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Preface 

In writing this book, I have had four principal objectives: emphasis on the 
field-theoretical point of view, the use of vector analysis wherever practical, 
the consistent use of niksa units, and the presentation of the material in a 
form suitable for advanced undergraduate students in both physics and 
electrical engineering. 

Circuits are discussed only as examples of field theory and to show the 
connections between field and circuit theory. I have brought complex 
numbers - phasors - into the discussion of ac circuits in order to prepare 
a background for their use in the study of wave motion. I have presented 
the material in the conventional order because this seems best suited to the 
student's developing physical and mathematical comprehension and 
because it gives a desirable degree of redundancy with his previous experi
ence. I have tried to follow closely the recommendatioEs of the Coulomb's 
Law Committee of the American Association of Physics Teachers. 1 The 
exhaustive report of the Committee is tremendously helpful to anyone 
teaching this subject. 

The progressively difficult ideas of vector analysis are introduced, with 
examples, as the physics demands them, but the average student will need 
an earlier or concurrent course in vector analysis. The book assumes a good 
training in the calculus, but, although the study of electromagnetics 
requires that we find solutions to equations which contain the partial 
differential operators of vector a1ialysis, none of the developments requires 
either previous or concurrent study of differential equations. · 

The choice of the ampere as the fundamental electrical quantity to l,ie 
associated with the meter, the kilogram, and the second is based on these 
considerations: Effective 1 January 1948, the lnternaticmal Committee 
on Weights and Measures recommended to the 11ations adhering to the 
Treaty of the Meter the use of the practical absolute electrical units, 
in which the ampere is defined in terms of the mechanical force between 
circuits. In 1938 the International Electrotechnical Commission, through 
its Committee No. 24, had resolved that the link between electrical and 

1American Journal of Physics, 18, 1-25 and 69-80 (1950); "The Teaching of Elec
tricity and Magnetism at the College Level." 
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vi Preface 

mechanical units should be through the definition that the magnetic 
permeability of free space, µo, be exactly 41r X 10-7 webers per ampere
meter. In 1950 the same organization passed a resolution that for con
venience the ampere, as measured through the mechanical interaction of 
currents, be taken as the fourth basic unit. Even so, the analytic relation 
between the force and the current contains µ0, so the definition of its 
numerical value is of fundamental importance. For this information 
concerning the units I express my thanks to Dr. Francis B. Silsbee, formerly 
Chief of the Electrical Division of the National Bureau of Standards. 2 

In electromagnetics perhaps even more than in other subjects, it is 
necessary that electrical engineering students have an excellent training in 
the fundamental physical bases, while at the same time physicists need a 
knowledge of engineering applications. Hence in this book I have seen no 
reason to distinguish between the two disciplines. 

The topics covered in the second edition are essentially the same as 
those of the first. My principal purpose in rewriting the book has been to 
aid the student in his understanding by expanding the discussions and 
making them more detailed, and by analyzing more examples in the text. 
There is a large collection of new problems, and the student is given the 
answer to many of them by being asked to "Show that .... " 

In the new edition I have attempted to devise a notation in which the 
letters suggest their own physical significance. For example, I use Q for 
quantity of charge, Qv for the volume density of charge and Q8. for the 
surface density of charge. I follow the example set by Skilling in using 1 for 
a unit vector, with a subscript to denote the axis or coordinate involved. 
This usage provides a unity which is otherwise lacking, and it reduces 
considerably the number of meanings which must be attached to some 
overworked symbols. 

I appreciate greatly the time and thought which my colleagues and 
numerous correspondents have given to the material for this book. I 
acknowledge with special gratitude the many enlightening conversations 
I have had with Dr. Vladimir Rojansky, and the intense interest which he 
has taken in the progress of the work. 

This book could not have been written without the encouragement and 
patience of my wife, nor without her advice and labors in editing. and 
proofreading. 

I want to thank my father for giving me my first instruction in electro
magnetics, when I was a boy, and for stimulating in me a lasting curiosity 
concerning the subject. 

ROBERT M. WHITMER 

Playa del Rey, California 

2A more detailed discussion of these matters is given in Dr. Silsbee's monograph,. 
published as National Bureau of Standards Circular 475. 
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Introduction 

Ranges of forces 

By the time the student uses this book he will have learned that there are 
electrical forces, and magnetic forces generated by moving electric charges. 
Conversely, electrical forces can be generated by changing magnetic fields. 
Because of these close interconnections we lump them both together and 
call them electromagnetic forces. 

In the physical world as we know it today there seem to be but two other 
kinds of forces: gravitational, and those which we call nuclear. Each of the 
three is important in a certain range of size and distance scales. Thus 
gravitation is the only force which need be considered between astronomical 
bodies, and it is by far the strongest between our earth and objects near its 
surface. At the opposite extreme are those strange forces, as yet but hazily 
known, acting on the particles within the nucleus of the atom. Between 
these ranges, we can account for everything in terms of electromagnetic 
forces. This means outside the nucleus but within the atom, between atoms 
and between molecules, up through the forces involved in electromagnetic 
machinery and the transmission and reception of radio waves. 

Theories in physics 

Progress in science is made by parallel experimental and theoretical 
investigations. In science the word "theory" is frequently used in a sense 
somewhat different from that of ordinary life. A theory starts out as a 
hypothesis or a guess, to explain an unexpected experimental result: "If 
nature worked this way, would it logically follow that one should get that 
result?" When a hypothesis has been found which agrees with the new 
experiment, and with all previous experiments, as well as any further new 
ones which the hypothesis itself may suggest, we believe that it bears some 
close connection with the truth, and we change its name to "theory." 
So a scientific theory is a body of ideas which are on a firm basis of both 
experiment and logic. Certain parts of a theory which make especially 
important but simple statements are called laws. Of course, theories are 

1 : 



2 Introduction 

sometimes repudiated partially or completely by new experiments. But 
there are bad experiments too; disagreement of an experiment with a theory 
may lead to a better, more carefully performed experiment. 

Scientists are not always consistent in their speech, and they do some
times call a hypothesis a theory; but those theories which we shall encounter 
in our studies of electromagnetism are all very well established through 
experimental verification and internal consistency, for bodies separated by 
more than something like 10-12 cm. At shorter distances we not only 
encounter the nuclear forces, but something goes wrong with the electro
magnetic theory as well. For example; if we calculate, in the only way 
we now know, the energy which an electron must have as a charged body, 
we find it to be infinite! This is an absurd result, and it shows that there is 
plenty of research work yet to be done in electromagnetic theory. Never
theless, the justification for our present ideas is so firmly grounded that 
the new theory, when it is discovered, must reduce to the present one at a 
sufficiently great distance. That "sufficiently great distance" is so tiny 
that there is a vast range within which the present electromagnetic theory 
is accurate and enormously valuable, and it is the background from which 
the development of a new theory must begin. The situation is much like 
that in mechanics: as long as we avoid velocities approaching that of light, 
Newtonian mechanics gives results well within the error of measurement; 
it would be silly to calculate the trajectory of a projectile relativistically. 
It is well worthwhile for a student to learn classical mechanics. In fact, he 
will use it as a basis for his study of relativity. 

The place of mathematics 

We have mentioned the logical agreement between theory and experiment. 
In physics especially, the tracing of the steps in the logic is largely quanti
tative and mathematical. We are able to state the assumptions of the 
theory very accurately in mathematical language, and then to obtairi. 
accurately by mathematical manipulations the predictions of those assump
tions as to the result of an experiment. In other sciences the experimental 
conditions are so complicated that it has not yet been practical to make wide 
use of mathematics. More is used in physics than in, say, biology because 
experimental situations in physics are simpler than in biology. Even in 
physics it is often necessary to consider limiting, ideal examples in order to 
avoid impractically difficult mathematics. 

Fields 

A great deal of our modern thinking about electromagnetics is in terms of 
fields. We say that an electric field exists at a point in space if a force is 
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exerted on an electric charge placed at that point. In the static case the 
use of a field may seem to be merely a means of avoiding a detailed descrip
tion of the other charges whose presence causes the field to exist. But later, 
when we consider rapidly moving charges, we find that the fields exist and 
travel through space after the charges and currents which produced them 
have disappeared - like the fields of a radar pulse, for example. The fields 
have some of the properties of matter, in that they transport energy and 
momentum and they can exert mechanical pressure on material bodies. The 
concept of the field as distinct from its source was introduced by Michael 
Faraday over 100 years ago, and it has been invaluable to the progress of 
the understanding of electromagnetism. 

REFERENCES 

Some of the books which will be particularly helpful to the student are listed 
by number in the Bibliography on page 343. Chapters, and sometimes specific sec
tions and pa!);es, which are especiall)' apropos will be listed after each chapter of 
this book. Thus, the reference br,low is to Chapter 1 of the book listed as Number 1 
in the Bibliography. 

I. Slater and Frank, Chapter l 



1 Charge, Field, and Potential 

1.1. Signs and quantity of charge 

Let us take a hurried look at the "old-fashioned" experiments of 

electrification by friction and by contact. These are performed with rods 
of glass and of plastic, some flannel cloths, and pieces of fur. The necessary 

apparatus also includes a pair of pith-balls suspended. by silk threads. The 

important features of the experiments are these: 

If one of the rods is rubbed with one of the cloths, then touched to both 

balls, we find that there is a force of repulsion between the balls. 
If two of the rods are rubbed, and one touched to one ball, one to the other, 

the balls may - depending upon the material of the rods and the material 

with which each was rubbed- attract or repel each other. 
If one ball is touched with a rod and the other with the cloth or fur with 

which that rod was rubbed, the balls will always attract each other. 

Our conclusions from these experiments are that: 

(a) There are two kinds of electricity. 
(b) Bodies charged with different kinds attract each other. 
(c) Bodies charged with the same kind repel each other. 

These experiments also make it seem very likely that 

(d) An uncharged body contains both kinds of electricity, the effects of 

the two normally cancelling out so far as external manifestations are 

concerned. The two kinds can be separated by rubbing. 

This last, tentative, conclusion is amply confirmed by other experiments. 

These properties can be handled conveniently if we assign algebraic 

signs to the two varieties of electricity, calling one positive, the other 

negative. The choice of which is to be positive is entirely arbitrary, but 

once it is made we must stick to the convention. The choice which is used 

was made by Benjamin Franklin. 
Quantity of Charge. Suppose now that we obtain a third pith-ball. 

We will charge two of them in exactly the same manner, as nearly as is 

possible. The thi.rd is also charged, and we bring the first two near it, first 

separately, then both together. We find that the effect of the two together is 

just twice as great as that of each separately. From this we conclude that 

5 



6 Ch.urge, Field, and Potential Chap. 1 

the effects of electric charges add linearly. To state this more generally, the 
effect of a charge Q1 plus that of a charge Q2 is the same as that of a single 
charge whose size is Q1 + Q2, This is admittedly a very crude experiment, 
and from it we can be sure only that the conclusion is approximately true, 
but any departure from the linear rule would show up in other, more 
accurate experiments not directly designed to verify it. No such departure 
has ever been found. 

From the experiment described above, we could set up a rough unit of 
charge in terms of the force exerted on another charge. It would not be 
accurate because it is impossible to d_upli9ate accurately the charge given 
to a pith-ball by a charged rod. However, a measurement which we can 
make only in principle is often a great aid to the understanding. 

The point of view which we have here taken toward the units of electric 
charge is essentially that of the nineteenth century. We now know that 
there is a natural unit, or quantum, of charge - that of the electron or the 
proton. However, the quantum is so small that in many situations we treat 
charge as if it were continuous and not quantized at all. For ex~mple, it 
is impossible to count directly the number of excess protons or electrons on 
a charged body, while direct measurements of charge (by methods better 
than those suggested above) can be made rather accurately. In fact, if we 
should want to know the number of electrons on a body, we would calculate 
it from the measured charge and the known charge of the electron. Hence, 
conceptually at least, we stick to the "old-fashioned'' ideas concerning units 
of charge. 

Electric charge is never created or destroyed. There are reactions in 
which are created pairs of elementary particles which always bear equal 
charges of opposite sign, but the net charge in the universe remains constant 
and presumably zero. In the· operations of charging bodies which we have 
described above, we only separate charges which already exist. 

We must develop some better quantitative relations before we can state 
accurately just how large our unit of charge will be. Nevertheless, we can 
give it a name now, and later, in Chapter 7, we shall specify the size of 
the unit in terms of the magnetic force between currents of moving charge·s. 
The unit of charge is the coulomb; it is named for a Frencfn. physicist who 
did important experimental work in electrostatics in the latter part of the 
eighteenth century. The symbol Q will represent the algebraic value of a 
charge, and subscripts will denote the density of charge in various distribu
tions. For example, a charge may be spread continuously throughout a 
volume, and we need to speak of charge per unit volume, or the volume 
charge density, dQ/dV. We use the symbol Qv for this density. When a 
charge is distributed continuously over a surface we use the idea of charge 
per unit area, or surface charge density, dQ/dS. The corresponding symbol 
is Qs. Linear distributions of charges do not exist in nature, but the effects 
throughout limited regions of space of some real distributions are the same 
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as would be those from linear charges. For this reason, we need to talk 
about linear charge density, dQ/dp, where dp is an element of length of the 
line. The symbol for linear charge density is Q L· 

1.2. The electric field 

A force is exerted on one charge when it is near others. The space 
bet.ween and surrounding the charges may be a vacuum; it is not necessary 
that there be even air as a medium to transmit a force. Somehow the empty 
space itself at the position of each charge is modified by the other charges in 
such a way that a force is exerted. This "modification of space" is what we 
~all the electric field. 

We shall define the field in terms of the force. Let i'.1s investigate it with 
a test charge whose algebraic value is Q1• We will place the charge at a point 
in space and measure the force which the field exerts on it there. Since 
force is a vector quantity, the field must be one also. We define the el~ctric 
field Eat a point in space as the vector quantity whi~h, when multiplied by 
the test charge, wili give us the electric f9rce F on the charge.. That is, 

(1.1) 

More directly, the field is the ratio of the force on the test charge to the value of 
the charge: 

(1.2) 

In Eq. (1.2) the charge is measured in coulombs. Th_e force is measured in 
newtons, the unit of force in the rpks system. From the equation, we see 
that an obvious unit for measuring the electric field is a newton per coulomb. 
Later we shall find an alternative unit. 

Equations (1.1) and (1.2) are vector equations. In a vector equation the 
quantity on the left must be equal in directi9n as well as in magnitude to 
that on the right: Vectors will always be shown in boldface type. Multi
plying a vector by a p~sitive scalar (as~ by Qi, or F by 1/Qi) changes the 
magnitude but the direction is that of the vector. 

An example from kinematics may make thi.s more clear. We. are 
familiar with the equatfon of uniform motion, 

s = vt. 

If the velocity v is 10 miles an hour, maintained for a time t equal to two 
hours, the distance covered, s, is 20 miles. But we know that both v and s 
have· dir~ctions; they are vector quantities. This we can express by the 
vector equation 

s = vt. 
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Fig. 1-1. Showing the effect of multiply
ing a vector r by scalar factors. If the 
scalar factor a has dimensions, the 
lengths of the arrows representing r and 
ar cannot be compared 
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Now, if we put in the additional in
formation that vis northwest, we find 
that s is 20 miles northwest. Like
wise, in Eq. (1.2), the vector quantity 
E is in the direction of F and equal 
in magnitude and direction (and 
dimensions as well) to F/Qi, If Qi 
happens to be negative, the vectors 
F/Qi and E are opposite in direction 
to F itself (see Fig. 1-1). 

This field which we have defined 
is a property of each point of space 
where there are no charges except the 
test charge. (That is, we are talking 
about a fiE:ld at one point due to 

charges somewhere else.) We think of the fiel~ as existing at each point in 
space whether or not there is a charge there to have a force exerted on it. 

We must now go back and define the field a iittle more carefully. If the 
charges causing the field are free to move (if, for instance, they are on 
metallic bodies) then bringing in Qi may change their positions - because 
there is a field at the position cf each of them due to Qi - and hence change 
the field which we want to measure. This change will be small if Qi be 
small, so our accurate definition is: 

The electric field at a point (vector quantity) in newtons per 
coulomb, is the limit of the ratio of the force (vector quantity) 
in newtons exerted on a test charge, to the test charge Qi (scalar) 
in coulombs, as Qi approaches zero.1 

As an equation, 

E = lim F , or E = dF · 
Q,-+o Qi dQe 

(1.3) 

(We cou.ld avoid requiring Qi to approach zero if we imagined some kind of 
non-electrical glue to hold the charges producing the field fixed in position.) 

It may well occur to the student that an experimenter would look very 
silly carrying around a charged pith-ball and devices with which to measure 
forces on it, in order to determine electric fields. It is quite true that in 
practice no one would measure fields that way, and, even though it might 
be done as a demonstration, the accuracy would be poor. This is another 
example of a quantity so defined that we can measure it only in principle. 
But using it, we are better able to understand things which can be measured 
accurately. In practice we seldom measure forces by allowing them to 

1Actually, we know that electric charge is quantized; that is, it always occurs in 
integral multiples of that of the electron and never in smaller quantities. However, the 
charge of the electron is so very small compared with those which we ordinarily encounter 
that it is often useful to think of charge as being infinitely divisible. 
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accelerate masses, but we find it useful to define them by the experiment 
implied in the equation F = ma. 

Suppose that the field at a point from one set of charges is Er. If we take 
those charges away and replace them by another set, we find the field to be 
E2 at the same point in space. A third set may give Ea at that point, and so 
on. Experimentally, we find that if we put any combination of the sets of 
charges in position at the same time, the force on the test charge is the 
vector sum of the separate forces, and hence the total field is the vector sum 
of the fields due to each separate set of charges. The vector equations 
which say this are 

dF = (Er + E2 + Ea + ... ) dQ t = E dQ t 

whence E = Er + E2 + Ea + ... = L E;. 
i 

Equation (1.4) is illustrated in Figure 1-2. 

£1 

£_, , .... / _ __, __ 

£2 
(a) 

£1 c,+£2 

L27 
£2 

(b) 

£1+£2+£_, 

~+£2 

(c) (d) 

Fig. 1-2. Illustrations of the addition of vectors. In (b) and (c) the 
addition is done by steps, while in (d) it is carried out in a single opera
tion. The results are the same 

(1.4) 

(1.5) 

In Cartesian coordinates, any vector quantity, such as E, has compo
nents Ex, Ev, and E.. We can write an equation containing E and its 
components; it is 

(1.6) 

In this equation lx, 11/l and 1. are unit vectors in the directions of the coordi
nate axes; each has a magnitude of unity and no dimensions. Then lxEx is 
a vector pointing parallel to the x-axis whose magnitude and dimensim;is 
are those of Ex. Equation (1.5) says that the field E is the vector sum of 
three vectors which point parallel to the three coordinate axes. See Fig. 1-3. 
When there can be no misunderstanding of the coordinate system which is 
being used, we often find it convenient to use an abbreviation of the 
notation of Eq. (1.5) in which we write only the components of the vector. 
In this notation 

(1.7) 

A field which has the same magnitude and direction everywhere is called 
a uniform field or a homogeneous field. 
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X 
y 

Fig. 1-3. The Cartesian unit vectors, and the Cartesian components of E 

1.3. The position vector, and graphical representations of a field 

We can use vectors to denote not only fields but points in space as well. 
The displacement, in distance and direction, of a point in space from a fixed 
reference point or origin is a vector for which we shall use the symbol r. 
When we show r graphically, by an arrow, it is understood that its butt end 
is at the origin, and its tip at the space-point in question. The unit vector 
in the direction of ·r is lr, and r is a scalar having the magnitude and 
dimension of r, so that 

r = Irr. (1.8) 

One of the virtues of writing vector equations is that one does not need to 
specify a coordinate system, while if one writes component equations, they 
are different for every coordinate system. In Cartesian coordinates, the 
corp.ponents of the position vector and the coordinates of its end-point are 
the same. That is, 

r = l,,x + lyy + I.z. (1.9) 

If we have a quantity f which is a function of position in space, we can 
show the spatial dependence by writing the quantity as f(r). Here the "r" 
refers to the point whose displacement from the origin is r, rather than to 
the position vector itself, but this distinction does not cause confusion. 
The quantity f may be either a scalar or a vector. The electric field is an 
example of a vector quantity which depends, in both magnitude and 
direction, on the position of ·the point at which we measure it. We could· 
say that E = E(x, y, z), or we could use spherical coordinates arid say that 
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E =· E(r, 0, cp). However, we convey the -same information, and we do not 
need to specify a coordinate system, if we simply say 

E = E(r). (1.10) 

The electric potential which we discuss in the next section is an example of 
a scalar function of r. 

The field at a point in spac~ may be repre
sented by drawing,a vector whose butt end is 
at the point, whose length is proportional to the 
magnitude of the field, and whose direction is 

£ 

the same a~ that of the .field. In Fig. 1-4, the 
ve.ctor E represents the electric field in magni
tude and direction at the point r. The field · 0 

changes as we move from one point to another; Fig. 1-4. The field E at the 
end-point of the position
vector r is represented by an 
arrow whose length is propor
tional to the field, and whose 
direction is that of the field 

