i~ 
graphically in Fig. 6 and numerically in Fig. 7. Some:,. I 
interesting findings are as follows. 1) Inside the tissue':'..~ 
block all three components of the electric field-Ex, E,; :· 
and E.-are induced, although the incident electric field 
has only an x component. We note that the induced E, 
is comparable to the induced E,, in magnitude. 2) The 
distribution of the internal electric field is nonuniform, 
and its amplitude is quite different from that predicted~•" 
by the plane slab inodel. 

In the examples considered so far, the matrix elements 
were calculated using (20) and (22). For the remaining 
cases presented here, we computed the matrix elements 
using (22) and numerically integrating (18). 

The final two examples· illustrate the effects of an 
inhomogeneity in a thin tissue cylinder ( 10 cm X 1 mm X 
1 mm) exposed to a 2.45-GHz plane wave. The dimensions 

. ],'.' 
.,i A -jlrr{z/100) L·!;•ir;He;;--+!:;2+7+-;z+-;z;HIZ;--+z;;+::;z;;;+-7+-171 .e. = xe 

freq = 300 MHz 

CT = l mho/m 

£" = 70 £ 

a=O.Scm 

b = 4. 0 cm 

c =. 6. 0 cm 

0 

I • ' 
• 095 1 . 086 I. 0841. 080 

I I I 
I ~ 1 

't· 177 l. 158J- n1J. 091 

I I ' 
. 1981 .179 I• 147 1 • 097 

---'----'---~-·--
' I I 

• 1771. 163 : • 134 I. 088 

f
,_ --1-·- ~ ---1"-
·_1~~~~1~~~- ~:~~~~7-

1 I I 
.11s 1.116:,1011,010 

l 
I I I 

• 110:.114~. lOlJ.069 

I . ' 
I I I 

. 1301. 131 J.1131.075 
___ i__ ___ L ___ ._ __ _ 

I I I I 

t 
175 I, 167 t, 140 I, 090 

I I I ----r-- -.---, -- -
.220;.202 :.161:.106 
-- -1----1----1---

1. 226 :. 202 1.t6l \.105 
I J I --,----1---, --

. 149 :- 130 :. 114 :. 093 

(only 1/Z of the 
volume is shown) 

.017 :.035!.042 :.046 

---r---L---+---
1 I I 

't.025 (os1 :·039 :.029 

, I I 

.032 ;.061 1.044 1.008 

1~;~,J;;t~~~l~~: r I I I 

1
.025 1.oso:.061 ,.064 

' ' I ---r--- 1 ---r--
.011 :.029:.048 :.071 

Fig. ,5. Electric field inside of a layer of conducting medium with 
, = 70,o, <1' = 1 mho/m induced by a plane wave of 300 MHz 
with the incident electric field parallel to the flat surfaces of the 
layer. 

1.1\"I 

F 

I 

I 



ER 1974. 

1s now 
lectric 
shown 
of the 

epends 
to the 

field 
r a fat 
-MHz 
hmm 
Somr 
tissue 
"'' ·E11, 

field 
d E, 
The 

orm, 
icted 

ents 
ning 
ents 

I 

an I 
I 

1X j 
IOns j 

I 
I 
l 
1 

i 
I 
l 
l 
I 
l 
i 
I 

I 
' I 
r 

LIVESAY AXll CHr.:-.:: E'.11 FIELDS Al\D BIOLOGICAL BODIES 

(Only 1/4 ~! the 
block is !hewn) 
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Muscle {c = 71. 7 Eo 
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Freq. = 100 MHz 

Field intensity is cal
culated at the center of 
each sub- block. 
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Fig. 6. Distribution of induced electric field inside of a tissue block (16 X 12 X 4 cm) consisting of .a fat and a muscle layer. The incident plane wave is E = :xE• with a frequency of 100 MHz. The field intensity in a corresponding infinite slab model is Ez = 0.197E• at the center of the fat layer and Ez = 0.210E• at the center of the muscle layer. 

(Only 1 /4 of the 
block is shown) 
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Fig. 7. Distribution of induced electric field inside of a tissue block (16 X 12 X 4 cm) consisting of a fat and a muscle layer. The field intensity is calculated at the center of each subblock. For a cor-• responding infinite slab model Ez = 0.197E; at the center of the .~ fat layer and Ez = 0.210E; at the center of the muscle layer. 

of the cylinder were chosen to help insure an accurate 
solution at this frequency. The incident electric field 
(x component only) is assumed to be parallel to the cyl-

inder axis, so we may neglect the y and z components of . . . 
the induced field. 