in Fig. 1-5a we show the field at a number of 
nearby points. We can always find a curve in 
space such that the field vector drawn from any 
point on it is tangent to- the curve. If we draw 
just that curve (Fig. 1-5b) we shall have rep
resented the direction of the ·field at" every point on the curve. When we 
draw a family of such curves, as in Fig. 1~5b, the density of the curves is a 

~~~-- STRONG FIELC --~~ 

/ /. I 
(a) • 

~------- WEAK F/ELO 

Fig. 1-5. (a) Representation of' the field by arrows at a number of 
points in space. Gb) Representation by directed curved lines 

measure of the magnitude of the field - the closer the spacing of the lines, 
the stronger the field. 

One should examine Figs. l-5a and b carefully. In Fig. l-5a the arrows 
show magnitude (on some arbitrary scale) and direction of the field at the 
points in space where the butt ends of the arrows are placed. The drawing 
says nothing explicitly about the field at any other points. In Fig. 1-5b the 
direction of the field is shown by the direction of a line· at each point in 
space on that line; but it is not shown explicitly for points hot on any line. 
The· magnitude of the field is implied hy the spadng between lines. We 
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shall use the arrows and curved lines to give qualitative information alone, 
and not connect them with quantitative relations. 

These "field lines" are only a graphical representation, and one must be 
careful not to be misled by them. For example, the field is continuous in all 
directions (except where there are charges), but we are unable to show its 
continuity by either of our graphical representations. A drawing identical 
with Fig. 1-5 could represent in direction and magnitude the flow of a fluid, 
which we know is also continuous, but the drawing would imply a transverse 
discontinuity. 

Let us look back at Fig. 1-4. The position vector rand the field E are 
properties of the same point in space, but r is drawn to the point, while Eis 
drawn from it. i:iosition vectors are always drawn from an origin to the 
space-point, while a vector representing a field is always drawn from the 
space-point. Thus in Fig. 1-6 the length and direction of each arrow repre-

+ 

-- -
,,, 

t 
Fig. 1-6. The gravitational field about a sphere of matter 

sents the magnitude and direction of the gravitational field at the space 
position ( also called field point) of the butt end of the arrow. 

Position vectors and field vectors represent quantities which are dimen
sionally different; hence the lengths of the arrows representing them in a 
drawing cannot be compared, although we can, of course, compare their 
directions. It is a common practice in physics to represent different physical 
quantities in the same figure by arrows. For example, in mechanics we may 
show displacement, velocity, and acceleration in the same drawing. · 

1.4. The electric potential 

Since there are electric fields in the vicinity of charges, work (which may be 
positive or negative) must be done in order to move a charge in the region. 
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We may characterize two points by J"work per unit charge necessary to 

carry a test charge from one to the °)h1er. This ratio we call the difference of 

potential. These ideas are exprled by /he equation 

cf,(r2) - cf,(r1) = Qi W(r1 to rz). (1.11) 

The potential cf, is measured in joules per coulomb, a unit to which we give 
the name volt. Just as with potential energy in mechanics, the absolute 
value of the potential is not given by the physics of the situation; only 
differences of potential can be observed and measured. In electrostatic 
problems, however, we almost always use the same reference level; we 
define the potential as being zero at a point infinitely distant from the 
charges producing the field, where the field itself is zero.2 With this 
definition, the potential at the point r is the work which must be expended 
(by something distinct from the electrical system) in carrying the test 
charge with constant kinetic energy from infinity to the point in question, . 
divided by the algebraic value of the test charge.3 The force F* which must 
be exerted on the charge by the non-electrical mover is the reaction to the 
electrical force; hence, the negative sign in 

F* = -EQi. 

The work done by F* against the electrical force is 

W = ir F* cos (F*, de) dp (1.12a) 

-Qi Lr E cos (E, de) dp, (1.12b) 

where (F*, de) and (E, de) indicate the angles between F* and E and the 
vector displacement de, as in Fig. 1-7. This notation for an angle should 
not be confused with that which we used for a vector in Eq. (1.7). 

Fig. 1-7. The angle between two vectors is the smallest angle which can be 
described between them when they are drawn from a common starting point 

' 2This 
1

definition proves impractical in problems in which the electrical properties are 
independent of one or more spatial dimensions. This situation is considered in Sec. 2.6. 

3In mechanics we define the potential energy of a body as the work which could be 
done by the body if it were released; for example, dropping a ball held above the ground. 
But just that amount of work must have been done on the body to give it its potential 
energy - in raising the ball from the ground in the first place. In electrostatics, we 
direct our primary attention to the work done in creating the situation, but the two 
ideas are inherently the same. 



14 Charge, Field, and Potential Chap. 1 

If we combine' Eqs. (1.11) and (1.12) we have 
W (r , 

¢(r) = Qt = --: J"' E cos (E, du) dp. (1.13) 

Equation 1.13 says that potential (volts) equals field times distance 
(meters). From this we infer that electric field can be measured in volts per 
meter; the latter m1it is more commonly used than is newtons per coulomb. 

We have tacitly assumed that the positions of the charges producing the 
field are not changed by bringing the test charge near them. We encoun
tered the same problem in the discussion of the electric field; just as before, 
it is more accurate to consider a vanishingly small test charge: 

() () 
dW(r1tor2) 

¢ r2 - ¢ r1 . = dQ 
1 

· . (1.14) 

1.5. Vector fields, scalars, and field points 

The physical quantity which in this book we call the electric field has other 
names such as the electric field intensity, the electric field strength, or simply 
the electric intensity. We prefer to save the term ''intensity" for the power 
per unit area transferred by a wave, and there seems to be nothing with 
which the term "electric field" is likely to be confused. 

Strictly speaking, a "field" is any quantity which is specified at each 
point in space. If only one number specifies it completely, it is a scalar field, 
or a tensor of rank zero. If it has direction as well as magnitude three 
numbers are needed to specify it, and it is a vector field, or a tensor of rank 
one. There are other entities which require more than three numbers; 
these are tensors of rank two or higher. In this context the electric field 
is specifically a vector field, and so are a magnetic field and the gravitational 
field of the earth. The electric potential is a scalar field, as are other scalar 
functions of position such as the temperature of a room, or the density of 
air in the earth's atmosphere. However, 'in much of the literature of physics 
the term "field" is used only for a vector field, and the word is not used in 
the nomenclature of scalars. For example, one speaks of the "potential," 
but not of the "potential field." 

A point in space at which either a field or a potential is observed is 
called afield-point; thus when we speak of ¢(r) or of E(r), the end-point of 
the position vector r is a field point. 

1 '.6. The scalar. product of vectors 

The quantities F cos (F, du) dp and E" cos (E, du) dp may be abbreviated 
conveniently _to· · 

and 
F cos (F, du) dp = F•du 

E cos (E, du) dp = E•du. 
(1.15) 

(1.16) 
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These quantities are the scalar products of the vector pairs. We encounter 
exactly the same product in mechanics when we calculate the work done by 
a force moving a body along a path which is not everywhere parallel to the 
force. Suppose the point of application of the force moves through a small 
displacement d11 whose cartesian components are dx, dy, and dz. We may 
think of each component of the force, separately, doing work. That work 
done by Fx is Fx dx, that done by Fu is Fu dy, and by F, is F. dz. The total 
work done by all three components is 

F cos (F, d11) dp = F•d11 = Fxdx + FudY + F.dz. 

We may arrive at the same result by a different approach. If we write out 
F and d11 in their cartesian component form, the scalar product looks like 

(1.17) 

This expression contains products of pairs of the unit vectors. From our 
definition of the scalar product, 

and 

l,,• lx = cos (lx, lx) = 1 

l,,·lu = cos (1,,, lu) = 0, 

(1.18) 

(1.19) 

and so on. The scalar product of any unit cartesian yector with itself is 
unity because the cosine of the included angle is unity. The product of a 
unit vector with a different unit vector is zero because t.he two are at right 
angles to each other, and the cosine of the included angle is zero. When we 
carry out the individual scalar multiplications of products in Eq. (1.17) we 
find that everything disappears except the products of like terms; then 

(I,,Fx + luFu + l.F.)•(lxdx + lvdY +I.dz)= F,,dx + FudY + F.dz 
(1.20) 

An integral such as Eq. (1.12) or (1.13) is the scalar product of a vector 
and an elementary displacement, integrated over some path in space. It is 
the line integral of the vector. Eq. (1.13) says that the potential at r is the 
negative of the line integral from infinity to r of the electric field. 

Because the fields from several sources combine vectorially, the E in 
Eq. (1.13) may represent the sum of a number of fields: 

f E•d11 = f ~ E;•d11. 

Then the potential will be the sum of the potentials due to each source 
alone: 

cJ,(r) = - {r E·d11 = - {r l: E;•d11 
Joo loo i 

= l: fr E;•d11 • la, 
= :E cJ,;(r). 

i 
(1.21) 
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In this equation cp;(r) is the potential at the field point r due to the ith 
source. 

1.7. Coulomb's law 

In 1785 the French physicist Coulomb made measurements on the depend
ence of the force between charged bodies upon the distance between them. 
His charged bodies were small pith-balls. One was placed at one end of the 
arm of a torsion balance, the other was mechanically fixed to the base of the 
balance. By observing the angle through which it was necessary to turn 
the fiber supporting the arm in order that the torsional stress off set the 
electrical force, Coulomb concluded that the force between the charges was 
proportional to 1/ p2, where p was the distance between the balls. Later 
experiments showed that the force is also proportional to the product of the 
magnitudes of the charges. All this may be expressed by the proportionality 

F ex Q1Q2, 
p2 (1.22) 

where Q1 and Q2 are the charges on the balls. This result is known as 
Coulomb's law. 

Using Coulomb's method, it is not possible to determine the distance
dependence of the force with any great degree of accuracy. Nevertheless, 
as long as we apply this result only to bodies whose separation is large 
compared with their linear dimensions, Coulomb's law does agree with all 
experiments. That is, Coulomb's law is valid for point charges, where by a 
point charge we mean "a charged body whose greatest dimension is very 
small compared with the distance from the body of the point at which we 
observe its effects." This limitation to point charges is a trivii,,l one because 
large charged bodies may be imagined to be divided into elements, each as 
small as we please, and each bearing an element of charge. Coulomb's law 
gives the force between each pair of charge elements, and the net force is 
obtained by integrating over the volumes of the bodies. 

Coulomb's law is one of a group of "1/ p2" force laws which we find in 
physics. Other examples are the forces between elements of electric current 
(magnetic field), between the poles of magnets (also magnetic field), and 
between mass points (gravitational field). As we shall see in Sec. 2.5 the 
1/ p2 dependence is closely related to the Euclidian character of local space. 

1.8. Dimensions and units of charge 

Relation (1.22) may be made into an equation by inserting a factor of 
proportionality: 

F = k Q1Q2_ 
p2 (1.23) 
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The dimensions and the units of force and distance are given by the mechan
ical units which we choose to use, but we are free to adjust those of k and Q 
at will as long as kQ1Q2 has the same dimensions as Fp2. Historically there 
have been a number of choices used and, unfortunately, most or all of them 
still appear in writings on the subject. Since the late 1930's a new system 
has come into rather common usage, one which seems to combine most of 
the advantages of each of the older ones. This is the meter-kilogram-second 
system (mks for short). We shall use it throughout this book, but we shall 
discuss some of the others as well. It helps to clarify the essential arbitrari
ness of the constant kif we see how Eq. (1.23) is treated in more than one 
system. 

In the electrostatic system of units (known as esu) the force (in dynes) 
and the distance (in centimeters) are taken from the centimeter-gram
second (cgs) mechanical system. Herek is defined as having no dimensions 
and as being numerically equal to unity when the surrounding medium is 
free space. Both the dimensions and the units of charge are then fixed; 
dimensionally we obtain the~pallij)result that _,,,,~~ _ 7 

Q - Mlf2L3/2T-1, ~ ..... "T 

where M, L, and T stand for mass, length, and time, respectively. The 
units of charge are best defined as follows: 

An esu of charge is one which will exert a force of one dyne on 
an equal charge at a distance of one centimeter in free space. 
(Point charges are assumed.) 

The esu of charge is also called the statcoulomb. From it an entire system 
of units for the electrical quantities can be built. 

It turns out that most or all of the esu units are of inconvenient sizes, 
some too large, others too small, for practical applications. The same 
remarks may be made of a similar system based o:r;i the magnetic quantities, 
called the electromagnetic units (emu). Because of these obje'ctions a third 
system came into common use, especially in engineering; this is the practical 
system of the familiar volts, amperes, and ohms. As originally defined, the 
units in this system were simply arbitrary multiples (or fractions) of the 
corresponding emu quantities. 

It was pointed out as long ago as 1901 by Giorgi, an Italian, that if one 
took as the basic mechanical units the meter· and the kilogram, retaining the 
second as the unit of time, one could obtain relatively simple equations 
throughout electromagnetism, with the electrical quantities coming out in 
the practical units. Giorgi's units are known as the mks system. In this 
system, the newton is the unit of force (it is the force necessary to give one 
kilogram of mass an acceleration of one meter per second per second) 
and the meter is the unit of length. The equations of mechanics are exactly 
the same as those in the older cgs system, even though the units are different. 
Some of the electromagnetic equations are the same, some different. 
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It took the technical world a long time to realize the advantages of the 
mks system, but now its use is widespread, although still far from universal. 
In it we treat the electrical quantities as having inherent dimensions, thus 
avoiding such awkward expressions as the dimensions of charge being 
M 112v12r-11 Actually, if we start with any one electrical quantity, the 
dimensions of the others are given as simple functions of that one and of the 
mechanical quantities. It does not matter which electrical quantity is 
called "fundamental," and of course no one is more so than another. Most 
authors use the ampere, principally because current can be measured 
directly with great accuracy, and hence the measurement is reproducible in 
standards laboratories. Mks units which use the ampere as the electrical 
quantity are called mksa units. Since amperes represent coulombs per 
second, the size of the coulomb may be inferred from a current measure
ment, and some authors prefer the coulomb as the electrical quantity to use 
as reference. Those authors call their units mksc. The difference is only 
one of taste, and not of physics. In this book we shall use the mksa units. 

We do not define the constant k of Eq. (1.23) directly, but through 
another constant eo by the equation 

1 
k = -· (1.24) 4,reo 

We shall discuss in the next chapter tlie reason for including the factor of 
4,r. The new constant is called the electric permittivity. The symbol for it is 
the Greek epsilon; it corresponds to the Latin "e," which is the initial letter 
of "electricity" in English. (The initial letter of the corresponding Greek 
word is eta (1J), but eta is transliterated as "e.") The subscript (0) indicates 
the value of e in free space. The numerical value of e0 is defined arbitrarily, 
in a way such that certain combinations of it with other constants turn out 
to have the most convenient values. The dimensions of permittivity are 
determined by Eq. (1.23). The numerical value and dimensions are 

107 coulombs2 sec2 
Eo = --

4,rc2 kg m3 

10-9 
~--· - 36,r 

(1.25) 

(1.26) 

Here c is the speed of light in free space, which is very nearly 3 X 108 m per 
sec. We now see that the constant which appears in Coulomb's law is 

_l_ ~ 9 X 109 kg ma 
4,reo - coulombs2 sec2 (1.27) 

This constant, in principle (but only with poor accuracy, in practice) de
fines the magnitude of the coulomb through the experiment implied by 
Eq. (1.23), provided the experiment is done in free space. We take this as 
tentatively giving the magnitude of the coulomb, until we show in Sec. 7.6 
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how it may be obtained more accurately from the unit of current. In mksa 
units, Coulomb's law is now 

F = _I_Q1Q2_ 
41rEo p2 (1.28) 

It might appear that we are indulging in circular reasoning by giving a 
numerical value to Eo here, yet promising to define the coulomb from the 
ampere later. This is not true, because the same numbers which appear 
in Eq. (1.25) will be used in Sec. 7.6 to specify the magnitude of the 
ampere from mechanical measurements. 

1.9. The field and the potential from a, point charge 

Eq. (1.28) really describes two forces: the force which Q1 exerts on Q2, and 
that which Q2 exerts on Q1. These two forces are exerted at different points 
in space on different objects. The forces are equal in magnitude but oppo
site in direction. We can use either of the charges as if it were a test charge, 
to find the field at its position duA to the other charge. Suppose we choose 
Q2 to be the test charge; let the position vectors of the charges be r 1 and r 2, 

and the vector from Q1 to Q2 be 

g = r2 - r1. (1.29) 
See Fig. 1-8. We also need the unit vector in the direction g. It is 

I = Q = r2 - r1 (1.30) 
P p lr2 - r1I 

0 

Fig. 1-8. The forces exerted by the charges Q1 and Q, on each other, 
when they have the same sign. If the sign of either charge were reversed, 
the directions of both forces would also be reversed 

We can now describe the vector force exerted by Q1 on Qz by multiplying 
Eq. (1.28) by the unit vector IP: 

F(Q1 on Q2) = 
4
_!_ Q1

~
2 IP. (1.31) 

7rEo p 
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According to Sec. 1.2, the electric field at the point r2 is 

E(r
2
) = F(Q1 on Q2) = _1_ Q1 IP. 

Q2 471"Eo p2 (1.32) 

0 

Fig 1-9. 

We can use the field in the region about 
the point charge to calculate the potential 
in that region. It is only potential differ
ences which we can really talk about, but 
the field at infinity (that is, at a very great 
value of p) is zero, so it is convenient to 
define the potential as being zero there too. 

Then 

1r = r, (1.33) 
= - E(r) ,dg'; 

00 

the geometry is shown in Fig. 1-9. Finally, 

(L34) 

1.10. The conservative nature of the field 

For the static field with which we have been working, the value of the 
integral 

1:b E•dg' (1.35) 

depends only upon the distances of the terminal points from each element of 
charge which contributes to the field. Hence the integral must be in
dependent of the path which the integration follows from r 0 to rb, Also, for 
any single path and for any field r which is a function only of position it is 
true that 

1rb f r 0 

r•de' = - r•dg'. 
ra rb 

(1.36) 

Then, as in Fig. 1-10, 

(1.37) 
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Here j' indicates integration around 
a closed path, which in this example is 
Path I plus Path II. A field for which 
the integral around any closed pa th is 
zero is called a conservative field; hence 
the static electric field is conservative. 
We shall see later that, when we have 
moving charges whose speed depends 
on time (for example, as in alternating 
currents, but not as in direct currents), 
there will be electric fields which are 

Fig. 1-10. A closed path about which 
the field may be fotegrated 

not conservative. 
The line integral of a non-conservative field does depend on the path, 

and not just on the end-points of the path. Hence we cannot relate a non
conservative field to a potential which is a unique function of position in 
space. 
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PROBLEMS 

I. An electric field is given by 

E = 600 Ix + 800 lu + 100 I, v per m. 

Is this a uniform field? Why? What is its magnitude? What are the cosines of the 
angles which it makes with the coordinate axes? 

j 2. Answer the questions asked in Problem 1 for the field 

, E = 500 Ix + 300 Iu + 900 l, v per m. 

3. For the field of Problem 1, find the work necessary to carry a charge of 
10-10 coulombs. 

(a) from the origin to r1 = 0.03 lx (distances in meters), 
(b) from r1 to r2 = 0.03 lx + 0.04 lu, · 
(c) from the origin directly to r2, 
(d) from the origin directly tor 3 = 0.05 Ix + 0.D7 Iu + 0.12 I,. 

4. Answer the questions asked in Problem 3 for the field given in Problem 2. 

5. Electrons are emitted from the cathode of an X-ray tube with negligible 
initial velocities. The anode is maintained at a potential of 20,000 volts above that 
of the cathode. What is the velocity of the electrons when they reach the anode? 
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6. Find the scalar product of (-3, -3, -3) and (1, 2, 5). 

7. Find the scalar product of the two vectors (1, -3, 2) and (-1, 4, 7). Use 
the scalar product to find the cosine of the angle between them. 

8. Show that (-3, -3, -3) is orthogonal to (-3, -1, 4). 

9. Two vectors are (5, -1, 3) and (2, y, 1). Find the value of y which will make 
the vectors orthogonal. 

10. A uniform field is parallel to the x-axis. Find the potential at all points in 
space, if the potential is zero at the origin. 

11. A uniform field is parallel to the y-axis. Take the potential to be zero at the 
origin. Find the potential at all points on the surface of a sphere centered at the 
origin, and express the potential as a function of spherical coordinates. Use the 
coordinate system shown in the Appendix, Fig. A-2. 

12. An electric field is given as 

E = 104 (Ix+ 3ly+21,) v perm. ~ ~t ~J 4-r 

Show that no work is done in moving a test charge from the origin to ' 
~r' ,/4.,,,.-A,,,. t;;;. t)., 03 

r = 0.06 Ix - 0.04 ly + 0.31,. -· ..,,,_,.-,< 

13. If k is a fixed vector, and r the position vector from the origin, show that 
k · r = constant is the equation of a plane normal to k. That is, the end-point of 
each r which satisfies the equation lies on the plane. 

14. What is the electric force between the electron and the proton in a hydrogen 
atom, in which they are separated by 0.528 X 10-10 m? 

15. In a helium atom, the nucleus contains two protons, and the electrons are 
0.264 X 10-10 m from the nucleus. _What is the electric force exerted on each 

electron by the nucleus?~~ ~"!;1~ ~ 
16. An electron in a lfydrogen atom has a total in.ergy, kinetic plus potential, of 

-3.48 ev (electron volts). According to classical mechanics, what is the greaestt 
distance from the nucleus which it can reach? 

17. An electron starts from infinity (that is, very far away) with a vanishingly 
small speed, and approaches a proton. Neglect the motion of the proton. 

(a) What is the total energy of the electron at all times? 
(b) What is the kinetic energy of the electron when it is 10-10 m from the proton? 

18. A point charge of 10-10 coulombs is placed at the origin of a system of 
spherical coordinates (r, 0, <p) (See Appendix, Fig. A-2). A test charge of 10-15 

coulombs is carried from infinity to a point 10-s m from the origin, and then back to 
infinity. Show that the net work done on the test charge is zero. The path along 
which the charge is carried is composed of the following segments: 

(co, 0, 0) along a radius to the point (10-4, 0, 0), 
along the arc <p = 0 to (10-4, 1r/2, 0), 
along the arc 0 == 11"/2 (10-4, 71'"/2, 71"/2), 
along a radius to (l0-6, 71"/2, 71"/2), _ . 
along the arc <p = 11"/2 to (l0-6, 71"/2, 7r), ~ ~ 
along the radius to ( co , 'If" /2, 'If"). 
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19. The Cartesian components of an electric field are (0, E, 0) where E is a 
constant. A test charge Q1 is carried all the way around a circle described by 

x2 + y2 = a2, z = 0 

Show that the net work done on the test charge is zero., 

20. There is a uniform field described by (0, 0, E). A test charge is carried from ~ ~ 
the origin to the point (a, b, c) along each of three paths, made up of straight-line '11-1.,1,1)~'}.-
segments. The paths are (Cl O e,)1 ¼-

(a) to (a, b, 0), then to (a, b, c) ~ 1 1 

(b) to (a, 0, 0), then to (a, c, 0), then to (a, b, c); 1 

(c) to (0, b, c), then to (0, 0, c), then to (a, b, c); -,,, 

Show that the work done along each path is the same. 1, / · 

21. Two equal charges of 2 X 10-10 coulombs are placed on the z-axis of a 
Cartesian coordinate system, at the points (0, 0, 0.01) and (0, 0, -0.01). 

(a) Find the potential at all points in space. 
(b) Find the field at all points on the y-axis. 

22. An electrc:1 is constrained to move along the y-axis. E starts at (0, 0.01, 0) cJi,t~ 
with zero kinetic energy. <7 J , • 1 _/l__t,i ,,,,,.,, ,A,w,-

(a) Find its speed when it reaches the origin. L 4,A, •. ,u4A.4,1)1,ir • ,,.,,_,.,,-. 
(b) How far from the origin wilLt get? t;: ;l/ ? 



2 Relations among 

Electrostatic Quantities 

2.1. The electric field as the gradient of the potential 

From the definition of the potential which was given in Sec. 1.4, it is clear 
that the potential difference between two points separated a distance 
dgis 

dq, = -E•dg. (2.1) 

In Cartesian coordinates, Sis a function of x, y, and z, and its differential is 

aq, acJ> aq, 
dq,(x, y, z) = ax dx + ay dy + az dz. (2.2) 

When we write out E•dg in Cartesian components and set Eqs. (2.1) to (2.2) 
equal to one another, we find that 

, aq, aq, aq, 
dq, = - (E,, ax + Ey dy + E, dz) = ax dx + ay dy + az dz. (2.3) 

Because dg is an arbitrary displacement, Eq. (2.3) must be valid for any 
value of dx, of dy, and of dz. For this to be true, the coefficients of dx.in the 
center and right-hand members of Eq. (2.3) must be equal, and similarly 
for the coefficients of dy and dz. That is, 

aq, aq, aq, 
-E;, = ax= -Ey = ay' and -E. = az· (2.4) 

But E,,, Ev, E, are the Cartesian components of the field, so that the 
negative derivatives of the potential must also be those components. Then 

aq, a<t, aq, 
E = -1,, ax - ly ay - I. az· (2.5) 

As a trick of notation we can write Eq. (2.5) more succinctly as 

E = - "ilq,, (2.6) 

where "i1 (read del) is defined as the vector operator 

a a a 
"i1 = l,, ax + Iv ay + I, az. (2.7) 

24 
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The operator has no meaning until it is given something, such as the poten
tial, upon which to operate. In this respect it is similar to the scalar opera
tors with which we are already familiar, such as d/dx, a2/axay, and others. 
Our new operator is also called the gradient, and abbreviated grad. That is, 
the equation 

E = -grad cf> (2.8) 

makes the same statement as does Eq. (2.6). 
If we substitute Eq. (2.8) into Eq. (2.1) we may express the differential 

of cf> in terms of the gradient: 

(2.9) 

The validity of Eq. (2.9) does not depend upon the physical nature of 
the potential; the equation is a mathematical statement. That is, for any 
scalar function i/;, 

di/; = de• grad i/;. (2.10) 

This expression is the directional derivative of i/;, because it gives the incre
ment of i/; ·in the direction of de. 

Equation (2.10) is the three-dimensional generalization of the familiar 
one-dimensional statement that 

dy 
dy (x) = dx dx. 

All the points in space at which the potential 
has the Sf,me value lie on a surface which is called 
an equipotential surf ace, but often we shorten the 
name and just call it an equipotential. If the 
potential is due to a single point charge, each 
sphere whose center is at the charge is an equi
potential. In Fig. 2-1 we see an equipotential 
surface. If we move from one point on the equi
potential along some path element de which lies 
in the surface, the change in potential is clearly 
zero; that is, for such a de 

(2.11) 

Now, in general, grad cf> is not zero, so, if the scalar 
product is zero, the gradient must be normal to de. 

dp 

SURFACE 

ON WHICH¢ 

IS CONSTANT 

Fig. 2-1. The displace
ment de lies in the equi
potential surface. The 
field E is normal to the 

We conclude that the electric field E = -grad cf> surface 
is everywhere normal to an equipotential surface. 

We can reach the same conclusion by more "physical" reasoning. If we 
move a test charge about on an equipotential, then from the definition of 
potential we do no work on the charge. This shows that the component of . ,:-• 
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the electric force parallel to the surface is zero; hence the force and the 
electric field which is proportional to it are both normal to the surface. 

Mathematically, the operation of the grad on any scalar YI automatically 
finds the direction in space in which YI is increasing most rapidly, and gives 
us ::;, vector which has that direction and whose magnitude is the space rate 
of increase of YI in that direction. When YI is the electric potential, the nega
tive of that vector is the electric field. 

2.2. The potential and the field from a distributed charge 

We have suggested in Sec. 1.1 that charge may be distributed continuously 
throughout a region of space. We may find the potential and the field from 
a distributed charge by dividing the region into elements so small that the 
charge on each one behaves like a point charge. We set up the potential 
and field from each element as in the point-charge expressions of Eqs. (1.34) 
and (1.32), and then integrate over the region to get the effects of the entire 
charge. The charge in an element of volume dV at the point r' is 

dQ (r') = Qv(r') dV (r'), (2.12) 

where Qv(r') is the volume density at r'. We want to find the effects of this 
charge at the field point r, whose vector distance from r' is g, where 

g(r, r') = r - r'. 

The symbol on the left side of this equation denotes that g is a function of 
both r and r'. The element of potential at r is, according to Eq. (1.34), 

_ 1 Qv(r') , 
d<f> (r) - -

4 
-(-') dV (r ), 

1reo p r, r 

and the potential from the entire charge is the integral of d<j> (r), taken over 
all the volume within which there is charge. This potential is 

l J Qv(r') , <f>(r) = -4 -(-') dV (r ). 
1reo p r, r 

(2.13) 

By a similar calculation, one can show that the field from the entire charge is 

( 1 / Qv(r') , Er)= -4 2( ') IpdV (r). 
:ireo p r, r 

(2.14) 

Ordinarily we shall not write out the position dependence of each factor in 
an expression of this sort, but it is important to bear them in mind. 

When the charge is distributed over a surface or a line, we use a surface 
or a line density of charge with an element of area or of length, and modify 
the integration accordingly. As an example, consider a sphere bearing a 
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uniform surface charge of Qs coulombs per square meter. We could find 
either the potential or the field at any point by calculatir:.g the contribution 
from each element of charge on the surface, then integrating over the 
sphere. However, it is always easier to integrate scalars than vectors, 
so we shall find only the potential directly; the field may then be found 
from the gradient of the potential. 

Fig. 2-2. A sphere bearing a uniform surface ch,1rge of density Qs. 

The charge dQ on an element of area dS = a d0 a sin 0 dq, is 

dQ = QsdS 
= Qsa d0 a sin 0 dq,. 

p 

From Fig. 2-2 we see that the element of potential at the point P due to 
the charge on an element of the surface at (0, ,p) is 

dcJ, = _l_dQ = _1_ Qsa d0·a sin 0 dip_ 
471"Eo p 471"Eo p 

(2.15) 

We have deliberately chosen a coordinate system in which cJ, is independent 
of azimuth, so that integration over ,p gives us just a factor of 271": 

_ 1 £2
,,. 1,,. Q sa2 sin 0 dtJ d cp-- --'-----,p 

471"Eo , o o P 

= _1_ 1,,. 271"Qsa2 sin 0 d0_ 
471"Eo O p 

(2.16) 

The integrand of Eq. (2.16) gives the potential due to the elementary zone 
of Fig. 2-2. 

As 0 changes, so does p; we must express the integrand in terms of a 
single variable. From the geometry, we see that 

p = (r2 - 2ar cos 0 + a2)112, 
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which expresses p as a function of 0. Next, let 

v = p2 = r2 + a2 - 2ar cos 0. (2.17) 
Then 

dv = 2ar sin 0 d0, 

and in terms of v, Eq. (2.16) becomes 

1 1 19
=" dv cf,= - 21ra2Qs - -

41reo 2ar 9 =O v112 

= _1_ 21raQs [v112]9=,,._ 
41reo r 9=0 

(2.18) 

Evaluation of Eq. (2.18) at the upper limit is straightforward: 

[ v112] = r + a 
9=,r 

by Eq. (2.14). At the lower limit we must be careful. Here 

(2.19) 

From the geometry, as shown in Fig. 2-2, this is the distance from P to the 
right-hand pole of the sphere. For r > a, as in the figure, this is just r - a. 
But there would be no change in our work up to here if P were inside the 
sphere, with r < a. Then the distance to the pole would be a - r. This 
means that by properly choosing the sign of the square root in Eq. (2.19) we 
may obtain the potential either inside or outside the sphere. 

Let us first continue with P outside, and r > a: 

and 
lr v112 ] 

9
=" = r + a - (r - a) = 2a, 

8=0 

1 41ra2Q8 1 Q 
cf,=----=--, 

41reo r 41reo r (2.20) 

where Q is the total charge on the sphere. For an external point, our sphere 
behaves as if all its charge were concentrated at its center. Since Eq. (2.20) 
is the same as the potential from a point charge, its gradient, the field, will 
also be the same as that due to a point charge: 

E = -grad (-1- Q) = _l_Q 1,. (2.21) 
41reo r 41re0 r2 

For P inside the sphere, 

[ ] 

9-,r 

v 112 = r + a - (a - r) = 2r, 
9=0 

and 
cf,= _1_ 21raQs 2r = _1_ Q., 

41reo r 41reo a 
(2.22) 
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This result is independent of r; hence grad cf, = 0, and there is no field 
inside the shell. The potential is continuous across the surface, since Eq. 
(2.20) evaluated at r = a gives Eq. (2.22). The potential and the field are 
sketched qualitatively in Fig. 2-3. 

Fig. 2-3. The electric potential and field inside and outside a uniformly 
charged spherical shell 

2.3. Plane and solid angles 

Suppose a line segment s, and a point 0 
(Fig. 2-4). Draw lines from O to each end of 
the segment. (For simplicity we suppose 
that a line segment is short compared to the 
distance of either end from 0. Now draw a 
circle centered at O through the near end of s. 
The arc of this circle between the near end of 
s 1;1,nd the line to the far end is the projection 
of son the circle; its length is a. The ratio of 
the projection to the radius, r, is by defini
tion the plane angle subtended at O by s, 
measured in radians. That is, 

a d" a= - ra 1ans, 
r 

(2.23) 

where a is the angle shown in the figure. 

Fig. 2-4. The projection of the 
short line-segment s on a circle 
centered at O is a. By "short" 
we mean that s/r « 1 

In most work with plane angles we do not need the aid of vector analysis, 
but we are going to use it here in order to make more clear the connection 
between plane angles and solid angles. We draw 1,, the unit vector along r, 
and In, a unit vector which is normal to the direction of s. 
Then 

so that 
s In· 1, 

a = -- · (2.24) r 
The size of the angle depends on the length of s, on its orientation (as 
measured by ln·l,), and on its distance from 0. 

..... 
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Now let us consider the angle subtended at a point by a line segment 
which is not short. See Fig. 2-5. Each element ds of the line segment has a 
projection on a circle centered at 0 and passing through one end of ds; that 
projection is da, where 

da = I,,• Ir ds, 

and the angle it subtends at O is 

da = In• Ir ds_ 
r 

The entire angle subtended by the line segment ABCDEF at 0 is 

a= JF In•Ir ds_ 
A r 

0 

0 

F 

Fig. 2-5. The contribution to the angle from the arc CD is negative 

(2.25) 

(2.26) 

(2.27) 

We must notice what happens in the region BCDE. From A to Cit seems 
natural to take the normal to each element of the curve as pointing general
ly away from 0, and that choice makes each In•Ir positive. But if we 
proceed consistently, the normal between C and D points generally toward 
0, and In· Ir is negative. We can interpret this fact coherently by con
sidering the angle subtended by an element of the line segment between C 
and D to be negative; then the contribution to the integral of Eq. (2.27) 
from C to D just cancels that from B to C (or that from D to E). The sign 
which we have used in Eq. (2.27) is quite arbitrary. For example, we 
could have taken the positive direction of either In or Ir or both to be 
generally toward the origin instead of away from it, for points between A 
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and C and between D and F. If we changed the direction of only one of the 
unit vectors, the integrals from A to C and from D to F would become 
negative and that from C to D positive. If the directions of both unit 
vectors were reversed, the signs would be unaffected. 

If the path over which we integrate is a closed one, as is the one sketched 
in Fig. 2-6, and the point O is outside the path, the value of the integral is 
zero. But the angle subtended at an enclosed point, such as O', is 21r radians. 

0 

Fig. 2-6. The angle sub
tended by the closed curve 
at the external point O is 
zero, but that subtended 
at the interior point 0' is 
2ir radians 

,,,. 

) 
0 

Fig. 2-7. The solid angle 
element is defined as 

dfl = I,•IndS 
r2 

We have now said a lot more about plane angles than we ordinarily need 
to say, but we can carry these ideas over to solid angles, and the discussion · 
will be easier to understand because of the relation to plane angles. In 
Fig. 2-7 we have an element of surface dS, with a unit normal In, We want 
to talk about the solid angle which it subtends at the point 0. In close 
analogy to our procedure in the plane case, we draw a sphere centered at 0 
through the near point of dS, and we draw a family ofradii from Oto points 
on the edge of dS. The locus of the intersection of those radii with the 
sphere determines dA, which is the projection of dS on the sphere. We 
may write 

That projection divided by the square of the distance to O is, by definition, 
the element of solid angle subtended by dS at 0. As an equation, 

dQ = dA = Ir· In dS_ · (2_2Sa) 
r2 r2 
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It is quite correct to think of the quantity ln dS as a vector; only we must 
remember that its direction is normal to the plane of dS, and not in that 
plane. If we use this idea, then 

In dS = dS, 
and 

dQ = l,·dS_ 
r2 (2.28b) 

One thing should be noticed here: the size of the solid angle depends only on 
the area of dA, and not at all on the shape of either dA or of dS. 

We can now state the three-dimensional analogs of all the statements 
which we made above concerning plane angles. In Fig. 2-8 we integrate 
over the surface S, and find the (finite) solid angle which it subtends at 0. 
It is 

Q = f dQ = ( I,· dS. 
} s r2 (2.29) 

The unit in which a solid angle is measured is the steradian. It is dimension
less. 

0 

Fig. 2-8. A finite solid angle in
volves the integral over a finite 
surface. If the surface is folded, 
some contributions to the integral 
may be negative 

Just as with plane angles, we may 
have cases like that shown in Fig. 2-8 in 
which the normal to the surface points 
generally toward the point of observation 
0, and the contribution to the solid angle 
may be considered negative. As a matter 
of fact, there is really nothing to deter
mine the direction of the normal to an 
open surface, so it may be chosen arbi
trarily in each situation. In Fig. 2-8 
either of the elements of area ma.y subtend 
a positive element of solid angle and the 
other a negative element. However, as a 
matter of convention, the normal to a 
closed surface is always taken to be 
directed outward. Hence, when we 
integrate a solid angle over a closed 
surface, as we do in Fig. 2-9, the angle 
subtended at 0, which is -outside the 

surface, is zero; but the angle subtended at 0', which is inside, is the same 
as it would be if the surface were a sphere with the point O' at its center: 

f dQ = f ~~ = 4-ir steradians. (2.30) 
closed sphere 

surface 
about O' 



Sec. 2.4 Relations among Electrostatic Quantities 

•o 

Fig. 2-9. The solid angle subtended by a closed surface at an exterior 
point O is zero, while that subtended at an interior point 0' is 411" 
steradians 

Finally, then 

33 

f dQ = { 
zero, if the surface does not enclose the point of observation. 
41r, if the surface does enclose the point of observation. (2.31) 

closed 
surface 

2.4. Gauss' law 

, Gauss' law is a theorem concerning a surface integral of the field. It is 
especially useful in calculating fields due to charge distributions having 
some degree of symmetry. In order to derive the theorem we first define 
the flux of a vector field; for a general vector field r(r), the flux is the 
integral over a surface of the normal component of r. If we denote the flux 
by <I>r, then 

<I>r = / r,dS. (2.32) 

The concept of the flux of a field quantity has meaning for both open and 
closed surfaces. · 

Now we shall discuss the flux through a clOsed surface of the electric 
field dE due to an element dQ of a distributed charge. Let e be measured 
from the position of dQ to an element dS of the surface. The surface may or 
may not enclose dQ. The element of flux is 

f dE·dS = dQ f lp•dS_ 
47rEQ p2 (2.33) 

closed closed 
surface surface 

As we see frorri Eq. (2.28b), the integral in Eq. (2.33) is the solid angle sub-
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tended by the surface at dQ; it is either 41r or zero, depending on whether 
dQ is enclosed by the surface; then 

}
. {dQ, if dQ is inside the surface. 
dE·dS = to 

closed zero, if dQ is outside the surface. 
(2.34) 

surface 

We have derived this result for a single point charge, but the result is 
independent of position except as the charge is inside or outside the surface, 
and so we may integrate and sum Eq. (2.34) over any continuous distribu
tion of charges and any number of point charges. The result, which is the 
statement of Gaus·s' law for the electric field, is 

f E•dS = 9, (free space), 
to 

closed 
surface 

(2.35) 

where Q is the total charge which is enclosed. The surface over which the 
integral is taken is called a Gaussian surface. The charge Q which appears 
in Eq. (2.35) is, of course, an algebraic quantity; the flux of E from a 
negative charge is negative, and the flux due to positive charges enclosed 
by the Gaussian surface is reduced by the amount of the flux from any 
enclosed negative charges. 

1 Equation (2.34) is the statement of Gauss' law for the electric field, in 
f~ee space. In Chapter 4 we shall obtain a more general statement of the 
law, which will include Eq. (2.34) as a special case. 

Michael Faraday conceived of the electric field in terms of "lines of 
\ force," which is a rather more mechanical view than our "modification of 

space" (Sec. 1.2). F~om Faraday's point of view, the flux of the field could 
be measured in lines per unit area; this idea persists in magnetics, where 
an~alternative name 'for one field-like quantity is "flux per unit area." An .. 

E 'vJ~/",' 
I \ 

I \ 
I I 

.. i EXPLOS/01>' ; .., 

\ / 

/--i----~ 
Fig. 2-10. The electric field from an electric charge, and the flow lines 
of molecules diverging outward from an explosion 
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analog to the lines~of-force concept is the representation of the momentum 
field of a flowing fluid by lines; here one line might represent the path of a 
moving molecule - perhaps more realistically, a line might represent the 
motion of the center of mass of a group of many molecules. In this repre
sentation the electric field about an electric charge would resemble the 
momentum field about a region where an explosion had just taken place, 
with all the molecules rushing outward. The two fields are shown in Fig. 
2-10. The lines are a useful aid to visualizing a field, but they are an 
artificial concept, and it is not necessary to think of lines of force in order to 
use the idea of a flux of the field. 

2.5. Coulomb's law and the geometry of space 

Up to now, Coulomb's law has appeared as a 
purely experimental result. However, we 
can get at it in another way, which shows it 
to be a natural property of our Euclidean 
space. Let us suppose that we do not know 
how the electric field from a point charge 
depends upon distance. We do assume that 
the field is everywhere radial and spherically 
symmetric, and that the flux through a 
closed surface depends only on the amount 
of charge which the surface encloses. The 
first of these assumptions appeals to us 
intuitively; a point charge has complete 
spherical symmetry, so that the field about 
it (and hence the force which the charge 
exerts on another similar charge) must have 

' Fig. 2-11. We assume that the 
field from Q has spherical sym
metry, and that there must be 
the same flux through the two 
spheres; this leads to the conclu
sion that E o: 1/r2 

the same symmetry. The second assumption is, of course, a special case of 
Gauss' law as we have already derived it, but the assumption seems 
plausible enough to stand independently of the full derivation of the law. 

We see the geometry in Fig. 2-11. On the sphere of radius r1 the field is 
everywhere parallel to dS, so that 

J E(r)•dS = E(r1) f dS 

= 41rr!E(r1). (2.36) 

in the same way we integrate the field over the second sphere, who·se radius 
is r2, and we find that 

(2.37) 

Because there is no charge between the two spheres, then, by our second 
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assumption, the flux through one must equal the flux through the other. 
When we equate the right-hand sides of Eqs. (2.36) and (2.37) we have 

or 
47rr~E(ri) = 4m-:E(r2), 

E(r1) r~ 
E(r2) = ~- (2.38) 

This equation is just another way of stating the space-dependence aspect of 
Coulomb's law, but here the 1/r2 factor appears because the area of the 
surface of a sphere is proportional to r2• This last is a characteristic of 
Euclidean geometry, and so it appears that Coulomb's law is •~losely related 
to the geometry of our local space. 

The geometry of our space also shows up in certain factors of 41r which 
appear in the equations because there are - in our local space - just 41r 
steradians subtended by a closed surface at an interior point. If we had not 
included the factor of 1/41r in the statement of Coulomb's law in Sec. 1.7, 
then a factor of 41r would have appeared in the numerator of Eq. (2.35). 
We can decide, within certain limits, in which of our equations the 41r will 
show up, but it will always show up somewhere. The equations we are 
using are called rationalized because the 41r does not appear in the statement 
of Gauss' law. Each system of units - mksa, esu, emu, and Gaussian -
has both a rationalized and an unrationalized version, according to where 
the 41r appears. Unrationalized equations are used most commonly in all 
except the mksa system. The unrationalized esu equations for the force 
and field are 

and 

F = Q1Q2
1 p2 

Q 
E = -· p2 

Then Gauss' law takes the form of 

f E,dS = 41rQ. 

(2.39) 

(2.40) 

(The difference of a factor of e0 between Eqs. (2.35) and (2.40) is inherent in 
the difference between esu and the mksa system, and has nothing to do 
with rationalization.) In any one system, the electrical units are the same 
whether or not the equations are rationalized. 

2.6. Applications of Gauss' law 

In Sec. 2.2 we calculated by direct integration the potential and field from 
a charged spherical shell. Let us now make the same calculation using 
Gauss' law. Here we must find the field first, rather than the potential. 
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We construct a mathematical surface (known as a Gaussian surface) in the 
form of a sphere of radius r > a, concentric with the charged sphere. This 
is shown in Fig. 2-12. From the symmetry of the charge distribution we 

GAUSSIAN SURFAC£ 

CHARGFO SPH£R£ 

Fig. 2-12. The Gaussian surface about a uniformly charged sphere 

know that the field itself must be spherically symmetric. Then over the 
Gaussian surface E · ln is everywhere constant, equal to E, and! can be taken 
out of the integral: 

f E•dS = E f dS = ~-

Since the area of the Gaussian sphere is 41rr2, 

E = - 1-2, 
41rEo r 2 (2.41) 

which agrees with Eq. (2.21) of this chapter. The result was certainly 
obtained much more easily using Gauss' law. We recognize the field 
described by this equation as being exactly the same as the field that would 
exist at a distance r from a point charge Q. Hence the integral of the field 
from infinity tor would give us the same potential as that of a point charge, 
or 

l Q 
<!>=--· 

41reo r 
(2.42) 

If our Gaussian surface h~d a radius r < a, the charge enclosed would be 
zero, so that E = 0 inside the sphere. This does not give the potential 
inside, except to say that it is constant. But the potential must be con
tinuous at r = a, since a discontinuity of the potential would mean an 
infinite value of the field, and such infinities are never found in nature. 
Hence the potential must have the same value throughout the inside of the 
sphere as it has at its surface; that is, 

l Q 
<f> = - -· (2.43) 

41reo a 

In the calculation above we have actually obtained a result more general 
than we intended. Looking back at the way in which we set up the problem, 
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it is clear that for external points nothing would be changed if, instead of a 
charged shell, we had any spherically symmetric charge distribution, 
provided only that Q represents the total charge inside the radius a. We 
can now say that 

For points beyond which there is no charge, any spherically symmetric 
distribution of charge gives the same potential and field as it would if all 
the charge were concentrated at the center of the distribution. 

This result depends only on the space symmetry of the source material (here 
electric charge) and the l/r2 law. We would have obtained a result of the same 
form if we had calculated the gravitational field and potential about a mass 
having the same symmetrical distribution as our charge has. 

Next we find the field from a charged cylinder of infinite length.1 We 
assume that the charge distribution is cylindrically symmetric, that it is 
zero for p > a, and that the charge per unit length, QL, is a constant. In 

GAUSSIAN SURFACE 

T 
L 

_L 

Fig. 2-13. -The Gaussian surface about a uniformly charged cylinder 

this case the Gaussian surface is a right circular cylinder of radius p > a, of 
arbitrary length L, and concentric with the charged cylinder. All these 
things are shown in Fig. 2-13. 

The symmetry tells us that Eis everywhere radial, and independent of 
azimuth; then E•ln= E, a constant, over the curved surface, and over the 
plane ends of the Gaussian surface E• ln is zero. The statement of Gauss' 
law becomes 

or 
E = _l_ QL_ 

21rEO p 
(2.44) 

1No infinite charge distributions are found in nature, but over extended regions 
certain real distributions behave like infinite distributions. 
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Now let us find the potential difference between two points pi and p2. 
From the definition of potential difference it is 

I 1P' QL -- -dp 
27rEO Pt p 

I Q P2 - - £log-· 
21reo P1 

(2.45) 

This expression is quite satisfactory as long as we confine ourselves to points 
at a finite distance from the cylinder, but it has the unpleasant property of 
becoming infinite if either P1 or P2 approaches infinity. This means that we 
are not able to define the potential reference as being zero at infinity, as we 
did in the three-dimensional case. Physically this is a trivial annoyance, 
because we can measure only differences of potential anyway; but both the 
mathematics and our thinking are often made easier if we define the poten
tial as being zero at some arbitrary, finite value of p, say b. Then we write 

<f,(p) = - QL log !!.. 
21reo b (2.46) 

It must be emphasized that we have been able to use Gauss' law to obtain 
easy solutions of these problems because of the symmetry of their charge dis
tributions. In more general problems we look for symmetry, and take ad
vantage of it whenever it is found; but sometimes we must fall back on direct 
integration. When we are able to use Gauss' lflw, the Gaussian surface 
which we construct has the same symmetry as the field. 

2. 7. The divergence theorem, and the divergence of the field 

It is possible to express the surface integral of a vector, such as that 
appearing in Gauss' law, as a volume integral. As we shall find, such a 
transformation is extremely useful. 

Let us consider the integral of an arbitrary vector quantity r over a 
closed surface. Let us use ax, ay, a, to denote the direction cosines of the 
outward normal to the surface, so that the projections of dS = In dS on the 
coordinate planes are 

dS•Ix = Cl'.x dS, dS•Iy = ay dS, dS,I. = a, dS, 
and 

f r,dS = f (r xax + ryay + r,a,)-dS. (2.47) 

The direction of dS is outward from the region bounded by the surface over 
which we are to integrate. In Fig. 2-14 we see two surface elements, dS1 
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: 
I ; 
I ; 
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I ; 

'; 
" 'x2 

Fig. 2-14. The geometry involved in transforming the surface integral 
of a vector into a volume integral of its divergence 

and dS2, which bound a rectangular prism in the x-direction. Let us 
integrate the x-term of Eq. (2.47) first; for it, the contribution to the in
tegral from the prism is 

r x(x2)a2,, dS2 + r ,,(x1)a1,, dS1. 

It is clear from the figure that 

a2,, dS2 = 1,, · dS2 = dy dz, 

which is the projection of dS2 on the y-z plane. In a similar way 

O'.Ix dS1 = l,,·dS1 = -dy dz, 

(2.48) 

the projection of dS1 on the y-z plane: Here we have used the fact that 
cos (dS2, 1,,) is positive and cos (dS1, 1,,) is negative. Eq_s. (2.48) and 
(2.49) tell us that the integral over the ends of the prism is 

f r,,a,,dS = dy dz [r,,(x2) - r,,(x1)] 

prism 

1x, ar 
= dydz -" dx. 

X! OX 
(2.50) 

In Eq. (2.50) we already have an element of a volume integral, and we 
arrived at it by replacing the difference of the r ,,'s at opposite ends of the 
prism by the integral of the derivative. Now we need only add up all the 
terms like those in Eq. (2.48), which simply means integrating over dy 
and dz: 

f r,,a,,dS =ff f 0J; dxdydz = f 0fx" dV, (2.51) 

entire volume volume 
surface 
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where dV = dxdydz is an element of the volume enclosed by the surface, 
and the integration on the right of Eq. (2.51) is taken over the entire 
volume. 

The integrals of the other terms of Eq. (2.47) can be obtained simply by 
replacing x by y and then by z, so that, by Eq. (2.47) 

f r-dS = f [ ar,, + ary + ar,J dV. (2.52) ax ay az 
The statement contained in this equation is known as the divergence theorem. 
It expresses the surface integral of r in terms of the volume integral of the 
derivatives of the components of r. 

The divergence. The integrand of the right side of Eq. (2.52) is the 
divergence of the vector r. It is obvious that this integrand is just the scalar 
product of the vector operator v' with r. We write it alternatively as v'•r 
or div r, and read it as "del dot r" or "divergence of r." In this notation 
Eq. (2.52) becomes 

f r-dS= f v'•rdV= f divrdV, (2.53) 

which is a more succinct statement of the divergence theorem. 2 

In order to obtain a geometrical interpretation of the divergence, let us 
apply Eq. (2.53) to an infinitesimal volume and its bounding surfaces. If 
the volume is sufficiently small, div r is essentially constant throughout it, 
so that 

or 

( r,dS = div r dV, }dv 

div r = d~ iv r-dS. . (2.54) 

In words, the divergence is the integral of a vector over the surface of an 
infinitesimal volume, divided by that volume. The surface integral is the 
flux of r out of the elementary surface. If the divergence of r exists at a 
point in space, then lines of r "diverge" or emanate from that point. 

Expressions for the divergence operator in cylindrical and in spherical 
coordinates are given in the Appendix. 

Divergence of the electric.field. Gauss' law [Eq. (2.35)] tells us that 

f E•dS = ~- (2.55) 
Eo 

In case the charge Q is distributed continuously over the volume with a 
density Qv, this may be expressed by 

f E·dS = ~ f Qv:dV. (2.56) 
Eo • 

2The gradient and the divergence operators are identical only in Cartesian coordinates. 
Nevertheless, we do use the symbol v' for each of them, in all coordinate systems. 
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We can now transform the left side of the volume integral by the divergence 

theorem; we obtain 

f di~ ~JV = ~ f QrdV. 

Since this must be true for any volume, the two integrands must be equal. 
Then at any point in space, 

div E = Qv_ (2.57) 
fO 

That is, lines of the electric field emanate from any point in space at which 
there exists a charge density. (If the charge density is negative, the lines 
converge toward the point.) 

Gauss' law is an integral statement, telling us something about an average 

property of the field, integrated over a finite region of space. That is, the law 
might be written as 

f E · dS = E • ln f dS = ~r 
. ., fo' 

(2.58) 

-, 
where E• ln is the value of the normal component of E, averaged over the sur
face. Eq. (2.57) is a corresponding statement concerning the field at a point 

in space. 
In our work we will find other such corresponding pairs of point (or differ

ential) and regional (or integral) statements. In gei:ieral the integral forms do 
not give as detailed information, because of the implied averaging. However, 
in problems where certain symmetries appear, we can use the integral state
ments to obtain point expressions for the fields from distributed sources and 
thus avoid laborious integration over those sources. In a sense, this means that 
we are able to replace the integration over the sources by an integration over 
the field itself - if the geometry of the.problem contains the proper symmetry. 
These ideas will be demonstrated in later sections. 

We have already said that in Chapter 4 we shall obtain a more general 
expression for Gauss' law, which includes Eqs. (2.35) and (2.58) as a special 
case. Now Eq. (2.57) is a point expression of that law; in Chapter 4 we shall 
obtain a more general point expression also; it will contain Eq. (2.57) as a 
special case. 

2.8. The laplacian of the potential 

Equation (2.57) can be written in terms of the potential; since 

E = -grad<t>, 

then div E = - div grad <I> = - 'il • 'il<f> = - 'i72<f>. 

Finally, 
Qv 

(2.59) 
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This relation is Poisson's equation. For the special case of zero charge 
density it reduces to Laplace's equation: 

(2.60) 

The operator v'2 is called-the laplacian operator. 
These equations say that the differential equation which the potential · 

satisfies depends only on the local charge distribution, and not upon charges 
outside the region. Of course, the external charges will affect solutions of 
the differential equation through the boundary conditions which the solu
tions must satisfy. 

2.9. Coulomb's law from the Cavendish ice bucket experiment. 3 

We have mentioned in Sec. 1.7 the inaccuracy in measuring directly the 
force between charges as a function of the distance between them. We now 
consider another, more subtle, experiment by which the inverse square law 
can be justified with far greater accuracy. The experiment is performed 
with two concentric spherical metal shells, as shown in Fig. 2-15. The inner 
shell is closed, but the outer one has built into it a hinged port which bears 
on its inner side a flexible metal wire; when the port is closed the wire 
touches the inner sphere, connecting the two. When the port is open the 
spheres are insulated from one another. 

ELECTROSCOPE 
IJNCHARGEO 

INSIJLAT/NG 
RING 

Fig 2-15. 

The steps in the performance of the experiment are these: 
(1) Port closed; a charge is put on the system. 
(2) Port opened. 
(3) The outer sphere (now insulated from the inner one) is discharged 

by grounding. 
(4) An electroscope is connected through the port to the inner sphere in 

order to measure any charge remaining on it. Within the sensitivity 
of the electroscope, the inner sphere is found to be uncharged. 

If, in Step l, there had been a field inside the outer sphere, that field 
would have been radial, because of the symmetry of the apparatus. Then 

3The development given here is essentially the same as that in Jeans, (Reference 2), 
Secs. 46 and 47. 
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a current would have flowed momentarily through the wire connecting the 
spheres, leaving a net charge on the inner sphere; this charge would have 
remained when the port was opened. Since no charge is found in Step 4, 
we conclude that in Step 1 there is no field inside the outer sphere. 4 Because 
of the spherical symmetry of the apparatus, the charge which we placed on 
the system must have been uniformly distributed over the outer surface of 
the outer sphere. Let us express the field dE at a distance p from an ele
ment of charge dQ as 

dE = dQ f(p); (2.61) 

then our task is to determine f(p) such that the field inside a uniform 
spherical shell of charge shall vanish. 

z 

Fig. 2-16. 

We take our point of observation to be at a 
distance z from the center of the sphere, on the 
polar axis of a system of spherical coordinates, 
as we see in Fig. 2-16. Then the potential dcj,(z) 
due to an element of charge on the surface is 

Now 

def, (z) = - I~ dQ f(p') dp'. 

dQ = QsdS, 

where Q8 is the surface charge density and dS an element of surface area. 
If Q is the total charge on the sphere, then 

Q 
Qs = 41ra2' 

because the charge density is uniform. We take for dS the area of the zone 
shown in the figure, 

dS = 21ra2 sin 0 dB, 

so that 

dQ =~sin Ode, 

and cf>(z) = - ~ 1" sin 0 f: f(p') dp' de. 

Let us express 0 in terms of p. Since 

then 

or 

p2 = z2 + a2 - 2az cos 0, 

2p dp = 2az sin 0 de, 

sine de= .l pdp. 
az 

(2.62) 

40ne might argue that the wire connecting the two spheres destroys the symmetry. 
However, since no current flowed in the wire, removing it would not alter the situation. 
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Equation (2.62) may now be written as 

Q la+z 1P ¢(z) = - -
2 

P f(p') dp' dp. 
az a-z co 

Let 

(¢p) =Ip ;: f(p') dp' dp; 

notice that g(p) is the indefinite integral over p. Then 

¢(z) = -
2
Q [g(a + z) - g(a - z)], 
az 

or 2az - Q ¢(z) = g(a + z) - g(a - z). 

45 

(2.63) 

(2.64) 