Fig. S(a) shows a homogeneous muscle cylinder, and 
Fig. S(b) shows a muscle cylinder with a section of fat 
1 cm long at its center. The field distribution in each 
cylinder is shown in Fig. S(c), and the power density is 
plotted in Fig. 8 ( d). The discontinuity of the electric 
field at the muscle-fat interface in Fig. S(c) obeys the 
relation 

where the subscripts F and M refer to fat and .musc!c, 
respectively, and EF and EM are both normal to the 
interface. Equation (24) is the boundary condition for 
the normal component of the electric field at the boundary 
of two different biological tissues . 

In Fig. 9(a) we have a homogeneous fat cylinder, and 
in Fig. 9 (b) ,,·e have a fat cylinder with a 1-cm section of 
muscle at its center. The distributions of the induced field 
and the power density are shown in Fig. 9(c) and (d), 
respectively. Again, the discontinuity of the electric field 
in Fig. 9(c) obeys (24). 

From Figs. 8(d) and 9(d), we see that the inhomo
geneity creates a local hot· spot on the fat side of the 
muscle--fat boundary because the. electric field is normal 
to the bouridary. We note that in the plane slab model, 
the electric field is tangent to the muscle-fat interface. 
In that case, a local· hot spot occurs in the muscle. 

Of particular interest is the cylinder in Fig. 9 (b). 
Because the muscle section is relatively small, the maxi
mum power density occurs in the fat region. The heat 
generation near the center of this cylinder is several times 
greater than the heat generation near the center of the 
homogeneous cylinder of Fig. 9(a). Therefore, the tem
perature of an irradiated cylindrical fat structure could 
be significantly increased by the presence of one or more 
small muscle segments 

VI. DISCUSSION OF NUMERICAL RESULTS 

When using a pulse functiol} expansion in the method 
of moments, it is important to establish an upper limit on 
the dimensions of the subvolumes. To arrive at the limit 
for our metb.od, we have performed two convergence 
tests. In both tests, the incident electric field was parallel 
to the x axis and had a magnitude of 1 V /m. 

In the first test, we investigated a muscle cylinder, 
shown in Fig. 10, illuminated by a 2.45-GHz plane wave. 
Expressed in wavelength~, the dimensions of the cylinder 
were 3 X 1/2 X 1/2. Actual computations supported our 
assumption that the induced electric field had only an 
x component. We partitioned the cylinder into a variable 
number of cubical cells, or subvolumes, and cakulated 
the induced field for each configuration. The models for 
N = 6, N =; 48, and N = 162 are shown in Fig. lO{a)-
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Fig. 8. (a) Homogeneous muscle cylinder. (b) Inhomogeneous muscle cylinder. (c) Electric field along cylinder axis. 
Ei is 1 V /m. (µ) Power density (1/20- ·1 $ 12) along cylinder axis. Each cylinder was partitioned lengthwise into 100 
subvciluines of equal size. · 
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( c), respectively. The edges of each cell measured 1/2, 
1/4, and l/G wavelength, respectively. 

Fig. 11 shows the electric field intensity along the axis 
of the c;;ylind.er for each model. Since none of the sub
volumes in' Fig. IO(b) lie on the axis, we have plotted the 
avcrag~ of the field intensities in the front and back of 
Fig. lO(b) to facilitate a comparison with Fig. IO(a) 
and ( c). The results from all three models agree well, 
indicating that cells "i.th dimensions as large as even 1/2 
wavelength may produce useful data in some cases. 

' . 
For the second test, ,rn used a cube of muscle, again 

illuminated by a 2..45-GHz plane wave. The edges of our 
first sample measured one wavelength, as shown in Fig. 
12 (a). Treating the cube as a single cell, we calculated 
the induced electric field. Next, we partitioned the _cube 
into 27 cubical subvolumes, as shown in Fig. 12(b), and 
again determined the induced field. We then compared 
the field intensity in the center cell with the value. obtained 
from the first computation. Finally, we repeated the pro
cedure for a l/4-wavelength cube, shown in Fig. 12(c) 

r 

I 

... . 
-: 

0. 9 

_ O.b 

? 
0 
~ 
.., 
- 0.3 

Data from Fig. J0(a) 

0------------- .. 
Averaged data from Fig. IO(b) 
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Data from Fig. JO(c) 

0 '-------+---------< 
0 l. b4 

Distance from center (t"m) 

Fig. 11. Electric field intensity along the axis of the cylinder shown 
in Fig. 10, for models (a), (b), and (c). Frequenr,y is ~.45 GHz. 
Incident field is 1 V /m. One wavelength in the cylinder 1s 1.76 cm. 
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Fig. 12. Two cubes of muscle illuminated by a plane wave of 2.45 
GHz, treated as single cells in (a) and {c), arid part.itioned into 27 
subvolumes in (b) and (d). The edges of the cubes measure one 
wavelength and 1/4 wavelength, respectively. 
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TABLE I 
INDUCED E1,1•:(TltlC FIELD AT THI•: C1-:,-;']'1;11 ()],' THI•: MusCI,E CUBES 