From the experiment we know that the field inside is zero, so all derivatives 
of ¢ vanish. When we differentiate Eq. (2.64) with respect to z, and set 
d¢/dz = 0, we find that 

- ~a¢= g'(a + z) + g'(a - z), 

where g' represents the derivative of g with respect to its entire argument. 
Differentiating again gives 

or 
g"(a + z) - g"(a - z) = 0, 

g"(a + z) = g"(a - z). 

(2.65a) 

(2.65b) 

Now z is still quite arbitrary, so this equation says that the second deriva .. 
tive of g is a constant. That is, 

g"(p) = A, (2.66) 

where A is a constant; and therefore 

g'(p) = Ap + B. 

From the definition of gin Eq. (2.63), 

g'(p) = P !~ f(p') dp' 

and6 

g"(p) = !~ f(p') dp' + pf(p). 

6Equation (2.69) is true because if 

y(x) = L" F(u) du, 

then :: = F(x). 

See any textbook on the calculus. 

(2.67) 

(2.68) 

(2.69) 
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With a little manipulation, the last four equations can be combined to give 

A = A + ! B + pf(p), 
p 

and finally f(p) = - ! B (2.70) 
p2 ' 

which is what we set out to prove. 

The "ice bucket" experiment was first performed by Cavendish 

before 1800. It was repeated by Maxwell, whose apparatus was sufficiently 

sensitive so that if f(p) r-,,.J 1/ p2H, with o as large as 1/21,600, a charge on the 

inner cylinder would have been detected. (The corresponding value in 

Cavendish's experiment was 1/50.) A modern experiment, using a modified 

technique6, has shown that o ~ 10-9_ Coulomb's law is indeed well

established. 

REFERENCES 

2. Jeans, Chap. I. 4. Stratton, Sec. 1.8. 

3. Frank, Chaps. 1,2. 5. Lass, Chap. 2. 

PROBLEMS1 

I. By direct differentiation in Cartesian coordinates, find grad r, and grad 1/r. 

2. The electric potential near the origin is 

cp = ax2 + by2
, 

where a and b are positive constants. 
(a) Find the components of the field. 

(b) Where is the minimum of the potential? Where is the minimum of the 

field intensity? 
(c) If a small charged body of mass Mand charge Q is released from rest at 

(A, 0), what is its ensuing motion? 
(d) If the same particle is released from rest at (0, B), what is its subsequent 

motion? 
(e) Find the equations of motion of the particle (x and y as functions of time) 

if it is released at (A, 0) with velocity components Vx = 0, Vy = v0• 

3. Calculate by direct integration the field inside and outside a uniformly 

charged spherical shell of negligible thickness. 

4. An electron moves along the x-axis, where the potential is given by 

cp(x) = 500 (1oox \ 12 - 100x
1 
+ 4), 

where cp is in volts and x in meters. This expression is valid for x > - 0.04 m. 

6S. J. Plimpton, and W. E. Lawton, "A Very Accurate Test of Coulomb's Law of 

Force between Charges," Phys. Rev., 50, 1066 (1936). 
7Problems 2, 4, 14, and 15 are used by permission from N. H. Frank, Electricity and 

Optics. (New York: McGraw-Hill Book Company, Inc., 1950). 

.. 
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The electron starts from x = + oo with negligible speed. 
(a) Find the velocity of the electron at x = 0. 
(b) Where does the electron reverse its direction? 

47 

(c) What is the value of the electric field at the point where the electron reverses 
its motion? 

5. By expansion in Cartesian coordinates, show that 

grad (uv) = u grad v + v grad 11. 

6. A circular disc of radius a has a charge Q uniformly distributed over it. 
By direct integration, show that on the axis of the disc, at a distance z from its 
center, the potential is 

Q ✓a2 + z2 - z ct,(z) = - ~---. 
21reo a' 

7. A line charge is 2a meters long, and it bears a uniform charge of QL coulombs 
per meter. Find the potential at a point distant p from the line, on the plane which 
bisects the line. Show that it is 

ct, = QL log ✓~+ a._ 
41re0 ✓P2 + a2 _ a, 

(2.71) 

8. For the potential and field of Problem 2, find the equations of the lines of 
force in a plane z = const. Plot the lines and the equipotentials in this plane. 

9. A point charge of Q is placed at the origin of a spherical coordinate system. 
Describe the segment of the surface of a sphere of radius R, centered at the origin, 
and extending from the pole to the colatitude angle 0. (See Fig. 2-17.) Show that 
the solid angle subtended by the segment is 

Q(O) = 21r(l - cos 0). 

Then show that the flux through the segment of the electric field due to the charge 
at the origin is 

f E•dS = ~Q = !l_ (1 - cosO). 
47T"eo 2eo 

0 

Fig. 2-17. Fig. 2-18. 
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10. A circular ring of radius b forms the mouth of an irregularly shaped sack. 

(See Fig. 2-18.) The ring is held in a horizontal position at a place where the gravita

tional field of the earth is g. Show that the flux of the field through the surface of 

the sack is 1rb2g. 

11. Show that, for any spherical distribution of charge, the field at radius r is 

the same as if all the charge inside of r were concentrated at the center, and that 

outside of r were removed. 

12. A charge Q is uniformly distributed throughout a sphere of radius a, with a 

uniform density of Qv coulombs per cubic meter. Using Gauss' law, 

(a) Show that the electric field at a point inside the sphere is proportional to the 

distance from the center. 
(b) Plot the field inside and outside, as a function of distance from the center. 

(c) Do the same for the potential. 

13. A solid cylinder of charge, of radius a and having a uniform volume charge 

density Qv, is infinitely long. Find expressions for the field and for the potential 

at all points inside and outside the cylinder. 

14. A spherical drop of water is 1.0 cm in diameter, and carries a charge of 

2 X 10-9 coulombs on its surface. Find the p9tential and field at the surface of the 

drop. 
Two such drops coalesce to form a single drop. What are the potential and 

field at the surface of the new, large drop? 

15. An insulated metal sphere 2.0 cm in radius carries a positive charge of 

10-9 coulombs. It is concentric with an insulated hollow metal sphere having an 

inner radius of 4.0 cm, and an outer radius of 6.0 cm. The hollow sphere carries a 

total negative charge of 0.5 X 10-9 coulombs. 
(a) Find the charges on the inner and outer surfaces of the hollow sphere. 

(b) Find the potential difference between the two spheres. 

(c) Find the field intensity at distances of 3, 5, and 9 cm from the center of 

the spheres. 

cJv. . , , ,tf;ttJt, J 16. A small metal sphere, positively charged, is fixed inside a hollow uncharged 
11

,~ V metal sphere and insulated from it. The two spheres are not concentric. Outside ~e _ the hollow sphere the potential is found to be given by cp = 7.5r, where cp is in volts 

• , •1J4 1,f/7 and r in meters. What is the charge on the inner sphere? 
q,,."~t,, /fl 

17. Use the result of Problem 6 to find the potential and the field for two 

limiting cases: 
(a) When z/a « l, show that cp is linear in z and that E, is constant. 

(b) When z/a » l, show that cp and E, have the values they would have if Q 

were a point charge at the origin. 

18. Consider the result of Problem 7. 
(a) Show that when pf a» l, the potential behaves as if the charge were 

concentrated at the center' of the line. 
(b) For pf a« l, show that the potential behaves like that from an infinitely 

long line charge of the same density, for which cp(p) = 0 when p = 2a .. 
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and 

19. By expansion-in Cartesian coordiljlates, show that 

div (i/; r) = i/; divT + r-grad i/;. 

20. By expansion in Cartesian coordinates, show that 

d
. 2 
1 ro = ;' _

1
, '( 

.11.- ' 

div ro = -~ / _.r-i., 

div r = 3, 

r f.:__--1-
,1.. 

21. In a charge-free region, what is div E? In such a region Ex = ax, 
FindE,. 
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(2.72) 

22. In the vicinity of an electron beam in a traveling wave tube the field is 
cylindrically symmetric. Its radial component is 

Ep = -- 1- e , Qvo a
2 

( p
2
/.') 

to p 

where Qvo and a are constants. Find the radial distribution of the electric charge . 

v, 111-,,,,.,_ 
.r... 

\J 

.!.~{/7.L,.!..) . ..!. 
/l. ... i)(). /l.. - 11 t 



3 
Capacitors and 

Electrostatic Energy 

3.1. Conductors and insulators 

Up to this point we have assumed that certain materials (which we call 

insulators) do not permit electric charges to move through them, and that 

others (which we call conductors) do. Now we need to sharpen these ideas. 

It is obvious that when a charge is placed on some point of a conductor it 

will diffuse rapidly, elements of the charge will repel one another, and cur

rents of charge will flow for a short time; but when the charges have attained 

an equilibrium distribution the static situation will have been achieved. 

Because the charges are stationary but free to move, there can be no 

electric field acting on them; hence all points of the conducting body are at 

the same potential. On the other hand, if we should put a charge on one end 

of a glass rod, it would diffuse very slowly. In fact, most of the charge 

would "leak" off over the mechanical supports or be neutralized by ions 

from the air before any appreciable flow had taken place. There are fields 

in the glass and the potential changes from point to point, but the charges 

are not free to move. The time required for a charge which was initially 

distributed in an arbitrary manner to approach an equilibrium distribution 

is called the relaxation time. In a conducting material the relaxation time is 

short, and in an insulator it is long. Notice that it is not necessary to say 

just what we mean by relaxation time. However, it can be given a numer

ical value, the range of which for ordinary materials is enormous.1 For sea 

water, which is only a fair conductor, it is about 2 X 10-10 seconds; for fused 

quartz, an excellent insulator, it is greater than 106 seconds, nearly fourteen 

days. Because the relaxation times for materials we ordinarily think of as 

conductors are so exceedingly short, for most purposes we might just as. 

well define a conductor as a medium which cannot maintain a difference of 

potential within itself. An insulator is a medium in which a potential 

difference can be maintained by a static charge. 
The free charges in a metal are electrons. A small fraction of the total 

number of electrons are so loosely bound to the atoms that they can move 

through the atomic lattice when an electric field is applied. These free 

1J. A. Stratton, (Reference 4), Sec. 1.7. 

50 
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electrons do collide with atoms, and in collisions they transfer energy to the 
atoms and themselves rebound with changes in velocity; the collisions 
account for the generation of heat when a current flows. Most of the 
electrons in a metal are closely bound to the positive atomic nuclei, which 
cannot move freely through the lattice. In an electrolyte the carriers of 
charge are ionized atoms and chemical radicals, and charges of either sign 
can move freely. A gas becomes conducting only when it is hot or subject 
to a strong electric field. Then the carriers are ionized atoms and radicals, 
and electrons which have been knocked off from atoms and radicals. 

3.2. The internal and surface fields of a conductor 

After equilibrium has been attained, the free electric charges in the interior 
of a conducting body are stationary, but they are not restrained from 
moving by any non-electric forces; hence the electric field within the con
ductor must be zero. Let us describe a Gaussian surface which is every
where inside the surface of the conductor. (If the conducting body has 
more than one surface, such as an occluded bubble in a metal casting, the 
Gaussian surface must be inside the outer surface, but it may enclose.inner 
surfaces.) Because the field within the conductor is zero everywhere, the 
flux of the field through the Gaussian surface is also zero, and Gauss' law 
tells us that there is no charge within the surface. Hence, a static charge on a 
conducting body must reside only on the outer surf ace of the body. (Although 
the body may have inner surfaces, we have confined ourselves to a single 
body; the conclusion reached above must be modified when we have one 
conducting body inside another.) 

Mathematically, a "surface charge" means a layer of zero thickness with 
a finite amount of charge on a finite area. This in turn implies an infinite 
volume density of charge, to which our physical intuition quite properly 
objects. However, these matters are relative. On a microscopic scale the 
charge will be distributed with a large but finite density throughout a layer 
a few atoms thick. When one recalls that the diameter of an atom is about 
one Angstrom unit, or 10-10 meters, he sees that the assumption of a surface 
distribution is an excellent approximation. 

We can calculate the field at the surface of the body in terms of the 
surface charge density by making another application of Gauss' law. This 
time we apply it to the small pillbox-shaped volume shown in Fig. 3-1. The 
pillbox has two flat surfaces of area dS1; they are parallel to a plane which is 
tangent to the conducting surface, and their linear dimensions are small 
compared to the radius of curvature of the surface. One of the flat surfaces 
is inside the conductor, with a normal lin (which points outward from the 
pillbox, but into the conductor). The other flat surface is outside the 
conductor and has an outward normal lout• In order to obtain a point 
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Fig. 3-1. A Gaussian surface 
lying in the surface of a conduc
tor. This is used to calculate the 
normal component of the field at 
the conducting surface 
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statement, we make the pillbox so small 
that the field is essentially constant over 
dS1. The box also has a curved surface, 
of area dS2, which cuts the surface of the 
conductor. We are not interested in the in
tegral of the field over dS2, and we can get 
rid of its contribution by requiring that the 
area of the curved surface be much smaller 
than that of the flat surfaces; that is, 

dS2 
dS1 « 1. 

The charge density on the metal is Q8 , so the 
charge dQ which is enclosed by the pillbox is 

We can now state that 

f E·dS = f E•dS = ~: dS1• (3.1) 

pillbox flat 
surfaces 

The flat surface whose normal points inward is inside the conducting body, 
where the field is zero, so there is no contribution from that surface. The 
only thing remaining is the part of the integral over the flat surface outside 
the conductor; from it we have 

(3.2) 

where En is the component of E which is normal to the surface. Equate the 
right sides of Eqs. (3.1) and (3.2): 

or 
1 

En = - Qs (in a dielectric at the surface of a conductor). (3.3) 
EO 

In Chapter 2 we found that the electric field is everywhere.normal to an 
equipotential surface. Since all points on a conductor are at the same 
potential it follows that, in free space at the surface of a conductor, the 
component of the field parallel to the surface is zero. This component is the 

tangential component, Et. We may state this condition as an equation: 

Et = 0 (in free space at the surface of a conductor). (3.4) 
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In Chapter 4 we shall obtain more general relations, of which Eqs. (3.3) and (3.4) are special cases. 
Equations (3.3) and (3.4) state conditions which are satisfied by the field at a boundary between two different mediums, here free space and a conductor. Such a relation is called a boundary condition. Much of our work in electromagnetics consists of determining the boundary conditions which are satisfied by electric and magnetic field quantities at various kinds of boundaries. 

3.3. Some considerations of uniqueness 

Suppose we have a number of conductors, each insulated from the others. We shall show that if we put charges o~ them, so that the potential of each is raised to a specified value, the charge on each one can distribute itself in only one way; that is, there is one unique value of Q8 at each point on the surface of each conductor. We already know that the charges will arrange themselves in equilibrium distributions, so that the field inside each conductor will be zero. There will be a potential and a field at each point in space, which we could calculate by integrals like those of Sec. 2.2. To prove that the charge distribution is unique, let us assume that there is another distribution of charge, Q8, which will produce the same potential and field at each point in space. That is, 

cp = _l_ f Qs dS = _l_ r Qs dS, (3.5) 47rEo p 411'EO , p 

where each integration is carried over the surfaces of all conductors. Now imagine that we put on the conductors a charge distribution Q; = Q8 - Q8. The potential due to it would be 

cp" = _1_ f Qs - Qi, dS 
47rEO p 

= _l_ f Qs dS - _l_ 1· Qi, dS (3.6) 
411'EO p 411'EO p · 

= 0, 
everywhere, according to Eq. (3.5); 

Because this potential vanishes identically, its derivatives must vanish also. At the surface of each conductor 
(grad cp")n = E: 

Qs - Qi, 
Eo 

= 0. 
Hence we may finally say that 

(3.7) 
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which is the statement we set out to prove. Because the charge on each 

conductor is the integral of Qs over the surface, the charge mu.st also be 

unique. That is, when the potential of each conductor is specified, then so is 

the charge on each one, and conversely. Of course, the potential of any one 

conductor depends on the charges on all the conductors. 
With reference to Laplace's equation for the potential whieh we dis

cussed in Sec. 2.8, the results of this section mean that there is only one 

solution of the differential equation which satisfies the boundary conditions. 

If the charge density at every point should be changed by a constant 

factor ex, the total charge on each conductor and the potential at every 

point would be changed by the same factor. The new field would be 

Ea = -grad mt, = -ex grad cf,. 

But -grad cf, is the original field, which was zero inside the conductors; 

hence the new internal field is zero also, and the charges are in equilibrium. 

Changing the charges by a has resulted in changing all fields and potentials 

by the same factor. This also means that if we change all charges by the 

same factor, the ratio of the charge on any one conductor to the potential of 

that conductor remains constant. 
It is apparent from the expression for the potential as an integral over 

the charges that the potential from a specified charge distribution must 

be unique. Nevertheless, let us show that there is only one solution of 

Laplace's equation which satisfies the boundary conditions. We shall limit 

ourselves to a situation in which all the charges are contained within a 

finite region of space, so that the potential at a great distance r falls off at 

least as fast as 1/r, and the field as fast as 1/r2• Suppose that a given charge 

distribution might give rise to either of two potentials cf,1 and ¢ 2 such that 

everywhere 

and on the boundaries 

,1. ,1. and act,i = act,2 = Q
8

. 
't'l = '+'2 iJn an 

(Here a/ an means the derivative in the direction of the normal to the 

surface.) Let 

then it is clear that 

everywhere, and that 

if;=O 

on the boundaries. 
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We apply the divergence theorem to the quantity i/t grad f: 

f i/t grad i/t·dS = I div (i/t grad if;) dV 

= f { (grad if.,) 2 + if.,V2if.,} dV. (3.8) 

Next, we let the surface which bounds the region of integration recede to a 
great distance r. Because the charge is confined to a finite region, the 
integrand on the left side of Eq. (3.8) must behave like 

1 1 1 
if; grad if; ~ r · r2 = r3' 

or it may fall off as 1/r to an even larger exponent. But 

f dS ~r2
, 

so that the integral cannot be larger than 

f if; grad if;· dS ,...._, ~ ----. 0 as r ----. oo • 

On the right side of (3.8), V2if., = 0 by hypothesis. This leaves us with the 
statement that 

f (grad if.,) 2 dV = 0. 

This integrand is a square, and hence it cannot be negative anywhere. The 
equation can be true only if 

grad if; = 0 everywhere. (3.9) 

This tells us that the two potentials c/J1 and c/J2 must lead to the same field 
everywhere; the potentials themselves can differ at most by a constant. 
But we also know that the potentials are equal on the metallic boundaries, 
so that the constant must be zero, and the two potentials are equal every
where. 

3.4. Capacitance and capacitors 

For a single charged body, the results of the preceding section show that 
the potential is proportional to the charge. The ratio Q/ cp is then a constant 
determined only by the size and shape of the body. This constant is defined 
to be the capacitance, C, of the conducting body: 

Q 
C = -· cp (3.10) 

The unit of capacitance is the farad, when Q is in coulombs and cp in volts. 



56 Capacitors and Electrostatic Energy Chap. 3 

For a charged sphere of radius a the potential is 

1 Q 
<p = --, 

47rEQ a 
so that its capacitance is 

C = 47rEoa. (3.11) 

Now suppose that we have two conductors, each originally uncharged. 
Somehow, perhaps by means of a battery, we transfer some charge from 

one to the other. One now has a charge of Q, the other - Q. There will be a 
potential difference b.<j) between them, proportional to Q. The capacitance 
bet~een them is defined, much as for a single conductor, by 

C = SL (3.12) 
b.<j) 

The conductor pair forms a condenser, or a two-terminal capacitor. Since 

almost all the capacitors met with in practice are of this sort, it is usually 

called simply a capacitor with no qualification. 
In its most common form, the capacitor consists of parallel metal plates. 

For example, the variable tuning capacitor of a radio transmitter or 
receiver has many parallel plates, with air between them. Many fixed
capacitance capacitors are made with metal sheets attached to sheets of 
paper; they are then rolled into a compact shape to conserve space, but 
electrically this has only the effect of giving many pairs of parallel plates. 
Many capacitors use insulating material - solid, liquid, or even gaseous -
but for the present we consider the space between the plates to be free of 

matter. 
It is also meaningful to speak of capacitance coefficients of three or more 

conductors, but we shall not make use of them in this book. 2 

3.5. Fringing fields 

In Fig. 3-2 we have sketched very roughly the field between a pair of 
parallel plates. Inside, far from the edges, the field is uniform, but near the 

Fig. 3-2. The electric field near the edge of a parallel-plate capacitor 

2For the definitions and applications of capacitance coefficients, see W. R. Smythe, 
(Reference 9), Secs. 2.16 and 2.17. 
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edges it is very non-uniform. The distortion is called an edge effect, and the 
distorted field a fringing field. From the boundary conditions, it is apparent 
that the charge density is not uniform near the edge, either. It is difficult to 
calculate the charge distribution and field near the edge, so we cannot easily 
determine capacitance, forces, and such, when fringing fields are present. 

The guard ring. Figure 3-3 shows a capacitor in which the top conductor 
is in two parts, called guard ring and principal conductor, with a very narrow 
gap between them. The width of the guard ring is at least a few times the 
spacing between the upper and lower conductors. The two are maintained 
at the same potential, so that there is a negligible fringing field between the 

Fig. 3-3. When a guard ring is used, there is no fringing field at the edge 
of the principal conductor 

two; the only important fringing field is at the outside edge of the guard 
ring. With this arrangement the field, charge distribution, force per unit 
area, and related quantities near and on the principal conductor will be 
practically the same as if there were no fringing field. 

The same idea can be applied to 

~::::·~»:;.~!::, e;,::-::::'i~::; ~ : : : : : : : f 
In our analysis of various capac- _ _ _ _ _ _ _ _ _ 

itors we shall always neglect edge 
effects. Our discussion has shown Fig. 3-4. A guard cylinder used on a 
that these effects can be eliminated, cylindrical conductor 
so it is realistic to neglect them. 

3.6. The parallel-plate capacitor 

In Fig. 3-5 is shown a capacitor consisting of two parallel plates whose linear 
dimensions are large compared with the separation. With these proportions, 
we know that the field lines - except near the edges - will be everywhere 
normal to the plates, and the surface charge density will be uniform. If the 
surface charge density on one plate is Q8 coulombs per square meter, our 
boundary condition tells us that 

E = Qs_ 
Eo 

(3.13) 
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Since, from the symmetry, the field is uniform, the charge density on the 
other plate must be the same in magnitude. (This does not mean that we 

+ 

+ 

/

EXTRA CHARGE, IF ANY, 

WILL APPEAR ON THE 

OUTS/OE OF ONE PLATE 

Fig. 3-5. A parallel-plate capacitor. The separation, a, is small 
compared with the linear dimensions of the plates. If the charges on the 
plates are not equal in magnitude, any extra charge will be on the outside 
of one plate, and it will not affect the internal field or the potential 
difference 

cannot put unequal charges on the plates, but that any extra charge must 
appear on the outside of one plate.) 
The potential difference between the plates is 

fa Q 
b..</> = - E•d~ = Ea = 2 a. 

0 ~ 
(3.14) 

The total charge on one plate is Q = QsA, and hence the capacitance is 

C = R 
b..q, 

QsA EoA 
= (Q I ) = - farads. s Eo a a 

(3.15) 

The capacitance is proportional to the area of the plates, and inversely pro
portional to their separation. 

3. 7. Stored energy 

Next let us find the energy necessary to charge the capacitor. To do this, 
suppose that an element of charge dQ is taken from one plate and deposited 
on the other. This is, after all, just what would happen if the condenser 
were charged by connecting it to a battery. The charge must be carried 
through a potential difference b..cj, = Q/C, so the element of work done is 

QdQ 
dW = b..cj,dQ = ~-
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The total work necessary to charge the capacitor is 

1 (Q 1 Q2 

w = c ./ a Q dQ = 2 c. (3.16a) 

Through the relation connecting capacitance, charge and potential differ
ence [Eq. (3.12)] we can write the energy in other forms, as 

w = l C(/1ct,)2 
2 (3.16b) 

and 
1 w = 2Q!1ct,. (3.16c) 

The choice among these three equations to be used in a problem will depend 
on the physical situation. 

This amount of energy has somehow been stored in the capacitor, and we 
could get it back again by connecting an external circuit to the plates. Just 
where, in the capacitor, the energy is stored is probably not a meaningful 
question, but it has proven very useful to think of it as residing with the 
electric field. Through Eq. (3.14) and Eq. (3.15) we can express tho energy 
in terms of the field: 

1 
W = 2EoE2Aa. 

Since V = Aa is the volume of the space between the plates, the ratio of 
stored energy to volume is 

W I 
V = 2 EoE2, (3.17) 

which at least looks like a volume density of energy. It has proven very 
useful in the development of electromagnetic theory to conceive of energy 
being stored in those regions ofspace where electric fields exist. We must 
look upon this concept as one which has neither been proven nor disproven, 
but which has been made to appear plausible. 3 If we accept it, it follows 
that a capacitor is a device for storing energy in the electric field. 

3.8. The force on the surface of a charged conductor 

In Eq. (3.3) we found the normal field at the sm-face of a conductor to be 
Qs/Eo. We should like to find the force on the charge which resides on an 
element of the surface of the conductor. We cannot simply multiply the 
surface field by the charge, because a part of that field is due to the charge 

_ upon which we want to find the force. We can obtain the result we want, in 
3It is most interesting to read the discussions of this matter in Mason and Weaver, 

(Reference 7), pp. 266-268, and in J. A. Stratton, (Reference 4), pp. 134-135. 
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an indirect way, by investigating the work which must be done against the 

electrical forces when we change the spacing between the electrodes of a 
capacitor. We shall carry through the calculation for a parallel-plate 
capacitor, because the geometry is-simpler, but the result is independent of 
the shapes of the conductors. Let us consider portions of the electrodes 
which are so far from the edges that we may neglect fringing effects. A 
certain charge has been put on the plates; then the source of the charge has 
been removed. This means that if we change the spacing a (Fig. 3-6) the 
charge density Q8 remains constant; hence the field is also constant, but the 

potential difference 
!let, = Ea (3.18) 

will change. The capacitance per unit area is 

dC Eo 
-=-' dS a 

and the energy per unit area of the plates is, according to Eq. (3.16b), 

:: = ~ :~ (Ile/, )2 

1 
= 2EoE2a 

1 
= 2EQsa. (3.19) 

We would have obtained the same result if we had calculated the energy per 
unit area of the plates which is stored in the electric field. Now suppose 
that we change the spacing between the plates by 5a. If dF / dS is the force 

Fig, 3-6. When the 
spacing between the 
plates of a capacitor is 
changed, the stored 
energy is also changed 

(J 

E = -
2
1 

_..!. IN EACH OIPEC TION ~. 
OUE TO THE LOCAL CHARGE 

(JS 

;+------• RESULTANT E = 7;" 
OUTWARO ONLY 

J (JS 

E= TT, OUTWARO, 

OUE TO REMOTE CHARGES ( 
Fig. 3-7. TM oontri2M ¼ the amfaoo field, of 
conductor due to /6cal and remote charges 

o.dJl_ {'t~t-~ ~(. o 1)1.,J:i;t-b A,,Wv~ 



~~i-tr/1£/1.,t~:c~~J· .-1.. ,.,),I ' · ~~MIJ;Y 
CapaeUa,- aad El~•=""''" Emgy ,V"'-Pt• 61 

per unit area on the plates, then the force will do an amouJ of work per 
unit area given by / 

dW _ dF /.. ...., o dS - dS oa. (3.20) 

But according to Eq. (3.19), the right side of the equation above is 

dW 1 o dS = 2 EQs oa 
so that 

dF 1 
dS = 2 EQs. (3.21) 

This is the force, or rather the force density, which we set out to calculate. 
It is always in the direction from the conductor into the space outside it, 
regardless of the sign of the charge. 

Clearly, the effective field which acts on the charge Q8dS is one-half the 
total field at dS. That half muf;t be the field due to all the charges on other 
parts of the surface. We conclude that the field due only to the local charge 
on dS is 

/ 
dE (local) = -

2
1 Qs dS, 

Eo 
(3.22) 

with a component equal in magnitude directed into the conductor, as we 
have shown in Fig. 3-7. 

2. Jeans, Chaps. I, III, IV. 

3. Frank, Chap. 3 .. 

4. Stratton, Sec. 1. 7. 
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PROBLEMS 
1. Two unequal metal spheres which are far apart are connected by a very 

fine metal wire. Because the wire is so fine, it does not affect the distribution of 
charge and field about the spheres, but it does make their potentials equal. Show 
that the charge density and the surface field of ~ach sphere are inversely pro
portional to the radius of the sphere. 

Discuss the relation between the' result of this problem and sparks between 
pointed spark-gap electrodes. What about lightning rods? 

2. Two concentric metal spheres have radii a and b. Show thst their capaci
tance is 

ab 
C = 41reo--· 

b-a 
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3. Two concentric metal cylinders have radii a and b. Show that except for 

the effect of fringing fields at the ends, the capacitance per unit length is 

CL = 21rEo • 

log b/a 

4. We have two situations: 
(a) A metal sphere of radius a bearing a charge Qi. 
(b) The sphere of situation (a) is enclosed within a second, concentric, metal 

sphere having an inner radius b > a, and an outer radius c. The outer sphere 

bears a net charge of Q2. For these two arrangements: 
(1) Compare the fields and potentials for a < r < b. 

(2) Compare the capacitance of the single sphere with that between the pair. 

(3) Discuss the distribution of the charge Q2 on the outer sphere. 

5. In Problem 2, let b = a+ o, where o/a « 1. Find the capacitance per 

unit area of this spherical capacitor, and compare it with that obtained in the 

text for the parallel-plate capacitor. 

6. A radio tuning capacitor has 13 stationary and 14 rotating plates. The 

plates are semicircular, except that the stationary plates have small semicircles 
removed at the center in order to clear the rotor shaft. The fringing field gives a 

constant capacitance of 15 µµf in addition to the variable "parallel plate" capac

itance. The latter is determined by 
radius of rotor plates = 3 cm, 

'inner radius of stator plates ;,= 0.5 cm. 
Find the spacing between the plates if the maximum capacitance is 100 µµf. 

7. A number of bricks are first spread on the ground so that no brick is on top 

of another. Each brick has a weight w. Next, the bricks are stacked one atop 

another. When the pile is h high, how much energy is required to put the next 

brick on the pile? When all the bricks (which have a total weight W) have been 
stacked, the pile is H high. What is the total potential energy of the bricks with 

respect to their original configuration? 

8. A spherical shell, of radius a, is given a charge Q, uniformly distributed 

over its surface. By bringing in successive infinitesimal increments of charge. 

show that the energy necessary to charge the sphere is 

Q2 
W=-· 

81rEo(Z 

9. Calculate the energy in the field about the sphere of Problem 8, and show 

that it is just equal to the energy necessary to charge the sphere. 

10. A sphere of radius a is given a charge Q which is uniformly distributed 

throughout its volume. Calculate the energy necessary to charge it, by bringing 

up successive infinitesimal spherical shells of charge, each having the same volume 

charge density. Show that the energy is 

,, 

3Q2 
W=--· 

2011'Eo(Z 
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11. For the volume charge distribution of Problem 10, find both the internal 
and the external field energy, and show that their sum is equal to the energy 
necessary to charge the sphere. 

12. Show that the result of Problem 8 is in agreement with each part of Eq. 
(3.16). 

13. When the relativistic relation between energy and mass, W = mc2, first 
became known (1906), it was believed that the mass of an electron might be due 
entirely to its electrostatic energy. Although this hypothesis is not correct, the 
electron radius which it implies is very useful for reference. There are several 
other ways of estimating the radius of the electron which all lead to results roughly 
equal to this one; so in spite of the incorrect hypothesis the numerical value ap
parently does have some significance. 

(a) Show that if the electron were a hollow sphere of charge, the radius according 
to this hypothesis would be 

1 e2 

R1 = - - = 1.409 X 10-16m, 
81rEo mc2 

where e is the charge and m the mass of the electron, and c is the speed of light. 
(b) Show that assuming a solid sphere of charge of uniform density would 

lead to 

14. Find the energy density as a function of the distance from the center of a 
charged metal sphere, for points outside the surface. 

15. For the spherical capacitor of Problem 2, show that the energy required 
to charge it is equal to 

i Eo f E2 dV, 

where the integration is carried over the space between the spheres. 

16. A parallel-plate condenser is connected to a source of constant potential 
difference (such as a battery). When the spacing between the plates is changed, 
not only is work done by (or against) the force between the plates and the stored 
energy changed, but also work is done by ( or on) the source of potential difference, 
because the charge on the condenser changes. Calculate these energy changes, 
and use the results to verify that the force per unit area acting on the plates is 
correctly given by the expressions of Sec. 3.8. 

17. In a rotary capacitor, the capacitance as a function of rotation angle 0 is 

C =Co+ k0. 

Here Co represents the constant effect of fringing field at the edges of the plates. 
The capacitor is given a charge Q, then removed from the source, so that the charge 
must remain constant. Just as work was done when the capacitor plates of Sec. 3.8 
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were moved, so work (positive or negative), will be done when the condenser 
shaft is turned. Show that the torque T necessary to increase 0 is given by 

Q2 k 
T = - 2 (Go+ k0)2 

What is the significance of the negative sign? 

18. Two concentric metal cylinders overlap axially, by a length L, as shown in 
Fig. 3-8. As long as Lis much larger than either radius, the effect on the capacitance 

20 

Fig. 3-8. 

of fringing fields at the ends can be represented by a small capacitance, Go, which 
is independent of L. Then 

The capacitance formed by the cylinders is now given a charge Q, and the source 
of the charge is removed. Show that the axial force between the cylinders is 

F = ~2:. 
log b/a C2 



4 Dielectric Materials 

Introduction 

A molecule. is normally electrically neutral, but when it is placed in an 
electric field the positive atomic nuclei and the negative electrons of which 
it is composed are pulled in opposite directions, so that their centers are 
displaced in the direction of the field. We describe such a molecule as being 
polarized. This leads us to the idea of a dipole, which is a pair of equal charges 
of opposite sig'IJ, which are very close together. Because of the close spacing, 
the external effect of a single dipole is much smaller than that of either 
charge alone. Even so, the aggregate effect of the polarization of a macro
scopic mass of matter may be considerable. We make use of the polariza
tion of molecules when we put paper, glass, mica, or other materials between 
the plates of a capacitor to increase its capacitance. From the standpoint of 
pure science the theory of the dipole is important by itself, ibecause we use it 
to describe the potentials and fields from various distributions of charges 
and currents. 

4.1. The electric dipole 

We infer from Sec. 2.1 that, given a function if;(r), the value of the function 
at a nearby point r + d9 is 

y;(r + d9) = y;(r) + dg•grad y;(r). (4.1) 

In the following development we are not going to use the differential 
notation because it is inconvenient, but it will be understood that the 
separation between the charges of a dipole (which we shall call{) is so small 
compared with the distance to a point of observation that we may neglect 
second and higher powers of f 

In Fig. 4-la, we have a single point charge Q at the origin of coordinates. 
The potential at r, which we shall call cf, 0 (r), is, of course, just 

c/,a(r) = _l_ 5J.. 
41rEo r (4.2) 

65 
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In Fig. 4-1 b the point of observation has been moved a small distance - {/2 
from r. The potential, </>b, at r - {/2 is 

(4.3) 

So far as the difference between the potentials <l>a and </>b is concerned, 
obviously it does not matter whether we move the point of observation one 
way or the charge itself in the opposite way; the separation between charge 

and point of observation is the same, r - {/2, in either case. Hence the 
potential for Case (c) in the figure must be 

cf>c(r) = <t>{ r - ~ {) = c/>a(r) - ~ {•grad c/>a(r). (4.4) 

Remember that c/>c(r) means that the point of observation is at the vector 
distance r from the origin, but in this case the point is not at that distance 
from the charge. One more step before we write our final result: in Fig. 4-ld 

(a) 
~ 

0 

Q~ 

(c) ~,V 
0 

r 

0~ 

- ~,( (b) 

(d) 

(e) 

Fig. 4-1. (a,b,c,d,e) The position vector r, and the small displacements 
± V2 and ( which are involved in calculating the potential from a dipole 

we have a negative charge at a distance - {/2 from the origin. The poten
tial at r due to the negative charge can be obtained from cf>c by reversing the 
signs of both <l>a and {; then 

(4.5) 
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Finally we assemble the complete dipole, which consists of a charge +Q at 
+V2 and a charge -Q at -l;/2; see Fig. 4-le. The potential at r due to 
the pair of charges is 

</>(r) = <t>h) + <f>d(r) = -l;•grad <l>a(r} 
Q I = - -(·grad-· 

41rEo r 

Let us define the dipole moment, p, to be 

p = Ql;; 

(4.6) 

(4.7) 

then the potential from the dipole can be written variously as 
1 1 <t>(r) = - - p•grad -

41rEo r 
1 p•r 

= 41rEo r3 
1 p•l, 

= 41rEo 7· 
If we should place four charges of alternating 

signs at the vertices of a parallelogram, as in Fig. 4-2, 
we would have a quadrupole. Eight charges at the 
vertices of a regular parallelopiped form an octopole, 
and so on. In this nomenclature a single charge is 
called a monopole, and the general term for all of them 
is multipole. Any finite distribution of charge can be 
enclosed in a sphere. The potential at any point out
side the sphere can be analyzed into contributions 
from a monopole, a dipole, a quadrupole, and so on 
- in general, an infinite series of multi pole terms -
with each multipole located at the center of the 
sphere. 

4.2. The field of the dipole 

-/} 

IJ 

(4.8a) 

(4.8b) 

(4.8c) 

+/} 

-/} 

Fig. 4-2. The arrange
ment of charges in a 
quadrupole 

The symmetry of the dipole is such that we expect the expression for its 
field to be simpler if we write it in spherical coordinates. A spherical system, 
with a Cartesian system for reference, is shown in the Appendix, Fig. A-2. 
Consider a small displacement do of the end-point of r. The components 
of do along the three coordinate directions are dr, r d0, and r sin 0 dcp, so 
that we can write do as 

do = l, dr + l 8r d0 + l¥'r sin 0 dcp. (4.9) 
In this equation, the coefficient of each unit vector is the differential ele
ment of length in the corresponding direction. Since our unit vectors are 



68 Dielectric Materials Chap. 4 

orthogonal to one another, their scalar products have the same property as 

do those in the Cartesian system: the product of any one with itself is 

unity, and of any with another zero. Unlike the unit Cartesian vectors, the 

directions of these do depend upon the initial point. 

Since the grad ct, is a vector, it will haver, 8, and 'P components, which we 

designate by subscripts: 

dct, = dg•grad ct, 

= dr grad, ct, + r d8 grade ct, + r sin 8 d<P grad,,. ct,. (4.10) 

But from calculus we know that def, is also given by 

act, act, act, 
dct, = - dr + - de + - d<P· 

ar ae a<P 
(4.11) 

Since both of these relations are true for all values of dr, dB, and d<P, the 

coefficients of these differentials in the two equations must be equal: 

whence 

act, 
ar = grad, ct,; 

act, 
ae = r grade ct,, 

1 iJct, 
or grade ct, = r aei 

act, . 8 d -a = r sm gra ,p ct,, ~,, 
1 act, 

or grad,,. ct, = -.-8 a-· 
r sm 'P 

act, 1 act, 1 act, 
grad ct, = 1, -a + le - ae + l,,. -. - 8-;- · 

r r r sm u({J 
(4.12) 

In Cartesian coordinates the gradient and the divergence operators are 

identical, but this is not true in other coordinate systems. The operator 

which operates on ct, in Eq. (4.12) cannot be used to obtain the divergence of 

a vector. Nevertheless, we shall continue to use the symbol v' to mean 

either gradient or divergence in any coordinate system; we look upon this 

practice merely as a standard shorthand notation, and its use will not cause 

any confusion. 
We are now ready to calculate the field. We orient the polar axis along 

g, so that the angle between p and 1, is the polar coordinate angle. We 

apply Eq. (4.12) to the dipole potential of Eq. (4.8c), and we find the field to 

be 
E = lr _1_ 2p cos 8 + le _1_ p sin 8. 

41rEo r 3 41rEo r3 
(4.13) 

As we would expect from the symmetry of the problem, there is no 

<(!-Component of the field. 
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4.3. The force and torque on an electric dipole 

A nonhomogeneous electric field will exert a force on a dipole, and even a 
homogeneous field will exert a torque. We shall calculate the force and the 
torque by determining the forces on the two charges separately. 

First, we need a measure of the lack of homogeneity of the field - that 
is, a measure of its rate of change, or its derivative. Let us make this part 
of the calculation for a general vector field r(r). The value of the field at a 
point which is distant dg from r is r(r + dg),. In Cartesian coordinates we 
can write it as 

r(r + dg) = l.r,,(r + dg) + lyI'y(r + dg) + l,r,(r + dg). (4.14) 

Each component r i of r can be expanded into 
a a a r;(r + dg) = r;(r) + ax ri(r) dx + ay ri(r) dy + az r;(r) dz 

= ri(r) + (dg•v')ri (r). (4.15) 
When we add up the components, we have the vector expression 

r(r + dg) = r(r) + (di;,·v')r(r). (4.16) 

We define the directional derivative of the field to be 

direct_ional de_riva~ive of = (l . v') r. 
r m the dll'ect10n IP P 

(4.17) 

In coordinates other than Cartesian, the calculation of the directional 
derivative is more involved because the directions of the unit vectors change 
as we go from r tor + dg. Nevertheless, we use the symbolism of Eq. (4.17) 
in all coordinate systems. 

Let us now return to the electric dipole, and write expressions for the 
forces on the charges - Q at r and +Q at r + dg. We find that 

force on -Q = F_ = -QE(r), (4.18a) 
and 

force on +Q = F+ = Q{E(r) + (~·v')E(r)}· (4.18b) 

Fig. 4-3. The forces on the components of a dipole 
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The net force on the dipole is just the sum of these two, as we see in Fig. 4-3. 

QE(rJ 

-QE(rJ -() 

Fig. 4-4. Even balanced 
forces result in a torque on a 
dipole 

F=F++F_ 

= Q((•V)E(r) 

= (p• V)E(r). (4.19) 

The torque on the dipole can be calculated 
much more easily because it does not depend on 
the nonuniformity of the field. If we neglect the 
contribution Q(t • V)E to the force on the positive 
charge, we have just the pair of coplanar forces 
shown in Fig. 4-4, which give a torque 

T = QtE(r) sin (E, () 

= pE(r) sin (E, p). (4.20) 

4.4. The polarization of a dielectric 

By a dielectric we mean any material medium - solid, liquid, or gaseous -
which is a good insulator. Wp.en such a material is placed in the electric 
field of a charged capacitor, we find that '(if the charge is held fixed) the 
potential between the. electrodes of the capacitor decreases. It is also found 
that an uncharged dielectric body is attracted by an electric charge of either 
sign. This may be demonstrated by rubbing one's fountain pen on his coat 
sleeve, then picking up small bits of paper and dust with it. 

These effects may be explained by the polarization of the molecules of 
the dielectric material. Since the material is an insulator, it is not possible 
for the charges to move through it; nevertheless, the application of an elec
tric field will displace along the axis of the field the centers of charge of the 
protons and electrons of an electrically neutral molecule, causing the mole
cule to have a dipole moment. Besides this effect, there are some molecules 
the centers of whose charges are always displaced, so that they have 
permanent dipole moments. These are called polar molecules; those whose 
centers of charge normally coincide are called non-polar molecules. With 
zero applied field, the polar molecules, being subject to thermal motions, are 
oriented randomly so that there is no external effect. When a field is .applied, 
they tend to align themselves with the field; this tendency is opposed by the 
thermal motion, but at any instant most of the molecules will be oriented so 
that there will be a net component of their dipole moments parallel to the 
field. In either case, we can see that the material of the dielectric will con
tain an enormous number of tiny dipoles cooperating to produce external 
effects. 

We now look inside a non-polar dielectric. We draw an imaginary sur-
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face in the dielectric (the solid line in the center of Fig. 4-5), and we ask 
about the charge which crosses the surface when an electric field is applied. 
With the application of the field, a molecule is distorted, as is shown in 
Fig. 4-5. Suppose, first, that the negative charge remains stationary, while 
the positive charge is displaced a distance f This is shown in Fig. 4-5a. 
The net positive charge which flows across the surface will be that from each 
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(b) 

(c) 

Fig. 4-5. (a, b, c) Displacement of charges in a polariz,ed medium 

molecule within a distance f• ln, where ln is the unit normal to the s~rface. 
The volume of the dielectric which contributes is ~·In dS (Fig. 4-6), and the 
total charge which crosses dS is 

dQb = N vQb~ • ln dS, 

where N v is the number of dipoles per unit volume 
(that is, the number of polarizable molecules), and 
Qb the amount of charge which is displaced on each 
molecule. (We use the symbol Qb rathe'r: than Q to 
remind ourselves that we are dealing with charges 
which are bound to atoms; charges, that is, which can 
be displaced but which are not free tci move through 
the material like those in a conductor. A~tually, we 
are dealing with small blobs of charge, and not point 
charges, but our results will be accurate if~ represents 
the displacement of the center of charge of the blob.) 
The dipole moment, p, of a molecule is 

(4.22) 

(4.21) 

Fig. 4-6. The volume 
element from which 
charge flows outward 
across dS 
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Then the coefficient of In dS on the right side of Eq. (4.21) is 

NvQbt = Nvp, (4.23) 

which is the dipole moment per unit volume of the material. To this we give a 
name, the polarization of the medium, and we denote it by the symbol P: 

P = Nvp = NvQbf 

Then Eq. (4.21) may be written as 

dQb = P•lndS. 

(4.24) 

(4.25) 

We might just as well have supposed that the positive and negative charges 
within the molecule were displaced by equal amounts V2 in opposite directions, 
as in Fig. 4-5b. Here the volume contributing to the flow of charge would 
have a depth t · In/2 on each side of the surface. A positive charge of 
N vQbt, In dS/2 would cross the surface from left to right, and an equal 
negative charge from right to left. The net flux of charge would still be 
N vQbt • In dS. 

Finally, if only the negative charges were able to move, the contributing 
volume would have a depth t • In on the. right of the surface, as in Fig. 4-5c. 
There would be a flux of charge equal to - N vQb~ • In dS to the left, which is 
equivalent to + N vQbt • In dS to the right. 

Now consider a volume element AV within the dielectric. One of its 
faces is the dS of which we have been speaking, and ln is its outward 
normal. If we integrate the dQb of Eq. (4.25) over the surface of AV, we 
shall obtain AQ!ut, which is the net charge which flows outward when 
the material is polarized. It is, 

AQ!ut = { P•In dS. 
}t.v 

Originally the material was electrically neutral, so the charge remaining 
inside is just the negative of AQ!uti if we call it AQfn, it is related to the 
polarization by 

(4.26) 

(Both AQtut and AQfn are of the same order of smallness as dQb; we use A's 
instead of d's merely to distinguish them from dQb.) Let us express the last 
relation in terms of Qt, the volume density of polarization charge, which is 
defined by · 

Qf = AQfn. 
AV 

We shall no longer have occasion to refer to the outward-moving charge, so 
we do not need to distinguish Qt by a subscript Cn), Also, it is convenient 
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now to use the more familiar notation ln dS = dS. With these changes, 
Eq. (4.26) becomes 

( P•dS = -Qt ti V. 
}av 

When we divide this equation by ti V, the left side is just the divergence of 
the polarization, according to Eq. (2.54), so that 

div P = -Qt. (4.27) 

We see from this relation that the density of bound charge will vanish unless 
P varies from point to point in a particular manner. We will find shortly 
that, except perhaps in some rather queerly behaved materials, P can vary 
in that manner only when there is free charge present. 

Because Eq. (4.27) is a general point statement, we can integrate it over 
a finite volume and transform it by the divergence theorem to obtain 

J P·dS = -Q\ (4.28) 

which is Gauss' law for the electric polarization, the integral statement cor
responding to Eq. (4.27). Here Qb is, of course, the net bound charge inside 
the surface over which the integral is taken. 

4.5. The dielectric parameters 

In order to discuss the behavior of a dielectric material, it is convenient to 
introduce some parameters, which are really nothing but factors of pro
portionality among the field quantities. 

In most dielectric materials, but certainly not in all of them, the dis
placement of the charges is proportional to the electric field and in the same 
direction. Since the polarization •is, in turn, proportional to the displace
ment, we have 

po: E, 

which we can make into an equation by using a new coefficient, Xe, com
bined with Eo: 

p = EOXeE, (4.2~) 

The new coefficient is the electric susceptibility; it has no dimensions. 
Clearly, since it pertains to the polarization, its value depends on the ma
terial of the dielectric. We shall call all materials for which Eq. (4.29) is 

valid, and for which Xe is independent of both the strength of the field and of posi

tion of the point of observation within the medium, Class A dielectrics. For 
these materials, the dipole moment of a molecule must also be proportional 
to the field; the factor of proportionality is a, the polarizability of the 

molecule, so that 
P = aE. (4.30) 
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The electric field near a polarized dielectric must be caused by all 
charges, free and bound, on the dielectric and elsewhere. That is, 

1 E=-
41reo 

f Qv ~ Qi lpdV. 

all 
charges 

(4.31) 

By implication, the integration of Eq. (4.31) extends to any surface distri
butions of charge as well as to the volume distributions. This field can be 
measured - at least in principle - outside a dielectric, but not inside a 
solid body. Furthermore, inside a fluid, the measurement would be greatly 
complicated by the fluid pressure. Nevertheless, inside the dielectric we 
define an unmeasurable quantity by the same equation and call it the 
electric field. Then from the point form of Gauss' law for the field, it is true 
that inside the dielectric 

div E = Qv + Qi, 
EO 

Let us substitute -div P for Qt; this gives us 

div E = _! (Qv·- div P), 
Eo 

and we can rearrange this equation to read 

div (eoE + P) = Qv. 

(4.32) 

(4.33) 

The quantity (eoE + P) appears so frequently that it is given a name and a 
symbol of its own: it is called the electric displacement, and represented by D: 

D=eoE+P 

= eo(l + xe)E. 

We define the dielectric constant, Ke, to be 

Ke= 1 + Xe• 

Finally, we define the electric permittivity of the medium to be 

E = KeEo = eo(l + Xe), 

so that we may write 

D = eE. 

(4.34a) 

(4.34b) 

(4.35) 

(4.36) 

(4.37) 

When we examine these equations, it becomes clear that e0 is the contribu
tion to the permittivity which is due to free space, and EoXe is the additional 
contribution from the dielectric material which occupies the space. 

In Sec. 4.4 we stated that the volume density of bound charge is zero 
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unless there is a free charge present. We shall now show that this is true. If 
we combine Eq. (4.29) with Eq. (4.37), we find that 

so that 

or 

p = XeD 
' Ke 

div P = K<. div D, 
Ke 

Qi = - Ke Qv (Class A dielectric). 
Ke 

(4.38) 

That is, for a Class A dielectric, the volume density of bound charge is pro
portional to that of the free charge. 

It might appear that we could substitute Eq. (4.38) into Eq. (4.31) and 
hence calculate the field in a dielectric from the free charges alone. How
ever, Eq. (4.38) does not account for the surface distributions of bound 
charge which will exist on the dielectric interfaces. Only in the case when 
there is a single Class A dielectric pervading all parts of space where the 
field exists, can we substitute for Eq. (4.31) the simpler expression 

E = 
4
_!_ f Q; IP dV (special case). (4.39) 

'lrE p 

Here the integration implicitly covers all free surface charges on conductors, 
just as did the integration in Eq. (4.31). 

The student may be dismayed by the relatively large number of rela
tions which we have obtained among the polarization, field, and displace
ment. However, a quick {eview of the section will show that they are really 
but different ways of saying the same thing. In a given problem, it will be 
found that one of them can be used more conveniently than the others. In 
dealing with macroscopic dielectric bodies, and in engineering situations, 
Eq. (4.37) is used most frequently. 

4.6. The general behavior of dielectric materials 

Linearity. We have stated that the displacement of the charge in a 
molecule is proportional to the intensity of the applied field. The field 
applies a force in opposition to those forces which normally hold the charge 
in an equilibrium position. These latter forces are, of course, electromagnet
ic in nature, but it causes no confusion in our thinking if we consider them 
as being distinct from the force due to the external field. The important 
thing is that the restoring force is proportional to the displacement. This is 
typical of a number of similar situations for which there is a 
simple mathematical explanation. Suppose that we expand the restoring 
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force F in a Maclaurin's series in powers of the displacement I;. Since 

F(O) = 0, 

F(l;) = l;F'(O) +½il;2F"(O) + + ... 11;nFn(O) + ... , (4.40) 

where Fn(O) indicates the nth derivative of F, evaluated at I; = 0. Unless 
F'(l;) vanishes, F(l;) must be proportional to I;, for I; sufficiently small. The 
restoring force F just balances the force exerted by the field, and so the dis
placement must be proportional to the field. The question of how far this 

linearity extends depends on the magnitudes of the higher derivatives of the 
restoring force but, fortunately for the simplicity of our analysis, they are 

small in many physical situations. This same reasoning "explains" (or at 
least makes plausible) other empirical results such as Hooke's law and 

Ohm's law. 
Now consider a gas of polar molecules. When there is no external field, 

thermal agitation will prevent any ordering of their orientations, so that 

their average dipole moment - and hence the polarization of the medium 
- are zero. When an external field is applied, there will be a torque on each 
molecule which is opposed by a torque due to the thermal agitation. There 
is then a partial orientation of the dipoles; the quantity of interest is the 
average dipole moment, which now has a component parallel to the field. 
Let us call the average moment p; it is related to the average value of the 
scalar product p•E (which we denote by p,E) and to the unit vector along 

' the field direction, h, by 
- p•E 
p = E IE. (4.41) 

If we apply the Maclaurin's series discussion which we used above to the 
polar-molecule gas, just replacing forces by torques, we shall find that the 
average moment of a polar molecule is also porportional to the field when 

the field is not too large. Experiments verify this statement. 
Temperature variation. Polar molecules are distorted as well as 

oriented by a field. The distortion is in the direction of the field and 
produces effects identical with those of non-polar molecules. This may be 

expressed by writing with susceptibility in two parts: for a polar molecule, 

Xe = (xe)p + (x,)n-p, (4.42) 

where (x,)P arises from orientation of permanent dipole moments, (x.)n-p 

from the distortion of the molecules. The polar part of the susceptibility 
decreases with increasing temperature because the thermal agitation, which 
produces the restoring torque, is greater at higher temperatures. However, 
the distortion of the molecule by the field is independent of temperature, so 
the two terms of Eq. (4.42) can be distinguished experimentally by making 
measurements of susceptibility over a range of temperatures. 

Non-Isotropy. A much more radical departure from the characteristics 
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of the Class A dielectrics occurs in many crystalline substances. Here the 
restoring forces are such that the displacements of the charges are not in the 
direction of the field. A mechanical .analog, in which the external and 
restoring forces are not parallel, is shown in Fig. 4-7. In a crystal both the 
restoring and the constraining forces are a combined effect of several atoms 

Fig. 4-7. A model of a non-isotropic medium 

in the vicinity of each displaced electron group. In a non-isotropic medium, 
each component of the polarization depends upon each component of the 
applied field. That is, 

(4.43) 

The Xii are the components of a tensor. 
Nonhomogeneity. In case the susceptibility is a function of position, 

x. = x.( x, y, z), the equations of Sec. 4.5 will be unaltered. But, while in a 
Class A dielectric 

div P = div (x.EoE) = XeEo div E, 

in a nonhomogeneous medium [see Appendix, Eq. (A.3)], 

div P = XoEo div E + EoE•grad x.. (4.44) 

In terms of the displacement, for the nonhomogeneous substance, 

div D = E•grad E + E div E. (4.45) 

In such a material, there may exist a divergence of the field even when 
div D = Qv = 0, but then there will be a bound charge having a density of 

(4.46) 

Effect on capacitance. We have hinted a number of times at the 
effect of introducing a material dielectric into a capacitor.· A calculation 
may be very complicated if the dielectric is non-linear or nonhomogeneous, 
so we shall derive the effect only for a Class A dielectric. From the results 
we can make inferences for more general cases. 
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First, we suppose a capacitor whose dielectric is free space, with a 
charge Q, a charge density Qs on its electrodes, a potential difference /),_cp0. 

and a capacitance C0• Having determined all these quantities, we proceed 
to fill all the space in and about the capacitor where there is any electric field 
with a Class A dielectric material having a dielectric constant Ke, We keep 
the charge Q the same. Since the dielectric is uniform, Qs will remain every
where unchanged. The field was formerly given by 

E = _l_f QslpdV. 
41reo p2 

' 

it is now given by 

E = _l_ J QslpdV, 
41re0Ke p2 

so the new field has the same functional behavior as the old one, but it is 
everywhere reduced by a factor l/Ke from its original value. Then the 
potential will also have the same functional dependence, but it, too, will be 
smaller by a factor of 1/ Ke. The displacement, which is given by KeeoE, will 
have the same value everywhere as it did with free space as a dielectric. 
Because of the change in the potential, the capacitance is now 

Q 
C = /),_cp 

Q 
/),_cpo/ Ke 

= KeCo. (4.47) 

That is, the effect of the material dielectric is to increase the capacitance by 
just a factor equal to the dielectric constant. 

When the dielectric is not uniform, or when two or more different di
electrics are in the field, the calculation is more difficult, but the effect is 
always to increase the capacitance. A dielectric will have more effect when 
it is placed in a r'egion where the field is intense. 

4. 7. The electric displacement 

From Eq. (4.33) and the definition of displacement, we know that 

div D = Qv, (4.48) 

where Qv is the volume density of free charge. If we integrate both sides of 
Eq. (4.48) over a volume and apply the divergence theorem to the result, 
we obtain JV, Dc-W; f D,ds;;. C( . 

---->~ _J3-1y_D,,dS = Q, (4.49) 

where Q is the free charge enclosed by the surface of integration. These two 
equations form another point-statement and · integral-statement pair. 
There are a number of very important remarks which we must make about 
these equations and about the electric displacement. These remarks are: 
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(1) The divergence of the displacement is equal to the volume density 
of free charge in any isotropic medium, and the surface integral of the dis