SHOWN Di F1G. 12 FUH VAHIOIJS NuMBI·:w; (Jf,' ::li;nvoi.UMES 

No. of Si:r.e of ! £ I center Figure 

cells each cell (Volts/ml rcf\:rcncc 

o. 0789 !2(a) 

l7 ~/3 0. 09ll 12(h) 

A/4 0. 0S9l I2(c) 

l7 >/ll o. 0556 Il(d} 

Note: Frequency is 2.45 GHz; incident field isl V /m. 

and ( d). The results are given in Table I. The two values 
agree well for the l/ 4-wavelength cube. From these results, 
and from those of the first test, we condude that sub
volumes having edges of 1/4 wavelength or less should 
yield reliable data. 

Concluding our discussion of the numerical results, we 
note the absence of supportive experimental data from 
our paper. Although we have not yet verified any of our 
numerical data experimentally, we are now beginning a 
research program in which we hope to do so. 

APPENDIX 
EVALUATION OF :MATRIX DIAGONAL 

ELEMENTS 

In (21), let us define the following: 

Ix,rt = PV f Gx,x.(Tn,r') dV'. 
Vn 

(Al) 

As outlined in Section IV, we approximate Vn by a 
sphere of equal volume centered at r n· Hence; an, the 
radius of the sphere, is given by · 

an = (3!:ny/8 (A2) 

It is easily verified that (8) may be rewritten as 

G,,,x.(r,r') = -jwµo[opq + k:2 dXq~;xJ i/t(r,r'). (A3) 

Since the derivatives are taken with respect to the primed 
variables, we are free to take r = Tn at the outset. 
G (r r') is a function of / Tn .- r' / only, so we may ZpXq n, . 
define a spherical coordinate system centered at Tn, and 
set Tn = 0. Then 

,jt (rn,r') = ,jt(r') 
exp ( - jkor') 

41rr' 

where 
r' = / r' /. 

Now 

(A4) 
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In our spherical coordinate system 

x//r' .= si.n 81 cos</>' x//r' = sin 8' sin cf>' 
; ... 

X3~/ t' ·::, COS 81 dV' = r'2 siri 8' cl8' clef>' dr' (A6) 

where 8' and cf>' are the usual polar angles. 
· Since the primed variables are merely dummy variables, 

we shall ~:mut the primes from now on. For convenience, 
";e define the following: 

f.,.,,. ( 8,c/>) 
Xp Xq 

(A7) = 
r r 

Equation (Al) becomes 

· fa" [T l.,,:r:;' = -jwµ0 lim dr de/> 
,,...0 ~ 0 

1 ... { 1 [d~ • 0 V!Opq + ko2 dr2 fx,z.(8,cf,) 

1 dV1 . ]} . . + ~ dr (Opq - fx,:r:,(8,ct,)) r2 sm 8 d0. (AS) 

Integrating by parts gives 

{fa" 12r Jr I,,,:r::' = -jwµ0 lim dr def, Opqy;r2 sin 0 d0 
,,...0 q O 0 

1 ( dy; I a") [r fr + 2 r2 - de/> f.,,.,,(8,cf,) sin 8 d0 
ko dr ~ o o 

1 [r fr + - def, [Opq - 3fx,:r:.(0,ct,)] sin 8 d8 
ko2 

0 0 

fa. di/; } 
• q dr r dr • (A9) 

In the third term of ( A9), 

fa. di/; 
-rdr 

~ dr 

becomes in.finite as 7/ --..• 0. However, it is readily verified 
that 

12.. ! .. 
def> [opq - 3fx,x,(0,ct,)] sin 0 d0 = 0, 

0 0 
p,q = 1,2,3. 

(AlO) 

··-.;,._.,._·~~/' .. 
Hence, the third term of (A9) is zero for all finite ~~;-St 
of 7/, and contributes nothing as 7/--..• 0. :1,:F 

It may also be readily verified that ··t~, 
2r r 4 

1 dct, [ fx,x.(8,ct,) sin 8 d0 = __!!_ Opq• o Jo 3 

Equation (A9) then becomes 

lx.z:' = -jwµo(/pq Iim {fa" dr f2 

.. de/> f ... y;r2 sin 8 d8 
,,...0 q O 0 

4,r dV! I a.} +-r2- . 
3ko2 dr q 

After a few simple steps, we obtain 

Substituting (Al3) into (21) gives (22). 
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