placement is equal to the free charge enclosed, regardless of the linearity or 
homogeneity of the enclosed medium, as long as it is isotropic. For example, 
the surface may enclose subregions having different values of E and Ke• 

(2) When we want our results expressed in terms of free charge only (as 
we usually do), then our earlier expression for div E [Eq. (2.57)] and the state
ment of Gauss' law for the field [Eq. (2.35)] are contained in Eqs. (4.48) and 
(4.49) as special cases. In the future, we shall consider Eqs. (4.48) and (4.49), 
which contain the displacement instead of the field, to be the general statements of 
Gauss' law for all electric problems. If the bound charge is to appear explicitly, 
Eq. (4.32) may be useful. 

(3) Equations (4.48) and (4.49) are valid when the charge and displacement 
are changing with time. Equations (4.48) will be used later as one of Maxwell's 
equations. 

To summarize, the effects of the polarization of the medium and of the 
appearance of the bound charges on its surfaces are both taken into account 
when we use the divergence of the electric displacement instead of the di
vergence of the field, and when we use Gauss' law for the displacement 
instead of for the field. 

4.8. Boundary conditions at a dielectric interface 

We shall apply Gauss' theorem to find the 
boundary condition on the normal component 
of the displacement at a dielectric interface. 
As we did in Chapter 3, we construct a Gaussian 
surface in the form of a small pillbox, half in one 
medium, and half in the other (see Fig. 4-8). 
Again as in Chapter 3, we make the flat surfaces 
so small that the displacement in each medium 
is essentially constant over the surface which is 
in that medium, and we make the area of the 
curved surface negligbily small compared with 
that of the flat surfaces. Our rule that the 
Gaussian surface must have the same symmetry 
as does the geometry of the problem itself is 
satisfied, since we are looking at a segment of 
the interface which is so small that we consider 
it to be plane, and the end surfaces of the 
pillbox are also plane. When we integrate over 
the surface of the pillbox, we obtain 

(D1 • l1n + D2• l2n) dS = dQ 

= QsdS. 

Fig. 4-8. A Gaussian surface 
in the form of a pillbox, 
partly in Medium 1 and 
partly in Medium 2. The flat 
surfaces are so small that the 
displacement, D, is essential
ly constant over each one, 
and the area of the curved 
surface is negligibly small 
compared with that of the flat 
surface 
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We divide by dS and replace l2n by -lini then we have 

(4.50a) 

We could just as well have replaced l1n by - l2n, which would have led to 

(4.50b) 

We can abbreviate either of these equations to 

(4.51) 

In words, this equation says that at the boundary there is an increment, or a 
discontinuity, in the normal component of the displacement which is equal 
to the surface density of free charge. Now, that part of the displacement 
which is due only to a positive surface charge is directed away from the 
surface on both sides (and conversely for a negative charge), so that the 
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Fig. 4-9. The normal component of the displacement at a dielectric 
interface obeys the boundary condition 

t:i.Dn = Qs 

This figure says nothing about the tangential component of D 

increment of Dn in the direction in which we cross the surface has the same 
sign as Qs, no matter in which direction we cross. This is shown in Fig. 4-9. 

Very of ten, when both mediums are dielectrics, there is no free charge on 
the interface. Then 

t::.Dn = 0 (no free charge on interface). (4.52) 

For this case, if we substitute D = eE, we find that 

(no free charge on the interface). (4.53) 
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Our next development is to determine the 
boundary conditions on the tangential components 
of the field and the displacement. Let us integrate 
the electric field around the rectangular loop 
which is shown in Fig. 4-10. We make the side a 
so small that E is essentially constant along it, on 
both sides of the surface, and we make b negligibly 
small compared with a so that we may neglect the 
contribution to the integral which comes from the 
ends of the loop. (Notice the resemblance between 
th{l procedure which we are using here and that 
which we used on the Gaussian pillbox). Since 
the electric field 1s conservative, the integral 
vanishes: 

f E•dg = 0. 

Because of the conditions which we have imposed 

I ~1 l 
r,1f:D 

t,1f: 

81 

2 
oiut-1 

Fig. 4-10. The loop about 
which we integrate E • d9 
to derive the boundary 
condition that t:,.E, = 0 at 
the interface between two 
mediums 

on the dimensions of the loop, the above equation reduces to 

Eua - E21a = 0, 
or 

Eu = Eu. (4.54a) 

Here the subscript (1) denotes the tangential component of E. Equation 
(4.54a) may be stated more succinctly as 

Lill t = 0. ( 4.54b) 

If we substitute D/E for E, Eq. (4.54b) says that the boundary condition on 
the tangential component of D is 

Du E1 ( 4.55) 
D21 = ~-

If one medium is a conductor, there may be a free surface charge on it, 
but the displacement in the conductor is zero. Then !:J,.Dn is just equal to the 
value of Dn in the dielectric: 

Dn = Q8 (in a dielectric at the surface of a conductor). (4.56) 

When we substitute D = EE in Eq. (4.56) we find that 

En = Qs (in a dielectric at the surface of a conductor). (4.57) 
E 

We have seen this relation before (with Eo instead of E), in Chapter 2. For 
this case, the boundary condition on the tangential components of D and E 
become 

De= 0, Et = 0 (in a dielectric at the boundary with a 
conductor). (4.58) 
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We know from Sec. 4.4 that 

divP = -Qt. 

Let us integrate div P over the volu.::ne of the same Gaussian pillbox which 
is shown in Fig. 4-8, and then .transform the volume integral into a surface 
integral; we obtain 

0--0 - + 

DIELECTRIC 
p 

o: POSITIVE 

FREE SPACE 

P•O 

Fig. 4-11. The polarization 
is directed toward a surface on 
which there is a positive 
bound charge 

(4.59) 

The boundary condition relating P n and Qt is 
the same as that which relates Dn to Q8 , except 
for the sign. In Fig. 4-11 we see the polarized 
molecules, the polarization and the bound 
surface charge near the boundary between a 
dielectric and free space. We see that the 
polarization P is directed toward the positive 
bound surface charge Q~, while in Fig. 4-9 the 
displacement D is directed away from the 
positive free surface charge Q8 . In the more 
general situation of a boundary between two 
different dielectric materials, the Q~ of Eq. 
(4.59) is the total bound charge on the surfaces 
of both dielectrics. If one medium is either a 
conductor or free space, P = 0 in it, and t.P n 

is just the value of P n in the dielectric. The 
existence of a bound surface charge and of a 
discontinuity of the polarization are related 

to the discontinuity of e and of Ke at the boundary. In a region where these 
two quantities change smoothly, even though rapidly, there will be a 
volume distribution of bound charge, as we found in Eq. (4.46), and div P 
will exist, but there will be no bound surface charge, and P will be con
tinuous. 

Fig. 4-12. The "refraction" of the displacement and of the field at a 
dielectric interface 
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From Eq. (4.54b) and our earlier discussion of the relations among the 
field quantities, it is apparent that 

t:..P t = 0 (if both of the dielectrics are isotropic). (4.60) 

Figure 4-12 shows the change in direction of the field quantities D and E 
which are implicit in the boundary conditions we have derived. (The arrows 
in the figure represent the vector directions and magnitudes of the field 
quantities at the common point on the surface, that is, at the position of the 
tips of the arrows in Medium 1, and the butt ends of the arrows in Medium 
2.) Because of the change in direction from one medium to the other, we 
sometimes speak of "refraction" of the field lines at a dielectric interface. 

In Sec. 4.5 we obtained a point expression which relates div E to both 
free and bound charges; it is 

divE = .!. (Qv + Qt). 
EO 

(4.32), (4.61) 

The corresponding integral statement is 

f E•dS = .!. (Q + Qb). 
Eo 

(4.62) 

We can use this in the usual way to find the boundary condition on En; the 
condition is 

t:..En = _! (Qs + Q~). 
EO 

(4.63) 

In practice, one seldom finds a free charge on an interface between two 
dielectrics but, if one medium is a charged conductor, there must be both a 
free charge on the conductor and a bound charge on the dielectric. 

All of the boundary conditions for two dielectrics which have been derived 
in this section are valid when the field quantities and the charge densities are 
time dependent, as well as for the static case. Those which depend on the 
vanishing of the field in a conductor, [Eqs. (4.56), (4.57) and (4.58)] are valid 
in the time-dependent case only in perfect conductors, but they are excellent 
approximations for good conductors. 

4.9. The electric field quantities D, E, and Pin a capacitor 

In Fig. 4-13 we see a parallel-plate capacitor with a flat slab of dielectric 
material between the plates. The regions of free space and dielectric are 
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numbered as shown. The relative 
dimensions of 1 and 3 do not matter, 
but for simplicity we require that all 
surfaces be parallel to one another, so 
that the field quantities are uniform 
in each region and normal to the 
interfaces. If the left plate is posi
tively charged, the field quantities 
D, E, and P will all be directed from 
left to right, as we have shown. 

Fig. 4-13. The field quantities in a 
parallel-plate capacitor containing a 
material dielectric 

We apply Eq. (4.56) to the bound
ary between the left-hand conductor 
and Region 1, and we find that 

Then 
D1 Qs 

E1 = - = -· 
Eo Eo 

At the boundary between 1 and 2 there is no free charge, so that 

b.D = 0, 
and 

(4.64) 

(4.65) 

(4.66) 

Notice that Q8 in this equation is the charge away back on the left-hand 
conductor; there is no free charge on the boundary surfaces of Region 2. 
From Eq. (4.66) we find the electric field inside the dielectric; it is 

D2 D1 1 Qs 
E2 = - = - = - E1 = -· 

E E Ke KeEO 

This field is smaller than the field in Region 1 by the factor 1/Ke. 

polarization in Region 2 is 

P2 = eox.E2 

Qs Xe Q =x.-=-1+ S· 
Ke Xe 

(4.67) 

The 

(4.68) 

According to Eq. (4.59), the negative density of bound charge on the left 
surface of the dielectric is 

Xe Q 
= 1 + Xe s. 

(4.69) 

There will be a bound charge on the right-hand face of the dielectric, having 

the same density but with a positive sign. 
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The presence of a bound surface charge means that there must be a 
discontinuity in the electric field. Let us calculate the discontinuity and 
compare it with the difference between the fields which we have already 
found in regions 1 and 2. We will use Eq. ( 4.63); since there is no free 
charge on the 1-2 interface, the increment in Eis due entirely to the bound 
charge density: 

which, when we use Eq. (4.69), becomes 

E2 - E1 = - _X_e_ Qs_ 
1 + Xe Eo 

(4.70) 

From Eqs. (4.65) and (4.67) we have another expression for the discon-
tinuity in the field; it is ,._ 

E2 - E1 = Qs - Qs 
EoKe Eo 

Xe Qs = ----, 
1 + Xe Eo 

(4.71) 

which agrees with Eq. (4.70). We may think of the increment as being due 
to a field Eb (see Fig. 4-14) which is due only to the bound charges on the 
dielectric surfaces. The field Eb is directed from the positive bound charge 
on the right surface of the dielectric toward the negative bound charge on 
on the left; Eb opposes the field due to the free charges, and this accounts for 
the reduction in field inside the dielectric. Because the bound charge 
densities are equal in magnitude and opposite in sign, the field Eb vanisqes 
in Regions 1 and 3. 

Let us investigate the force den-
sity on a charged conductor which 
is touching a dielectric. The force 
density must depend only on the 
charge density, the local field, and 
(we might expect) the nature of the 
dielectric. It should not depend on 
the shape of the conductor, and itis 
easiest to make tlie calculation for 
the parallel-plate capacitor, which is 
shown in Fig. 4-15. At a point on the 
right-hand plate, there will be an 
electric field Qs/ Eo which is due to the 
free charge on the plates of the 

· capacitor. Any field due to the 

Fig. 4-14. Showing the reversed field 
due to the bound charges; Eb = Qt/Eo 

bound charges on the opposite faces of the dielectric will be zero, because 
the bound charges are equal in magnitude and opposite in sign. Hence, the 
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field and the force density on the 
right-hand plate are just what they 
would be if no dielectric were present. 
A force of equal magnitude must be 
exerted on the other plate, so the force 
density there must also be the same as 
it would be if no dielectric were pres
ent. The force density dF / dS on the 
surface of a charged conductor is 

Fig, 4-15. A parallel-plate capacitor 
which is partly filled with a material 
dielectric 

(4.72) 

Of course, if we express this result in terms of the local field, or of the 
potential difference between the plates, then a parameter of the dielectric 
will appear. 

4.10. Energy density in a material dielectric 

One of the expressions for the energy of a charged capacitor is 

If we apply this relation to a parallel-plate capacitor, we know that 

Q = QsA, 

and il<J, = Ea, 

(4.73) 

where A is the area of the plates, E the field between them and a is their 
separation. Then 

1 
W = 2QsAEa. 

But Qs is equal to the displacement in the region between the plates, and 
Aa is the volume of the region. Hence we can rearrange the expression once 
more to obtain 

1 
W = -E•DV 

2 ' (4.74) 

because E and Dare parallel, so that ED = E • D. From the last statement, 
we infer that energy is store.cl in the field in the dielectric with a density 

dW 1 
dV = 2E•D. (4.75) 
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We have arrived at this result without specifying whether the dielectric in 
the capacitor is free space or matter; hence this result is a generalization of 
the result which we obtained for free space in Sec. 3.7. It has the same 
standing as the earlier one. That is, we have not proven its validity, but 
it is very plausible, and it does not contradict any known theoretical or 
experimental result. The statement which we have obtained here is more 
useful than the one we made in_Chapter 3, because it applies to dielectric 
materials as well as to free space; Eq. (3.17) is a special case of Eq. (4.75). 

4.11. The electrostatic units 

We must now take time out for a discussion of the electrostatic system of 
units, because they were used in many valuable textbooks and because they 
are still used in papers on atomic and nuclear physics. We shall find that 
some equations are the same in esu as in mksa, while others differ by 
factors of 41r or Eo. The 41r appears (or disappears) only because the esu 
are not rationalized (see Sec. 2.5), but the Eo is due to different points of 
view taken in setting up the two systems. We shall write the esu equation 
on the left, and its corresponding mksa equation on the right, each with its 
associated units. 

The units of charge are defined (in principle) from the force equations: 

esu 

F in dynes, Q in esu of 
F = QiQz charge, and r in centir2 

meters. 

F =-l_Q1Q2 
41rEo r2 

mksa 

F in newtons, Q in 
coulombs, and r in 
meters. (4.76) 

The esu of charge is usually called simply an esu, sometimes a statcoulomb. 
One esu = (3 X 109)-1 coulomb. 

In each system the electric field is defined as 

F E=-
Qi 

so that the field from a point charge is, in free space, 

E = g 1 dynes/ esu, 1 Q newtons/ coulombs, 
E = 4- 2 1r or volts/meter. r2 ' or statvolts/cm. 1TE0 r 

(4.77) 

One statvolt = 300 volts. 
In each system, the potential is defined in terms of work per unit charge, 

so that 

ct, = - f E•d~ and E = -grad ct,. 
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However, the potential from a point charge is, in free space, 

esu mksa 

Q ergs/esu, 
cf, = r or statvolts. 

l Q joules/coulomb, 
cf,= 41rEor or volts. (4.78) 

Gauss' law is 

f D•dS = 41rQ f D•dS = Q (4.79) 

and 

div D = 41rQv. divD = Qv. (4.80) 

The capacitance of a parallel-plate capacitor is 

C 
l A . 

= -
4 

- centimeters. 
,ra 

A 
C = Eo - farads. (4.81) 

a 

One centimeter of capacitance = (9 X 1011)-1 farads, or very ne~rly one 

micromicrofarad. 
The energy density in the electric field is 

dW. l ED / dV = S1r • ergs cu cm. dW. l ED. 1 / dV = 2 • JOU es cu m. 

(4.82) 

The dipole moment and the polarization are defined in each system just 

as we defined them earlier in this chapter, so that 

divP = - Qt, (4.83) 

but in esu the polarization and the field have the same dimensions, so that 

P = x.E statvolts/centimeter; 
I 

P = Eox.E coulombs/square meter; 
(4.84) 

in each system the susceptibility Xe has no dimensions. 
In esu, as in the mksa system, the electric field is defined as being due 

to both free and bound charge distributions, but this definition now results 

Ill 

div E = 41r(Qv + Qt), div E = Qv + Qt, (4.85) 
EO 

so that 

div (E + 41rP) = 41rQv esu/cu cm. I div (EoE + P) = Qv coulombs/cum.• 
(4.86) 
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The electric displacement is defined from the last equation to be 

esu mksa 

D = E + 47rP statvolts/cm. D = EoE + P coulombs/sq m. 
(4.87) 

with 

E = 1 + 471'"Xe, no dimensions. 

= KeEoE = EE, ( 4.88) 

E = Eo(l + xe) farads/m. (4.89a) 
or Ke = 1 + x,, no dimensions. 

(4.89b) 

The E of the esu and the Ke of the mksa are the same, .in both dimensions 
and magnitude. The symbol Ke is sometimes used 'in the esu system. By 
Eq. (4.86); 

div D = Qv. , (4.90) 

The density of the total charge is, in a Class A dielectric medium, 

Qv + Q} = Qv, 
Ke 

(4.91) 

so that ✓ 

E = ! ;· Q; 1, dV. 
E r 

1 J Qv E = 47rE 71,dV. (4.92) 

In esu, the effect of the medium appears through the factor 1/E; in mksa we 
take account of it by replacing Eo by E (which is the same as dividing by Ke). 

We can get any esu equation from its mksa counterpart by replacing 

471'"Eo by unity 

471'"E by E or Ke 

D by D/471'". 

To recapitulate the magnitudes, 

2. Jeans, Chap. I. 
3. Frank, Chap. 13. 

1 coulomb = 3.00 X 109 statcoulombs 

300 volts = ·1 statvolt 

1 farad = 9.00 X 1QLI centimeters. 
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PROBLEMS 
1. A polar molecule in an electric field is capable of doing work; that is, it 

has potential energy. Show that the potential energy, U, is 

u = -p•E. 

2. A polar molecule has a dipole moment of 2.3 X 10-31 coulomb-m. What is 

the greatest torque which can be exerted on it when it is placed in a field of 200 

v perm? 

3, The dielectric constant of hydrogen under standard conditions is 1.000264. 

(a) Find the polarizability (dipole moment divided by field intensity) of the 

hydrogen molecule. 
(b) Assuming the ideal gas law to be obeyed, find the dielectric constant of 

hydrogen at a pressure of 20 atm and a temperature of -200°0. 

4. A molecule has a polarizability of 4 X 10-34 coulomb-m per v per m. It is · · 
placed 3.5 cm from the origin, in a region where the electric field changes linearly 

from 200 v per m at 3 cm from the origin to 250 v per m at 4 cm from the origin. 

What is the force on the molecule? 

5. In a. gas having 8 X 1020 molecules per cu m, the dielectric constant is 

Ke = 1.0003. An electric field of 1000 v per m is applied to the gas. Find the 
dipole moment per molecule. 

6. In Eq. (4.40), why is there no F(O) term? Discuss the significance of the 
terms ~np<n)(0), where n is even. · 

7. Find div E, in a region which contains no free charge, but which iE non

homogeneous. 

--x 

Fig. 4-16. 

8. The dielectric material in the capacitor shown in Fig. 4-16 
has the peculiar property that its electric permittivity varies 
like f = axn. Between the plates, where the electric field has 
only an x-component, show that 

divE = _ nE_ 
X 

9. A point charge Q is placed at the center of a cube de
scribed in a dielectric which extends to a very great distance in all 
directions. Find the flux of the electric displacement through one 
face of the tube. 

10. A point charge Q is placed at the center of a sphere which is described in an 

infinite dielectric medium. A spherical triangle each of whose angles is 90° is 

described on the surface of the sphere. Find the flux of the electric displacement 

through the triangle. 

11. In Fig. 4-12, find the relation connecting the angle between the normals 

to the surface and the quantities E and D on one side of the interface to the cor

responding angle on the other side. 
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12. Using the ideas of Sec. 4.9, calculate the capacitance of a condenser made 
of two concentric metal spheres, the space between which is filled with a material 
dielectric. 

13. For the capacitor of Problem 12, find E, P, and D for a point in the dielectric 
medium when the condenser is charged to a potential difference cp. Also find the 
density of free charge on the surface of each sphere, and the density of bound 
charge on the inner and outer surfaces of the dielectric. 

14. Calculate the capacitance per unit length of a pair of infinitely long metal 
cylinders, the space between which is filled with a material dielectric. 

15. For the cylindrical capacitor of Problem 14, make the calculations required 
in Problem 13. 

16. A solid dielectric having a permittivity E is inserted between the plates of 
a parallel-plate capacitor while the potential difference is kept constant. The 
dielectric entirely fills the space between the plates. Show that the force density, 
dF / dS, increases by a factor of K2• 

17. Show that, if the dielectric were removed from the capacitor shown in 
Fig. 4°i5, the capacitance would decrease by a factor of 

18. The belt of a Van de Graaff generator has a dielectric constant K,. The 
belt carries a charge of density Q8 , on one side only. Show that 

(a) The field and the displacement outside the belt have the same magnitudes 
but opposite directions on opposite sides of the belt. 

(b) The field inside the belt is Qs/(2K.Eo). 
(c) The bound charge densities on the surfaces of the belt are± (K,- l)Qs/ (-2K.). 

19. An infinitely long metal cylinder has a radius a; it bears a ch~rge of QL 
coulombs per meter. It is surrounded by a conc~ntric dielectric cylinder of inner 
radius a, and outer radius b. Find the energy density throughout the surrounding 
space, as a function of the distance R from the axis of the cylinder. 

20. A metal sphere of radius a bears a charge Q. The permittivity of the 
surrounding region varies with r according to the equation E = Eo(l + b/r). Find 
the energy density as a function of r. 

21. Show that the potential in the region around the sphere of Problem 20 is 
given by 

Q 1 ( b) </> = - - log 1 + - · 
41rEo b r 

22. A parallel-plate capacitor is connected to a source of constant potential 
difference. The plates are separated a distance b, and between them is a slab of 
dielectric material of thickness a; a < b. Neglect edge effects. 

(a) Find the energy stored in the capacitor, and the energy density in the 
dielectric and in the free space between the plates. 
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(b) Suppose the separation between the plates is changed to c, where a< b < c, 
while the thickness of the dielectric is unchanged. Find the energy stored in the 
capacitor, and the new values of the energy densities. Does the source of potential 
do work, or is work done on it? 

23. An automobile storage battery has a terminal potential difference of 6.8 
volts. How many statvolts is this? 

24. A 1.0 µf capacitor is connected to a 500-volt source. What are its capac
itance, potential difference, and charge in esu? 

25. The dielectric of the capacitor of Problem 24 has a thickness of 0.01 mm, 
and a dielectric constant of 2.5. Find the electric displacement in the dielec
tric, in coulombs per sq m and in statcoulombs per sq cm. 

26. For the capacitor of Problem 24, what is the density of bound charge on 
the surface of the dielectric, in appropriate esu and in mksa units? 



5 Electrostatic Problems 

Introduction 

In practice, volume distributions of charge are found only in electron tubes. 
In electron tubes we have dynamic, not static problems, and rather 
specialized ones at that. It has been necessary to discuss volume distribu
tions in order to clarify our ideas, but actual static problems involve charged 
conductors imbedded in dielectric mediums; hence, we have to do only with 
surface charges, and the differential equation which the potential must 
satisfy in the region surrounding the conductors is Laplace's equation, 

'CJ2<j, = 0. 

(See Sec. 2.8.) This equation must be solved subject to certain boundary 
conditions, which are general limitations on the potential and the field at 
surfaces of discontinuity. We have shown in Chapter 3 that the solution is 
unique. Hence, when we find a solution which satisfies the boundary 
conditions, we know that it must be the only solution. 1 

Boundary conditions on the potential. From the arguments used in 
discussing the nature of a conductor in Sec. 3.1, we know that, in the static 
case, the potential must be constant over a conductor: 

<f, = const. over a conductor (static case). (5.1) 

The derivative of the potential in any direction gives a component of 
the field in that direction. Since the field cannot be infinite, the derivative 
of the potential must be finite, which means that the potential itself must be 
continuous everywhere. In particular, it must be continuous across a 
boundary surface: 

6.<j, = 0 (across any boundary). 

93 

(5.2) 



94 Electrostatic Problems Chap. 5 

Boundary conditions on the field and the displacement. In Sec. 4.8 
we found that the boundary conditions on the field and the displacement are 

and 
Dn = Qs (in a dielectric at the 

surface of a conductor). 

5.1. Types of electrostatic problems 

(5.3a,b) 

(5.4a) 

(5.4b) 

There are two general types of electrostatic problems.1 In the first, we are 
given one or more conductors imbedded in dielectrics. Known charges are 
placed on the conductors, and we want to find the distribution of the charge 
on each, the potentials of the conductors, and the potential of each point in 
the dielectrics. In another form of this problem, we may be given the 
potentials of the conductors and be asked to find the charge on each and its 
distribution, and again the potentials of points in the dielectrics. For 
example, we might have two metal spheres, with the charge or the potential 
of each specified. We would be asked to find the potential or the charge of 
each, and the potentials of all points in the space around them. 

In the second type of problem, we are given an initial field due to 
external sources (charges). Into this field we insert conducting or dielectric 
bodies, or both. We are then asked to find the charges and potentials of the 
conductors, the polarization of the dielectrics, and the potentials of points 
around them. For instance, we might be given an initially uniform field 
into which we place a metal sphere. What is the charge distribution on the 
sphere, its potential, and the potential of each point in its vicinity'? 

1n each of these problems, the potential must satisfy Laplace's equation, 
V2cf, = 0, everywhere; it must reduce to a constant value over the surface of 
each conductor, and the potential and its derivatives (the field components) 
must satisfy the other boundary conditions discussed in the Introduction to 
this chapter. A mathematician would say, "We are to solve a differential 
equation subject to the boundary conditions." 

Actually we do a great deal of this sort of thing in elementary physics, 
although the procedure is not outlined so formally in beginning courses. 
· Consider the problem of a body, of mass m, which at time t = 0 is at a 
position x0, moving with a velocity vo, and acted upon by a constant force F. 
Where is the body after a time t'? The differential equation of the problem 
is 

(5.5) 

1Stratton, (Reference 4), Chap. 3. 
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We can write the solution almost by inspection: 

(5.6) 

and 
IF 

x = 2m t2 + At + B. (5.7) 

Now for the boundary conditions; here, the boundary is in time rather 
than in space, but formally this is a trivial distinction. When we set t = 0 
in the last equation, we find that x(O) = B; hence, B = x0, the initial 
position of the body. From Eq. (5.6) we see that (dx/dt) 1-o = A, so that 
A = v0, the initial velocity. Then the complete solution of the physical 
problem, as formulated by the differential equation and the boundary 
condition, is 

IF 
X = 2 rii t2 + Vot + Xo. (5.8) 

The electrostatic problems are more complicated than this example 
because they involve partial differential equations in three dimensions, 
with three-dimensional boundary conditions, but the principles are very 
similar. One thing that did not show up in our example is the fact that 
there may be more than one - in fact, usually an infinite number - of 
solutions of '\72ct, = 0. If c/,1, c/,2, ... are solutions, then so is Act,1 + Bct,2 +, 
... , where A, B, ... are arbitrary constants (try it and see!). It is 
often necessary to combine solutions in order to fit the boundary con
ditions. 

Laplace's equation may be written in many different coordinate 
systems (Cartesian, spherical, cylindrical, etc.), and there is a set of solu
tions for each system. We choose the coordinates in which the boundary 
conditions may be matched most easily. For instance, in a problem 
involving orthogonal metal planes we shall use Cartesian coordinates and 
obtain sines and cosines of x, y, z as our solutions. But it would be dif
ficult to fit these trigonometric functions to the potential of a metal 
sphere. 

Just as with any differential equation - or any integration, for that 
matter - we can write the solution by inspection only when we have solved 
that equation before. That is, there is no direct method of integration. If 
one's past experience has been wide enough, he may recognize one function 
as being the derivative of another, as we did in the example of the moving 
body. In some cases one must write a very general function with undeter
mined coefficients, and try to find a set of coefficients which will make the 
function a solution of the differential equation. With some experience this 
is not as difficult as it sounds. Fortunately, there are a number of "typical" 
differential equations which appear frequently in physical problems. 
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5.2. Separation of coordinates 

There is one very important trick which we nearly always use in solving 
a partial differential equation; we "separate" it into a set of ordinary 
differential equations, one for each of the independent variables. The 
meaning of this may best be seen through an example. Suppose we are 
to solve Laplace's equation in Cartesian coordinates: 

(5.9) 

We assume (and the assumption is justified if it works) that we can write <I> 

as the product 
<t>(x, y, z) = X(x) Y(y)Z(z), (5.10) 

where X(x) is a function of x alone, Y(y) of y alone, etc. If we substitute 
this product into Laplace's equation, and remember that ax/ax is the same 
as dX/dx, we find that 

(5.11) 

We divide Eq. (5.11) by XYZ, and obtain 

(5.12) 

As we-move from one point to another in space, so that x, y, or z changes, 
the right ·side of the equation above remains constant; it is zero. If we 
move in such a way that x alone changes, the second and third terms on the 

left, which are independent of x, remain constant. Then ~ ::~ plus a 

constant is equal to another constant. This makes sense only if the ~c-term 
itself is constant; independent not only of y and z, but of x as well. Let us 
call it -ky. 

Then d
2

fx~x) + kiX(x) = 0 (5.13) 

is the ordinary differential equation in x which we have been seeking. We 
chose a negative square for the constant-simply because it will turn out · 
later to be more convenient that way. We. will know nothing about the 
actual value of - ki or of k1 until we try to meet the boundary conditions, 
just as in the problem of Sec. 5.1 we did not know what A and B were until 
we considered the initial conditions. 

The solutions of Eq. (5.13) are trigonometric functions and imaginary 
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exponentials. Let us try a power series method to verify this statement. 
First, suppose we change the variable; let 

and then the differential equation becomes just 

a2:U\u) + X(u) = 0. 

Next, we construct the power series 

When we differentiate this series, we find 
00 00 

X' = L nanun-I, and X" = L n(n - l)anun-2. 
n=O n=O 

We substitute X and X" into the differential equation: 
00 00 

L n(n - l)anun-2 + L anun = 0. 
n=O n=O 

(5.14) 

(5.15) 

(5.16) 

(5.17) 

(5.18) 

If the series is to be a solution of the differential equation, this equation 
must be true for all values of u which requires that the coefficient of each 
power of u, separately, be zero. The coefficient of un in Eq. (5.18) is 

(n + 2)(n + l)an+2 + an = 0, 

whence we obtain the recursion formula 
1 

(5.19) 

This equation provides a relation among the even coefficients, or among the 
odd ones, but the even coefficients are independent of the odds, and so we 
have two independent solutions of Eq. (5.15). If we start with a0 = 1, 
we obtain 

(5.20) 

these are just the coefficients in the power series expression for cos u = cos k1x. 
If we should start with a1 = 1, we would obtain ·· ·. 

1 
a2n-I = ( - l)n-1 (2n - 1)!' (5.21) 

and these are the coefficients in the expansion of sin u = sin k1x. Since 

e±iu = cos u ± i sin u, (5.22) 

we can combine the two trigonometric solutions to obtain two independent 
exponential solutions. 
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When we substitute Eq. (5.13) into Eq. (5.12), we obtain 

1 a2Y 1 a2z 
y dy2 + z dz2 - Id = 0. (5.23) 

If we use the same arguments that we used before we see that, when we 
move in the y-direction, the first term does not change; hence, it must be 
constant. Let us call it - kl, The ordinary differential equation in y is 

a2y 
dy2 + k~ Y = 0. (5.24) 

From Eq. (5.12) we now have left only the z-term and the constants: 

I a2z k2 k2 Z dz2 - i - 2 = 0, 

or 

where 
(5.25) 

The separation operation has led to one ordinary differential equation 
for each of the three spatial variables, with two independent constants 
(called separation constants, or constants of separation) which are as yet 
arbitrary. Notice that the third constant appearing in Eq. (5.25) is not 
arbitrary, but is given in terms of the other two. Also notice that it appears 
with a negative sign. The significance of this is that if k1 and k2 be real, the 
solutions of Eq. (5.13) may be sin k1x, cos k1x, or e±iki"', and those of 
Eq. (5.24) will be the same with k2y instead of k1x, while those of Eq. (5.25) 
will be sinh kgi, cosh k3z, or e±k,z. If k1 and /c2 are real, then the x- and 
y-solutions are oscillatory and the z-solution is not. There is nothing magic 
about which coordinate has an oscillating solution. If k1 and lc2 be imagi
nary, k3 will be also. Then the x- and y-solutions will be hyperbolic func
tions and the z-solution oscillatory. The boundary conditions will deter
mine which coefficients are real and which imaginary. 

Like most things pertaining to the Cartesian system, it is easier to 
separate a partial differential equation in it than in other comdinate 
systems, but the ideas we have demonstrated here are of general application. 

The products of solutions to Eqs. (5.13), (5.24), and (5.25) do not give 
us the most general solution of Laplace's equation. By direct substitution 
one can see that 

x2 - y2, x2 - z2, y2 - z2, xy, xz, yz, x, Y, z 

are also solutions. The cross-product and linear solutions are all inde
pendent, but each of the differences of squares can be obtained by sub
tracting one of the others from the third, so only two of them are inde
pendent, 
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5.3. The potential between parallel plates 

As an example of the type of problem in which potentials are specified on 
certain conductors, we shall apply the results of the foregoing section to the 
region between two semi-infinite parallel metal plates which are separated 
by free space. The plates are shown in Fig. 5-1; they extend to infinity in 
the positive and negative x-directions, and from z = 0 to z = oo. They are 
separated· a distance b. The two plates are grounded, so their potential is 

("' \ 
~ ¢=0 r_ _ ___,cc/_ 

z 

Fig. 5-1. Two semi-infinite grounded metal plates with the plane at 
z = 0 held at a potential ¢ o ' 

zero; a third plate which closes the gap between them in the z = 0 plane, 
but which is insulated from them, is held at a constant potential cp = cp0• 

From the symmetry of the problem, it is apparent that the potential 
is independent of x, so Laplace's equation is simply 

with the boundary conditions 

cp = 0 when y = 0, b 

cp = <Po when z = 0 

cp ---t O when z ---t oo . 

(5.26) 

(5.27a) 

(5.27b) 

(5.27c) 

The last boundary condition results from the fact that there are no charges 
or surfaces whose potentials are fixed at any value other than zero except 
at z = O; if ~e get far enough away from the origin, the potential must 
become indefinitely small. 

Since there is no x-dependence in this problem, there are, after separa
tion, only two ordinary differential equations and one separation constant, 
k2. The equations are 

(5.28) 

and (5.29) 
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None of the algebraic solutions which we found at the end of the preceding 
section satisfies any of the boundary conditions, so we shall not use them, 
but shall go directly to the separated ordinary differential equations. 
Possible solutions of Eq. (5.28) are 

sin k2Y, cos k2y and e±•k,v. 

Of these, the sine automatically satisfies the boundary condition at y = 0, 
but neither the cosine nor the exponential does. Hence, we choose 

Y = sin /viy. (5.30) 

We must also have Y = 0 when y = b, or 

sin /vib = 0, 
which is true if 

or 

(5.31) 

where n is an integer. We have used the y-boundary conditions to determine 
the forms of the solution and to find /vi. A'.ctually, we have found not one 
value of k2, but an infinity of them; n niay be any integer from one to ro. 

Our solution of Eq. (5.29) is almost completely determined by that of 
Eq. (5.28); because of the negative sign before kL Z must be of the form 

(5.32) 

as one may verify by substitution. 
As z increases, .the first term of Eq. (5.32) approaches zero, but the 

second term becomes indefinitely large unless Bn = 0. Hence, we must 
choose Bn = 0 in order to satisfy the boundary condition in Eq. (5.27c); 
in fact, this is necessary just to keep the potential finite. We do not take 
An to be unity, as we did the corresponding factor in Eq. (5.30), because 
we will need to adjust the "amplitude" of each term of the potential in 
order to meet the boundary conditions at z = 0, but since we multiply 
Y by Z, one adjustable factor is enough. 

We now collect our results and form 

c/>n = An sin n1r y e<-111rfb)z 
b 

(5.33) 

where the subscript on c/>n indicates one solution, for one value of n. In 
order to have a function sufficiently general to meet the remaining bound
ary condition, we must sum over all values of n. The general solution is 

"' . n1r cJ,(y, z) = L An sm -by e(-n,r/b)z. 
n=l 

(5.34) 

Then at z = 0, 
"' . n1r 

cJ,(y, O) = cJ,o = ~
1 

An sm ,;Y· (5.35) 
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From here on, our problem is the same as that of finding the coefficients 
of a Fourier series representing a function cf>o which is constant between 
y = 0 and y = b. We multiply both sides of Eq. (5.35) by sin (prr/b)y dy 
(where pis an integer) and integrate from y = 0 to y = b; this gives 

Now 

More briefly, 

j 'b Jb cf>o sin pbrr y dy = I: A.n sin nbrr y sin prr y dy. 
0 o :-t=l Y 

rb . nrr . prr {Q if n ~ p. 
Jo sm ,;Y sm ,;Y dy = b/2 if n = p. 

rb . nrr . prr d b Jo sm by sm by Y = 2 On,p, 

where On,P, the Kronecker delta, is defined to be 

lo if n ~ p. 
Onp = 

' 1 if n = p. 

(5.36) 

(5.37) 

The functions sin (nrr/b)y and sin (prr/b)y, with n ~ p, are called orthogonal 
in the interval zero to b. This term is used because the relation between the. 
functions is a generalization of that between two vectors at right angles to 
one another, with the process of multiplics,tion and integration of the 
functions corresponding to taking the scalar product of the vectors. 

The left side of Eq. (5.36) is 

Then 

{

O if p is even. 

cf>o lb sin pt y dy = 2cf>o J!_ if pis odd. 
prr 

{

O if pis even. 

Ap = cf>o i_ 'f . dd 1 p lS O . 
. prr 

Finally, the expression 

( ) 4cf>o "<""" 1 • nrr < 
cf> Y, z = - 2..., - sm -ye -n,r/b)z 

rr n=l,3,5 ... n b 

(5.38) 

(5.39) 

satisfies the differential equation and all of the boundary conditions. We 
can now find the potential at any point between the plates merely by 
putting the coordinates (y, z) of the point into Eq. (5.39). 

Since the solution we have obtained is periodic in y, it obviously does not 
give the correct potential outside the region enclosed by the plates. 

5.4. A dielectric cylinder in a uniform field 

In this section we shall demonstrate a powerful method of solving problems 
in electromagnetics which involve two different regions - here, the interior 
and the exterior of a dielectric cylinder. The method consists of setting up 
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a very general solution in each region, and then matching the two solutions 
on the common boundary of the regions. The broad boundary conditions 
which a solution must satisfy in its own region, plus the constraints im
posed at the boundary surface, result in the complete specification of the 
solution. 

We shall consider an infinitely long dielectric cylinder whose axis lies 
along the z-axis of a system of cylindrical coordinates, as we see in Fig. 5-2. 
Before the introduction of the cylinder there was, throughout the space, 
a uniform electric field E, in the <p = 0 direction. The symmetry of the 
problem is such that we must use cylindrical coordinates, in which 

( 
a 1 a a) grad ct, = Ip ap + I,p P a'P + I, az ct,. (5.40) 

One can also show, although only with much more difficulty, that in these 
coordinates the laplacian of the potential is 

[la(a) 1a2 a2
] vzct, = - - p- + - - + - ct,. 

p ap ap p2 a<p2 az2 (5.41) 

It is apparent that in the problem of the infinite cylinder nothing depends 

r 

Fig. 5-2. A dielectric cylinder in a uniform field 

upon z, so we may drop the z-derivatives. The next step is to separate the 
remaining variables. We try 

ct,= P(p)<I>(<p). (5.42) 

When we substitute this product into the differential equation and divide 
by P<I>/ p2, we find that 

!!_ (P" + ~ P') + <I>" = 0 p p 4> ' 
(5.43) 

where primes indicate ordinary derivatives; P' = dP /dp, <I>" = d2<I>/d<p2, 

etc. The last term of Eq. (5.43) is independent of p, the others of <p so each 
must be a constant. Let <I>" /<I> = -m2• Then the solutions for <I> are 

4> = sin m<p, cos m<p, (5.44) 
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or any linear combination of the two. The potential must be single-valued; 
that is, if we go all the way around the cylinder so that <P increases by 21r, 
we must obtain the same value of the potential with which we started. For 
this to be true, m must be an integer. 

Let us now rearrange the p-part of Eq. (5.43) to give 

P" + ! P' - m
2 

P = 0. 
p p2 (5.45) 

As a solution we try 

whence P' = npn-1 and P" = n(n - l)pn-2• 

When we substitute these into the differential equation for p, we have 

n(n - l)pn-2 + npn-2 - rn}pn-2 = 0. 

When we simplify this equation we have just 

n2 = m2, 

and finally n = ±m. 

As solutions of Laplace's equation we now have 

<I> = p-m cos m<p, pm cos m<p, p-m sin m<p, pm sin m<p. 

These correspond to the <!>n's of Eq. (5.33). Another solution of Eq. (5.41) 
is cJ> = log p, with m = 0. 

A very general solution of Eq. (5.43) would be a sum over all values of m 
of the four different kinds of terms displayed above plus a term in log p. 
For the particular problem which concerns us here, we can show on rather 
general grounds that log p is not useful, and the coefficients of certain of the 
terms of the sum must be zero. First, it is clear from the symmetry of the 
cylinder and the way in which we chose the coordinates that the potential 
must be even in <P; hence, we will use only the cosine solutions. Second, for 
sufficiently large values of p, the effect of the cylinder must be negligibly 
small; at a great distance, we must have left only the potential correspond
ing to the homogeneous field, which is 

</> = -Ex= -Ep cos <P· 

This is the m = I term. Hence, outside the cylinder the coefficients of log p 
and of the terms in positive powers of p with m 2:: 2 must vanish; otherwise, 
at a great distance from the cylinder, these terms would give contributions 
to the potential larger than that associated with the homogeneous field. 
Third, inside the cylinder we cannot use the solutions in log p or in negative 
powers of p because they become infinite as p - 0. 
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After all this weeding out, we have left for cp•, the exterior potential, 

cp• = - Ep COS ({J + L b!p-n COS n({J. (5.46) 
n=l 

Inside the cylinder we have cpi which is given by 

cpi = L b!pm COS m({J. (5.47) 
m=l 

The useful boundary conditions are that the potential and the normal 
component of the displacement are continuous on the surface of the sphere. 
That is, 

and 

or 

Here 

means 

cpi(a, <P) = cp•(a, <P), 

iJ<f,i (a, <P) 8<f," (a, 1.p) 
K = . 

8p 8p 

acp (a, <P) 
iJp 

iJ<f, (p, <P) evaluated at 
iJp 

P = a. 

(5.48a) 

(5.48b) 

(5.48c) 

When we substitute Eqs. (5.46) and (5.47) into Eq. (5.48a) we have 

(5.49) 

This equation is true everywhere on the surface of the cylinder, which 
means that it is true for all values of 'P· Hence, the coefficient of the 
cosine of each multiple of 'P on the left side must be equal to the corre
sponding coefficient on the right. That is, for m = 1 

and form> 2 

· bi b1a =-Ea+
a 

(5.50) 

(5,51) 

When we differentiate Eqs. (5.46) and (5.47) and substitute their deriva
tives into Eq. (5.48c) we have 

(5.52) 
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This equation must also be valid for all values of cp, and so the coefficients 
of cosines must separately be equal. For m = I 

and form> 2, 

b• 
bf= -E - 2 , a2 (5.53) 

(5.54) 

This last equation is obviously inconsistent with Eq. (5.51) because of the 
signs in the two equations, unless 

b~ = b! = 0 (5.55) 
form> 2. 

Our remaining task is to find bf and bL This we can do by solving 
Eqs. (5.50) and (5.53) simultaneously. The results are 

and 

be - K - IE 2 
i-K+l a. 

Finally, then, the potentials are 

and 

2 <t>i = - -- Ep cos cp 
K+I 

</>6 = E(K - I~ - p) cos ({). 
K +Ip 

(5.56) 

(5.57) 

(5.58) 

(5.59) 

The potential inside is just that associated with a uniform field, although a 
field which is not the same as the unperturbed external field. The external 
potential is that of the unpertrubed field plus that of a "linear dipole;" 
that is, the potential which would exist about a pair of equal and opposite 
line charges placed very close together. 

5.5. The theory of images 

There are a number of situations in which a set of point or line charges will 
produce the same effect on the potential and the field within a limited 
region of space (but not throughuot all space) as will a charged conductor. 
Those charges which are in this sense equivalent to the conductor are the images 
in the conductor of all the other charges and conductors which affect the field. 
The method of images consists of replacing a problem involving a number of 
conductors or conductors and charges with an equivalent multiple-charge 
problem. The uniqueness theorems which we derived in Chapter 4 are 
valid in the partial space which is involved, so that when we have found a 
solution to a problem we know that it is the only solution. 
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There are generalizations of the method of images which can be applied 
to dielectric and magnetic material, but we shall not discuss those applica
tions in this book. 

As an example, suppose we were given a point charge near a grounded 
metal plate and were asked to find the potential and the field at all points, 
and the induced surface charge density on the metal. By direct methods, 
this would be extremely difficult. However, if we look at the two charges 
shown in Fig. 5-3a, we see that the plane of symmetry between them is at 

.....-1 
...................... I 

( z I 
-a --::---l '° I 

d 1-- I 
I d I 

I J 
Q Q 

I ..,.... ....... 
[__,......-......-

(a) (b) 

Fig. 5-3 (a). The plane of symmetry between two equal charges of 
opposite sign is at zero potential 

Fig. 5-3 (b). The field and potential on the right side of the grounded 
metal plate are exactly the same as those on the right side of the sym
metry plane of Fig. 5-3 (a) 

zero potential; the field and potential around the charges would be un
changed if we should slide a grounded metal plate in along that plane. 
The situation on the right side of it would still be the same if the negative 
charge on the left were removed, as in Fig. 5-3b. We can easily find the field 
and potential at any point for the pair of charges. If we use the results only 
for y > 0, they will also be correct for the charge-and-plate problem. In 
addition, we know that the field at the surface of the metal plate (where 
there is only a normal component) is Qs/ eo (if the surrounding medium is 
free space), where Qs is the density of surface charge. We can calculate the 
field from the two-charge problem, multiply by eo and have the surface 
charge density for the charge-and-plate problem. 

Let us carry out the calculation. If we call 

(x2 + z2)1/2 = P 

then 

Q { 1 1 } 
cp(p, y) = 41reo [p2 + (d _ y)2]1/2 - (p2 + (d + y)2]1/2 · (5.60) 
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The field is equal to - grad cp. We bear in mind that 

ocp = ocp op and that op = ~, 
ax op ax ax p 

107 

with similar expressions in which x is replaced by z. One can show that 

Ex= 4~Eox{[p2 + (dl- y)2]3/2 - (p2 + ()+y)2J3i2}' (5.61a) 

Q { (d - y) (d + y) } 
EY = - 41rEo [p2 + (d - y)2]3/2 + !P2 + (d + y)2]3/2 ' (5.61b) 

E, = 4~Eo z{[p2 + (dl- y)2]3/2 - (p2 + (dl + y)2]3/2}· (5.61c) 

Equations (5.60) and (5.61), with y > 0, giye correctly the potential and 
field for the charge-and-plate problem. 

5.6. Images in a metal sphere 

As another example of the method of images, consider the two unequal 
charges of Fig. 5-4. The potential at point P due to them is 

cp = _1 (Qi+ Q2')· (5.62) 
41rEo Pl P2 

This potential vanishes on the sphere of radius a if 

a a2 

Q2 = - D Qi and b = n· (5.63) 

Hence, if a grounded metal sphere were placed in the position of the 
mathematical one in the figure, each charge might be the image in the 
sphere of the other. By this we mean that for points outside the sphere the 
potential and the field are the same no matter whether we have (a) the 
charge Qi and the metal sphere or (b) the pair of charges. A corresponding 
statement can be made for points inside the sphere and the charge Q2• 

p 

Fig. 5-4. The charge Q, is the image in the metal sphere of Q1• Con
versely, Qi is the image in the sphere of Q2 
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We may now find the density of surf ace charge induced on the metal 
sphere by Q1. In terms of the angle 0, the potential at any point outside the 
sphere is 

(r 0) = _1 ·{ Q1 . + Q2 }· 
cf, ' 41re0 (r2 + D2 - 2Dr cos 0)112 (r2 + b2 - 2rb cos 0) 112 

(5.64) 
Then 

Er= ar 
= _1_ { (r - D cos 0)Q1 + (r - b cos 0)Q2 }· 

41re0 (r2 + D2 - 2Dr cos 0) 312 (r2 + b2 - 2rb cos 0) 312 
(5.65) 

On the surface of the sphere, Qs = eoE,. If we set r = a and make use of 
Eq. (5.63), we obtain from the last equation, after some manipulation, 

Q 1 Qi n2 - a2 (5.66) 
8 = - 41r (D2 + a2 - 2aD cos 0) 312 a 

But what if the sphere were not grounded, but ~eld at some potential 
cf,3? If we look at Fig. 5-5, we see that the potential on the sphere due only to 

Q1 and Q2 is still zero. Points on the sphere would have the potential cf,3 if 
there were a charge Q3 at the center, and Q3 were given by 

~ "2 

1 Qa 
cf,a=--· 

41reo a 

0 

"1 

f. . I 

Fig. 5-5. Because the potential on the sphere due to Q, and Q2 is zero, 
then a charge Qa at the center will bring the sphere to a potential of 

1 Q3 
cf,s=--· 

4,reo a I 

Conversely, if the potential is given as </>a, the image-charge system must 
include a charge Qa at the center of the sphere 

(5.67) 

Then the sphere at the potential cf,3 in the presence of the charge Q1 is 
equivalent, for points outside the sphere, to Q1 plus the two charges Q2 and 
Q3 placed as shown in the figure. Conversely, if we are given that the sphere 
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bears a net·charge Q4, then the sphere can be replaced by a charge Q2 at a 
distance b from the center, plus a charge Q3 = Q4 - Q2 at the center. In 
this case, the potential of the sphere will be 

(5.68) 

the term containing Qzl a = -Qr/ D represents the perturbation of the po
tential which is caused by the external charge. 

We can use our result for the grounded sphere to find the behavior of a 
sphere in a uniform field. First, consider the two charges Q1 and -Q1, 

which are on a line passing through the center of the sphere. These charges 

, 

Fig. 5-6. When Qi and Q2 are large and very far away, the field about 
the sphere which is due to these charges is uniform and the image charges 
form a true dipole 

will produce a pair of image charges, Q2 and -Q2 (see Fig. 5-6). At the 
center of the sphere, the field due only tb the external charges is 

1 Qr 
E = 2 4- D2 IE, (5.69) 

71"Eo 

where IE is a unit vector in the direction from Q1 toward -Qr. 
charges have a dipole moment, 

p = -2bQ2IE 

- 2 3 QrI - a n2 E• 

The image 

(5.70) 

If we express the moment in terms of the field at the center, we find that 

(5.71) 

. , Js long as the external charges are finite and at a finite distance from 
the sphere, their field is not uniform; it has the value given by Eq. (5.69) 
only at the center of the sphere. Furthermore, the image charges are finite 
and separated a distance 2b, so they do not form a true dipole. However, 
suppose we carry the external charges to a great distance while, at the same 
time, we increase their magnitudes in such a way that Qr/ D2 remains the 
same. Then the field from the external charges does become uniform through-
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out the region of the sphere, and the image charges grow larger and approach 
each other so that in the limit they form a true dipole. The potential in 
the region outside the sphere is that of the uniform field, plus that of the 
dipole. We choose a system of spherical coordinates whose origin is at the 
center of the sphere and whose polar axis points along the direction of E. 
We adjust c/>E, the potential associated with the uniform field, to be zero at 
the origin so that 

Then the total potential is 

c/>E = -Er cos 0 

-rE·lr. 

1 p•lr 
cp = -rE•lr +--

41rEo r2 

a3E•lr 
= -rE•lr + --· r2 

(5.72) 

(5.73) 

The polarizability of metal spheres is used to make artificial dielectrics. 
Small metal balls are suspended in foamed plastic to create materials whose 
dielectric constants and mass densities are different from solid dielectrics. 
They are especially useful for making microwave lenses. 
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PROBLEMS 

1. Separate Laplace's equation in spherical coordinates. 

2. For the problem worked in Sec. 5.3, show that the tangential electric field 
is zero on the metal surfaces. 

3. For the problem of Sec. 5.3, find the surface charge density at all points on 
the metal plates. 

4. A rectangular cylinder is formed with four grounded metal surfaces, as 
shown in Fig. 5-7. It extends to infinity in the +z-direction. Find the potential 
at all points inside the cylinder when 

(a) The z = 0 plane is held at a potential c/>o(x, y), which is an arbitrary function 
of x and y. 

(b) The potential at z = 0 is 

( 0) 
.1T .1T 

cp x, y, = sm ·;? sm y/· 
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5. Show that the electric field in the cylinder of Problem 4 is everywhere 
normal to the metal surfaces which are parallel to the z-axis. 

6. For the cylinder of Problem 4, find the surface charge density on the 
metal plates. 

T 
b· 

_j_ 

~o~ 
Fig. 5-7. Fig. 5-8. 

7. Five sides of a cubical metal box are grounded. The sixth side is held at a 
constant potential </Jo, Find the potential of a point inside the box. 

8. The two halves of an infinitely long split cylinder are held at potentials 
</Jo and -<jJ0, respectively (Fig. 5-8). Find the potential of each point inside the 
cylinder. 

9. Find the potential at each point outside the cylinder of Problem 8. 

10. A "linear dipole" consists of a pair of equal and opposite line charges QL 
separated a distance ~' in the limit when QL - 00 , ~ - 0, while Q L~ remains finite. 
Use the coordinate system of Sec. 5.4, and show that the potential of the linear 
dipole is 

( ) 
QLt COS ({J <jJ p,cp = ---· 
27l"Eo p 

(5.74a) 

Show also that the effect ofthe dielectric cylinder of Sec. 5.4 is equivalent to a 
linear dipole such that 

K - I 
QL~ = 27reoEa2 --. 

K+l (5.74b) 

11. The dielectric cylinder of Sec. 5.4 is replaced by a grounded metal cylinder 
which has the same dimensions and which is similarly oriented with respect to the 
unperturbed field. Show that the potential outside it is 

<jJ(p, cp) = -Ep( 1 - ~) cos cp. (5.75) 

12. Suppose that the metal cylinder of Problem 11 is split along a diametral 
plane normal to the unperturbed field. Find the force per unit length which tends 
to separate the two halves. 
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13. Find the charge density at all points on the surface of the cylinder of 

Problem 11. 

14. Find the density of the bound surface charge on the surface of the dielectric 

cylinder which we discussed in Sec. 5.4. 

15. Show that the polarized metal cylinder of Problem 11 is equivilent to a 

linear dipole whose moment is 
Qd; = 27f'EoEa2 (5.76) 

16. In the example discussed in Sec. 5.4, show that the boundary condition 

t:..E 1 = 0 gives the same information as does the condition !::..<f, = 0. 

17. The space between the metal plates which we discussed in Sec. 5.3 is 

filled from z = 0 to z = c with a solid dielectric whose dielectric constant is K, 

as we have shown in Fig. 5-9. Show that the potential between the plates is 

4</,o '°' sin mry/b {(K - 1) emr(z-c)/b + (K + 1) e-mr(z-c)/b} 
z<c<f,=- L, 1 71' n=l,3,5... n (K + 1) en1rc/b + (K - 1) e-mrc/b 

4</,o '°' sin n7rY/b { 2K e-n,r(z-c)/b } 

z>c,<f,=- L, 
71' n =1, 3, 5... n (K + 1) en1rc/b + (K - 1) e-n,rc/b 

18. Show that the laplacian of the potential which appears in Eq. (5.73) 

vanishes. 

19. Show that the potential of Eq. (5.73) vanishes on the surface of the sphere. 

20. Find the charge density on the surface of the sphere of Sec. 5.6. 

T 
b 

l.. 

r--1•1 C I 

~K>} 
~-d,-=-

x ¢ .... ¢0 

i 
Fig. 5-9. Fig. 5-10. 

21. For the sphere which we discussed in Sec. 5.6, show that the field is every-

where normal to the surface. ~ 

22. Suppose that the sphere of Sec. 5.6 is split on a diameter normal to the 

, unperturbed field. Show that the force which tends to separate the two halves is 

(5.77) 
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23. An artificial dielectric is made by imbedding metal beads, each having a 
radius a, in a foamed plastic whose density is so small that its contribution to the 
dielectric constant is negligible. The beads are distributed with a uniform volume 
density of N v beads per cubic meter. Show that the effective dielectric constant of 
the combination of beads and plastic is 

Ke = 1 + 41ra3Nv. (5.78) 

24. In the preceding problem, the radius of each bead is 10-3 m, and Kc = 1.4. 
Find the percentage of the total volume which is occupied by metal. 

Supplementary Probrems 

25. For the infinitely long line charges shown in Fig. 5-10, show that the 
potential at the point P is 

QL 1 P2 cf>= - og-, 
21rEo Pr (5.79) 

when cf> is defined to be zero on the central plane. 

26. Show that the potential of the preceding problem is constant on a cylinder ''J.._ -t;--n£' 
whose axis is in the plane of the charges at a distance ;... Jr l,,!M". 

1 ol ~ c2 + 1 - Jl?;-V', 
'b, = d c2 _ 1 (5.80a) "Fp; __ ""' . 

from the origin, and whose radius is 
2~1/-

a=---· c2 
- 1 (5.80b) 

In these expressions, the potential of ~\~~ylinder, cp,y1, is related to the constant 
' C according to · 

QL 
cf>oyl .= -

2 
log C. (5.80c) ~iv 7rEo 

27. TwoAnfinite parallel metal cylinders, each of radius a, are separated a 
distance 2Vcm centers. Use the results of the preceding problem to show that CL, 
the capacitance per unit length between them, is 

CL 
__ _j 7rEo 

~ (5.8U 
log [!(1 + ✓1 --t)] 

cil I, 

28. Find the charge distribution over one of the cylinders of Problem 27, in 
terms of the potential difference between them. · 

29. Use the results of Problem 26 to find the capacitance between a pair of 
infinite parallel metal cylinders whose radii are unequal. 

30. Examine the potential of Problem 17 in the three limiting cases when · 
K--+ 1, c--+ 0, and c--+ ro. Show that in each case the potential approaches the 
value which we derived in Sec. 5.3. 



6 Direct Currents 

6.1. Current and. current density 

When electric charges move under the influence of an electric field or some 
other agency which gives them a regular motion, we say that a current 
(meaning a current of charge) is flowing. If the charges are moving in a 
material medium, they will have random thermal motions upon which the 
regular motion due to the field is superimposed; we shall use a time scale 
such that the thermal motions are averaged out. The velocities of the 
charges in a region may not all be parallel, but they will be nearly so if the 
region is sufficiently small. The area dS in Fig. 6-1 is that small. Suppose 
that a charge d2Q flows across dS in a time dt. (We use the notation d2Q 
because both dS and dt are small). We define the magnitude of the current 
element dl which flows across the surface to be 

~Q 
dl = -· dt 

(6.1) 

The units of current are amperes, when Q is in coulombs and t in se,~onds. For 
the purposes of this definition, the angle between dS and v, the velocity of 
the charge, is immaterial, but now let us choose dS., whose.normal is parallel 

Fig. 6-1. Fig. 6-2. 

to v; this is shown in Fig. 6-2. We define the current density, J, in the region 
of dS. to be 

dl 
J = I.-· 

dS. 
(6.2) 

The units of current density are amperes per square meter. The direction of J 
is the direction in which positive charges move, and opposite to the direction in 

114 
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which negative charges move. Finally, the current I which flows across a 
macroscopic surface, such as S in Fig. 6-3, is 

I= ls J·dS. (6.3) 

This discussion shows that J is a vector point concept, whereas I is a 
regional scalar concept. We are inclined to think of the current as having a 
direction in space like a vector, but the flow lines in Fig. 6-3 were delib
erately drawn for a case where the current has only a sense but no definite 

Fig. 6-3. A surface over which 
we integrate current density to 
obtain current. The direction 
and magnitude of J change con
siderably over the surface 

~p=vdt 

Fig. 6-4. A right cylinder whose 
axis is parallel to the charge 
velocity, v, and whose length is 
the distance a charge travels in 
time dt 

direction. When the current flows in a long, thin wire of uniform cross 
section, the current density is uniform over the cross section, and it has 
some meaning to think of a vector current I, where 

I = AJ (long, thin wire only). (6.4) 

Here A is the cross section of the wire. 11:uch of our work has to do with 
long, thin wires, but we must remember that there are more general 
situations in which Eq. (6.4) does not make any sense. 

Let us describe a right cylinder of which dS. forms one end. This 
cylinder is shown in Fig. 6-4. We choose its altitude, d9, to be the distance 
which a moving charge travels in time dt. That is, 

d9 = vdt.. 

Then the charge d2Q which crosses dS. in dt is equal to the charge which is 
within the cylinder at any instant, so that 

The current crossing dS. is 
dl = d2Q 

dt 

= Qv dS.v. 

(6.5a) 

(6.5b) 
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Then the current density, J, at dS. is 

dl 
J = 1• dS. 

d2Q 
= 1• dS. dt 

= l.Qvv 

= Qvv; 

this equation relates the current density to the charge density. 

(6.6) 

in a material conductor, as opposed to an electron or ion beam in a 
vacuum, the net charge density is zero; the Qv of Eq. (6.6) means the 
density of those charges which are free to move, if they are all of the same 
sign and velocity. In a region where there are ions of different masses 
moving with different average velocities, the current density will be 

J = L QviVi, 
i 

(6.7) 

This last relation takes care of the situation where the current carriers are 
both negative electrons and positive ions; they will travel in opposite 
directions, and the product Qvivi will be in the same direction for both 
carriers. 

There are situations, such as that in which the charges ride on the belt 
of a Van de Graaf£ generator, when the charges whose motion constitutes 
the current lie on a surface. Then we may use a surf ace current density J 8 ,_ 

defined by 
Js = Qsv. (6.8) 

Surface current density is the current which crosses a unit of length of a line 
which is normal to v, the velocity of the moving charges. It is measured in 
amperes per meter. We calculate the current flowing across an arbitrary 
line on a surface where a surface current is flowing in much the same way as 
that in which we found the current flowing over a macroscopic surface. It is 
illustrated in Fig. 6-5, in which the unit normal ln is the normal in the 
surface to the line across which the current flows. 

Fig. 6-5. The surface current flowing over the line C is I= f
0 

Js • In dp 
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In practice the current is measured through its magnetic effects, which we shall discuss in Chapter 7. However, it may be measured by an electrolytic method which is more closely related to the ideas of static electricity with which we have been concerned in the preceding chapters. When a current passes through an electrolytic cell, the moving charges are on positive and negative ions. If the positive ions are those of a metal, they may be deposited - electroplated - on the cathode of the cell. Since each ion carries the same charge, the mass of metal deposited is a measure of the charge which has moved through the cell. When one divides by the time required to accumulate this mass, he obtains the average value of the current during that time interval. In this chapter we may assume that we know how to measure currents, at least in principle. 
By steady currents we mean those which are constant in time, They are also called direct currents. When a steady current flows, the net charge density at a point inside the conductor is zero, just as in the static case; but there must be a field inside the conductor to keep the current flowing, and hence, the potential is a function of position. 
In this chapter we shall discuss only direct currents. 

6.2. Ohm's law, in regional and point forms 
In Fig. 6-6 we have a conducting cylinder of uniform cross-sectional area A and length L. In some way which we do not specify, we are able to maintain a constant potential difference V between its ends. Because the cylinder is a conductor, a current I will flow along it from the higher potential end to the lower. For many materials, notably the metals and electrolytes, we find experimentally that the current is proportional to V. In other substances the current is not proportional to V; particularly in ionized gases, the current depends upon the potential difference in a very complicated fashion. In certain metals which we call semi-conductors, the current departs from proportionality for very intense fields. We shall confine our attention to those materials in which I is linear in V. For them, we may introduce a factor of proportionality 1/ R, and write the experimental result as 

V I=·-· 
R 

This relation is the quantitative expression of Ohm's law. 

(6.9) 

The quantity R is the resistance of the cylinder. Its units are ohms when I is in amperes and V in volts. Again from experiment, the resistance is proportional to the length of the cylinder and inversely proportional to its cross-sectional area. The resistance also depends upon the material of which the cylinder is made. In order to make an equation relating resistance to the dimensions of the conductor, we define a constant of the 

• 
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material, g, which we call the conductivity; then the experimental results 

concerning the resistance are described by the equation 

R = !f. 
gA 

(6.10a) 

Or we might define another constant r, which we call the resistivity, where 

Obviously 

L 
R =r:;:,r 

1 
g = -· 

r 

When we use the conductivity, Eq. (6.9) becomes 

A 
I= L gV. 

(6.10b) 

Whether we use resistivity or conductivity is simply a question of con
venience. There will be no danger of confusing resistivity with a distance; 
the meaning of the symbol will be obvious from the context. 

Let us apply Ohm's law to a thin slice of length dL, across which the 
potential difference is -dV; it is negative because the potential decreases 
in the direction of current flow (see Fig. 6-6). Ohm's law for the slice is 

Ag 
I= - dL dV, 

and after rearrangement it takes the form of 

I dV 
A= -g dL 0 

Fig. 6-6. A cylindrical conductor, in which the current density and 
electric field are uniform 

(6.11) 

Now all the expressions above which contain the cross-sectional area of the 

cylinder are equally valid if we have not one, but several, cylinders each of 
the same length and material with their ends connected together elec
trically, provided only that for A we use the total cross-sectional area of 
the assembly. In particular, the resistance of the combination does not 



Sec. 6.3 Direct Currents 119 

depend at all on their lateral separation. These experimental results could 
not be true if the current density were not uniform over the cross section of 
each conductor, or if it depended on the magnitude of the cross section. 
Hence, we conclude that the current density, J, at each point within our 
cylinder is just equal to its average value, I/ A, which is the left side of 
Eq. (6.11). The derivative -dV/dL on the right side of the equation is the 
component of the electric field along the axis of the conductor. From the 
symmetry of the geometry the field, too, must be uniform, and hence it must 
have the same value at each point within the conductor, and it must be 
directed everywhere parallel to the axis of the cylinder. That is, its 
magnitude is -dV / dL and its direction is parallel to the current density, 
so that finally we can replace Eq. (6.11) by the vector equation 

J = gE. (6.12) 

This equation expresses Ohm's law at each point within the conductor. We 
have obtained it from regional concepts which are related according to 
Eq. (6.9), by examining a problem in which there is a high degree of 
geometrical symmetry; it would not have been possible to have derived 
Eq. (6.12) by a discussion of a conductor whose cross section was not 
uniform. However, since the result is a point statement, it is valid within 
a conductor of arbitrary shape. There is a similarity between our procedure 
in this example and in our earlier applications of Gauss' law to the calcula
tion of electric fields at points about symmetrical charge distributions. 

We say that a material obeys Ohm's law if, when an electric field is 
applied to a sample of the material, the current density is proportional to 
the magnitude of the field. There are many crystalline materials which 
obey Ohm's law but which are non-isotropic; that is, the current density 
depends on the direction of the applied field with respect to the crystallo
graphic axes. For such a substance, we can generalize the conductivity and 
make it a tensor with components g;j so that the current density compo
nents J; and the field components E i in Cartesian coordinates are related 
according to 

6.3. Circuits and emf's 

3 

J; = L g;jEj, 
i=l 

(6.13) 

We have specified that the currents in the systems we shall consider in this 
chapter are steady, or de (for "direct current"), and so there can be no 
continued accumulation of charge anywhere on the conductors; if there 
were, the potential in the region of the accumulating charge would change 
with time, and hence, the currents would not be constant in time. The 
only kind of system in which the currents can continue to flow without 
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accumulating anywhere is one in which the conductors have no open ends, 

but are connected in such a way as to form closed loops. 

There may be capacitors connected to the circuit, and there will always be 
small stray capacitances among parts of the system. This means that there 
will be static accumulations of charge; but as long as these charges are constant 
in time they do not affect our conclusions in any way. 

A circuit with a single closed loop is shown in Fig. 6-7. Since the current 
flows in the direction indicated, it must be that the potential V 2 is higher 
than Vi. Inside the box at the left, in order to maintain the potential 
difference while the current flows, there must be some apparatus such as 

Fig. 6-7. For a steady state, the current must be the 
same throughout the system; hence, it must flow in a 
closed path 

2 

+ 

I 

Fig. 6-8. cf, In a Van de 
Graaff generator, the 
charge is sprayed onto one 
end of a moving belt and 
removed at the other end 

active electrolytic cells (a battery of dry cells or a storage battery), a 
transformer, rectifier and filter combination, or a Van de Graaff generator. 
Let us suppose that it is a Van de Graaf£ generator. Within it, charge is 
actually transported mechanically from one part of the system to another. 

· A simplified sketch of such a generator appears in Fig. 6-8. A Van de Graaf£ 
generator, or any device which is capable of maintaining a potential difference 

while a current flows, contains what we call an electromotive force, which we 
abbreviate as emf. Its magnitude, for which we use the symbol S, is the work 

per unit charge done by the emf on those charges which pass through it. It is 

measured in volts. 
Let us look at the Van de Graaf£ generator when the external circuit is 

open so that no current can flow, as in Fig. 6-9. We shall carry a test charge 
between the terminals of the generator. Outside the machine, in the region 
of Path A, there is a static electric field Ee which will, if we let it, do work on 
the charge. This is the field which would cause a current to flow if the 
circuit were closed. It is due to the charges which have been carried by the 
belt from Terminal 1 to Terminal 2, and to the resulting deficiency of 
charge on Terminal 1. We designate this field with a subscript (c) for 
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charge. Inside the machine the same static 
field exists, but if we put the test charge on _the 
belt (which forms PathB), it will ride up to the 
top without any external force being applied -
the belt itself exerts a mechanical force which 
just balances the electric force EcQi, and it does 
work on the test charge, against the field. We 
can ascribe the mechanical force to an equiva
lent electric field Ei which exists on the belt and 
nowhere else. (We use the notation (i) because 
Ei closely resembles the induced electric field 
which is produced by a changing magnetic field. 
The induced field is discussed in Chapters 8 
and 10.) When we use Ei we have, for the work 
done in carrying the test charge from Terminal 
2 to Terminal 1 along Path A, 
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(

B 
A 3 

Fig. 6-9. We integrate from 
Terminal 2 to Terminal 1 
along Path A, and back to 2 
along Path B, which follows 
the belt of the generator 

-Qi i E.•dg = -Qt(V2 - Vi). (6.14) 

Along Path B from Terminal 1 to Terminal 2, we have 

-Qi L (Ei + Ec) •dg = O. (6.15) 

Because our circuit is open and no current is flowing, the potential difference 
Vi - Vi is just equal to the emf, 8. Hence, when we add Eqs. (6.14) and 
(6.15), we find that the circuit integral is 

f (Ei + Ec) •dg = 8 (open circuit). (6.16) 

Within the region where the emf exists the total field, Ei. + E., is not 
conservative. However, the electrostatic part, E., is conservative. From 
Eq. (6.16), it is clear that the integral of the non-conservative part of the 
field is 

f Ei•dg = 8; (6.17) 

the equivalent field Ei is the point concept which corresponds to the 
regional concept of emf. 

As we shall see later, power is required to maintain an emf while current 
is flowing. In the case of the Van de Graaff machine, this power comes 
from the mechanical driver of the moving belt. But in this respect the 
situation would be the same were we to replace the Van de Graaff generator 
by a battery of dry cells or any other electrolytic wurce of emf. The power 



122 Direct Currents Chap. 6 

I 

SEAT OF EMF 

~-~ 

2 3 

Fig. 6-10. A plot of the potential at each point of the circuit of Fig. 6-9. 

One should visu!J,lize the figure as being wrapped around a cylinder so 

that the two "Points 3" coincide. The direction of current flow is 
1-2-3-1 

would then come from chemical energy stored in the electrolyte and in the 

electrodes.1 Figure 6-10 shows a plot of the potential around a circuit. It is 

.l, 
r 

Fig. 6-11. 
The circuit 
symbol for 
a source of 
emf, 8, in
cluding its 
internal re-
sistance, r 

apparent that the emf of the Van de Graaf£ generator is 
distributed along the belt between the point at which 
charge is sprayed on and that at which it is taken off. 

In the electrolytic sources of emf, of which the "dry" 
cell and the storage battery are the most common ex
amples, the emf exists almost entirely at the interface be
tween one electrode and the electrolyte. Some of it may be 

at the other electrode, and, in certain types of cells in which 

large gradients of ion concentration occur, a part of the emf 
may appear in the electrolyte itself. For circuit-analysis pur
poses the distribution is unimportant, and we may treat it all 
as if it were concentrated at any point between the terminals 
of the device. Any such source will have an internal resist

ance due to the finite conductivity of the electrodes and of the 
electrolyte. The complete symbol for the source of emf 8 and 

the internal resistance r, is shown in Fig. 6-11. 

6.4 .. Kirchhoff's laws 

Kirchhoff's law for currents. Let us again make use of the fact that, 

for the de (direct current) case, there can be no continued accumulation of 

charge anywhere in the circuit. From this it follows that the net current flow-

1As we have observed in the Introduction to this book, chemical and mechanical 

forces are really electromagnetic, so it may seem out of place to speak of chemical or 

mechanical energy as if they were distinct from electrical energy. However, behavior of 

these forces is so different from that of "ordinary" electric forces that we gain nothing 

at this point by recalling their common origin. 



Sec. 6.4 Direct Currents 123 

ing over any closed (Gaussian) surface must be zero. This can be expressed 
as the equation 

f J ·dS = 0 (de only). (6.18) 
closed 

surface 

If the closed surface contains a single conductor, as in Fig. 6-12, Eq. 
(6.18) tells us that the current flowing in at one end is equal to that flowing 
out the other, which is pretty obvious. If the .surface contains a branched 
conductor, as does that of Fig. 6-13, we learn further that the current 
flowing in at, say, A1, is equal to the sum of the currents flowing out at A 2 

and A3• This idea may be extended to any number of branches. 

Fig. 6-12. A surface enclosing a section 
of a single conductor 

_____ !2J_ 
--- I --

- ,-...A2 

I I 

Fig. 6-13. A surface enclosing the 
junction of three conductors 

We can transform Eq. (6.18) to a volume integral by the divergence 
theorem, and we obtain 

f div J dV = 0 (de on]y). (6.19) 

Equation (6.18) is valid for any closed surface, so Eq. (6.19) is valid for arw 
volume, and in particular for an infinitesimal volume element. From this 
we conclude that 

div J = 0 (de only) (6.20) 

everywhere. These equations are not true if the current changes with time. 
For circuit-analysis purposes, we are interested in currents rather than 

current densities. In Eq. (6.18) the integrand is zero except where a 
conductor crosses the Gaussian surface. When we integrate over the 
intersection of the surface with a conductor we get just the current, if the 
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current is directed outward, or the negative of the current if it is directed 
inward. The net value of the integral reduces to 

LI = 0 (de only). 

If we represent wire conductors by lines, we can shrink the Gaussian surface 
to a point, and interpret the integral as saying that 

LI= 0 (6.21) 
at junction 

at the point of junction of two or more wires. This is the statement of 
Kirchhoff's law for a junction. The law is the circuit-analytical regional 
statement which corresponds to the point statement div J = 0. Although 
Kirchhoff's law is accurately true only in a de circuit, with care it may be 
used when currents change as fast as they do in radio frequency circuits. 
Because the right side of Eq. (6.21) is zero, it is only the relative signs of the 
currents which are significant: thus, for the currents of Fig. 6-13, either of 
the following statements is acceptable: 

(6.22a) 
or 

(6.22b) 

In writing the first equation, we have taken the signs of currents approach
ing the junction to be positive and of those going away from it negative. 
In the second equation, we have reversed this convention. Either is correct 
as long as we are consistent. It is not even necessary to use the same 
convention at each junction of a single network. 

Kirchhoff's law for voltages. In Fig. 6-14 we have a divided circuit. 
The loop from A through R1 to B and back through R2 to A contains no 
emf, so the field about the loop is conservative and we can write 

f E•dg = ;: E·dg + hA E•dg = 0. 

If we take the path as going around the loop counterclockwise, the direction 
shown by the arrows, then 

I 

6 

r 

,-----------, A 

ITTr~) 
~~--~ 

~-----~e 

Fig. 6-14. A branched circuit, show
ing the paths along which we calcu
late f (E; + E) •dg 

iB E•dg = VA - VB (left branch) 

= V = Ril1. 

The other leg of the path gives 

lsA E•dg = VB - VA (right branch) 

= -V = -R2h 

The entire integral is then 

f E-dg = 0 = Ril1 - R2h (6.23) 
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We see that the conventional statement of Kirchhoff's law for voltages in a 
loop containing no emf follows from the conservative nature of the electric 
field. Equation (6.23) is customarily put in the form of 

L, RI= 0, (6.24) 

where a current is considered to be positive if it flows in the direction in which 
we circulate around the loop and negative if it ffows in the opposite direction. 
The direction of the path around the loop -is arbitrary. Thus, for the 
direction which we chose above, 11 is in the direction of the path, and 12 is 
opposite to it. If we had chosen to circulate clockwise, we would have 
obtained the same equation, except all signs would be reversed. In a 
complicated network one cannot, by inspection, be sure of the direction of 
each current. In such a case, positive directions of flow are assumed, and 
the problem is worked accordingly. If an assumed direction is correct, the 
resulting current will be found to have a positive sign, and conversely. 

Next, let us integrate the total field, E; + Ee, about the path from A 
through R1 to B, then through the cell at the left and back to A. Here we 
have 

f (E; + E.)·d(} = 8 = Ri/1 + rl. (6.25a) 

A more general circuit might contain several emf's, and then we would 
obtain 

L, 8 = L, RI, (6.25b) 

where the summations are over all emf' s and all RI -drops in the loop. 
[Obviously, Eq. (6.24) is simply a special case of Eq. (6.25b).] Here, the 
sign convention for currents is the · 
same as it was for Eq. (6.24). For an r--~-A--+-------, 

emf, the sign is positive if we go through 
it in the direction in which it tends to 
make a current flow (that is, from its 
negative to its positive terminal), and 
conversely. Notice that the actual di
rection of current flow through the 
source is immaterial, so far as the sign 
goes. Thus, the equation for the 
right-hand loop of Fig. 6-15 is 

82 = Raia - rJ2, 

+ 

0 

C 

Fig. 6-15. A network containing two 
emf's 

even though the assumed direction of the current through 82 is opposite to 
that which 82 alone would produce. In Fig. 6-16 is a plot of the potential 
about the circuit of Fig. 6-15; it shows graphically how the sign conventions 
work. The circuit has been redrawn on the new figure in order to permit 
easier correlation with the potential plot. 
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Fig. 6-16. A potential plot for the network of Fig. 6-15 

6.5. Power considerations 

In the circuit of Fig. 6-17, we have a source of emf connected to an external 
resistance R through which a steady current I is flowing. Consider the 

charge dQ which passes some point in the circuit 
_______ 1 ___, during the time interval dt. The work done by 

the electric field in moving the charge from the 
c ....:::.... upper end of the resistor to the lower is 

R 

r 

Fig. 6-17. 

dW = dQ (V2 - V1) 

= VdQ. 

The rate at which work is being done, or the 
power being expended, is then 

p = dW 
dt 

= VdQ 
dt 

= VI, (6.26a) 

where I is the current flowing through the resistor. But V, I, and R, the 
resistance, are related by Ohm's law; 

V = RI. 
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Hence, we can also express the power in two alternative forms: 

P = RJ2 
and v2 

P=-· 
R 

By the same reasoning, an amount of power 

Pint = Vintl 
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(6.26b) 

(6.26c) 

(6.27) 

is being expended in the internal resistance of the source of emf. The source 
of all this power must be the emf itself, and since 

s = V + Vint, (6.28) 

we see by adding Eq. (6.26a) and Eq. (6.27) that the emf is doing work at the 
rate SI. This explains the statement made earlier that a source of energy 
must be available if an emf is maintained while a current is flowing. 

The only form in which energy may reappear in the resistor is that of 
heat; hence heat must be generated in the resistor at a rate given by Eq. 
(6.26). The mechanism of the energy transfer is, first, the mechanical 
acceleration of the charged bodies which carry the current and second, the 
collisions of these bodies with atoms. That is, field energy becomes orderly 
kinetic energy which in turn becomes disorderly thermal energy of the 
atoms. The time required for each acceleration and collision is so short that 
it is meaningful to regard the flow of energy from field to heat as if it were 
continuous. From this discussion we see that J and I, as we use them, are 
not truly instantaneous values, but rather the values obtained by averaging 
over many collision intervals. 
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PROBLEMS 

I. A conductor carries a current of 1.0 amp. How many electrons pass a point 
on the conductor each second? 

2. A circular wire having a diameter of 0.5 mm carries a current of 4.3 amp. 
Find the current density within the wire, in amperes per square meter. 

3. A wire has a uniform cross-sectional area A and carries a direct current I. 
The average velocity of the free, current-carrying electrons is ii. There are N v 
free electrons per cubic meter. How many electrons per second pass a given point 
on the wire? What is the equation connecting I with Nv, A, ii, and e, the charge 
on one electron? 
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4. In copper, N v = 8.378 X 1028 electrons per cu m. A copper wire 1.0 mm in 
diameter carries a current of 10 amp. What is the average velocity of the 
electrons? 

5. A No. 10 B & S Gauge copper wire has a diameter of 101.9 mils (that is, 
101.9 X 10-a inches). When such a wire carries a current of 10 amps, find the 
current density, in amperes per square meter. Also, find the electric field intensity 
within the wire. 

6. Use the boundary conditions which we obtained in Chapter 5 to calculate the 
electric field in the air at the surface of the wire of Problem 5. Then calculate 
the density of energy stored in the electric field at the surface. Neglect the radial 
component of the field. 

7. The conductor of Problem 2 is made of aluminum, for which the conductivity 
is 3.54 X 107 (ohm-meters)-1• Find the electric field within the conductor. 

8. For a cylindrical conductor, derive Ohm's law in the regional form from the 
point form. 

9. A capacitor is made with plates whose conductivity is so large that it may . 
be treated as if it were infinite. When the dielectric is free space the capacitance is 
C. 

The plates are now immersed in a medium having a conductivity g, which 
gives a resistance R between the terminals. Show that, regardless of the geometry 
of the plates, 

RC=~
g 

10. At a certain point within a conductor carrying a direct current, the x- and 
y-components of the current density are 

J,, = 2ax, Jv = 3bz, 

where a and b are constants. Find the z-dependence of J,. 

11. A cylindrical conductor carries a direct current. The axis is in the z
direction Symmetry arguments show that Jz = Jv = 0. Show that J, must be 
independent of z. 

· l 10.3 98.6 50.2 .. 
+ 
,:- 1.4 

0.3 0.1 75.6 =~0.005 

Fig. 6-18. 
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12. In the network shown in Fig. 6-18, dl emf's are in volts, resistances in 

ohms and the capacitance in microfarads. Find the current in each branch after a 

steady state has been attained. How much charge accumulates on the capacitor? 

How long does it take an equal charge to move past a point in each branch of the 

network? 

13. The belt of a Van de Graaff generator is 0.5 m wide, and it travels at 3.0 

m per sec. It is charged with 7.0 X 10-4 coulombs per sq m. The terminal voltage 

is 106 v, the internal resistance negligibly sm2,ll. 

(a) What current is being supplied by the machine? 
(b) What power (in excess of that required to overcome friction) must be 

supplied by the motor driving the belt? 
(c) The terminals of the machine are 5.0 m apart. Assuming a uniform field 

between tl\.em, find the force on an element of the belt of length dx. 

(d) Show that P = J v•dF, where v is the velocity of the belt, and dF the 

force element found in Part (c). 

14. At a point within a conductor which carries direct current, show that the 

time rate 2,t which heat is being generated per unit volume, dP / dV, is 

dP 
- =E·J 
dV 

= gE2 

J2 

g 



7 Magnetic Fields 

Introduction 

When electric charges move, they exert magnetic forces on each other in 
addition to the electrostatic forces which exist when the charges are sta
tionary. There are magnetic forces between moving free charges, including 
those which are confined to conductors. There are also forces exerted by 
magnetized bodies on moving charges, and conversely. These magnetic 
forces are due to the motions of charges which are bound to regions of 
atomic or subatomic dimensions within the magnetized material. 

In electrostatics we have made considerable use of the concept of a point 
charge, nbt because of its magnitude but because of its compactness. 
Although true point charges do not exist the idea is not entirely unrealistic, 
since we can observe and measure forces between charged bodies whose 
separation is large compared to their linear dimensions. In fact, this is just 
what Coulomb did in his famous experiment from which we are able to 
deduce the electric field from a point charge. A similar magnetic experiment 
would measure the force between two moving charges, or current elements. 
Although individual moving charges exist, either the charge or the speed is 
always much too small to permit a force measurement. In practice at least 
one of the two objects, the force between which we are to measure, must 
have dimensions which are not small compared with the separation between 
the objects. For example, we might deflect a beam of electrons in a cathode
ray tube and observe the force on each electron (essentially a moving point 
charge) exerted by a magnet or by a circuit containing a coil. We shall use 
this approach to define a magnetic field quantity; later we shall hypothesize 
the contribution to that field quantity from a current element. 

Except for Secs. 7.1 and 7.2, in which the results are generally valid, it 
will be assumed throughout this chapter that the currents producing the 
magnetic fields are direct currents, so that the fields are constant in time. 

7 .1. The magnetic force on a moving charge 

We can easily determine that a magnetic field exists at a point in space by 
observing the torque exerted on a compass needle. Further, we take the 
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direction of the field to be the same as that in which the needle points when it is 
freely suspended. 

In magnetics, as in electrostatics, there are two principal field quantities 
which are related in much the same way as are E and D. They are the mag
netic induction, B, and the magnetic field, H. We shall define Bin this section, 
b11t we shall not introduce H until Chapter 9. However, we speak occasion
ally of the "magnetic field" when the distinction between B and H is not 
important; this we did when we discussed the compass needle. The 
magnetic induction is also called the magnetic flux density; in the mksa 
system its units are webers per square meter. 1 

When a moving electric charge passes through a region where a mag
netic field (due to other moving charges, somewhere else) exists, a force is 
exerted on the charge which is 

dF = dQt Vt B sin (vt, B), (7.1) 

where dQt is a test charge, used only to examine the magnetic field, Vt is its 
velocity, and (vt, B) is the angle between vi and B. The direction of the 
force is normal to the plane determined by v t and B, as shown in Fig. 7-1. 

F 

B 

Fig. 7-1. 

B 

IIXB 

Fig. 7-2. The B's lie in the same 
plane, and their projections on a 
line normal to v are the same; 
hence, the product v x B has 
the same value for each of them 

We can write Eq. (7.1) as a vector equation, 

dF = dQt Vt X B, (7.2) 

where by Vt X B we mean a vector in the direction shown in Fig. 7-1, 
whose magnitude is VtB sin (vi, B). The quantity Vt X B is the vector 
product of Vt and B. We shall discuss the properties of this new product in 
some detail in the following section. 

1The reason for using the name "flux density" and units involving area is that the 
early workers in this field attached somewhat greater importance than we do nowadays 
to quantitative ideas of lines of force and the number of lines crossing areas. Although 
the emphasis has been shifted, the terminology remains. 
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Equation (7.2) is the defining equation for the magnetic induction B. 

However_, a single measurement such as that implied by the equation does 

not give B uniquely; rather, it gives the projection of Bon a line normal to 

dF and Vt, In Fig. 7-2, the vector product Vt X Bis the same, no matter 

which of the B's in the figure we use. There is one situation which will give 

us an unambiguous result: when v1 is parallel to B, the product is zero. 

We are free to change the velocity of the test charge until we find a direction 

which makes dF vanish. The compass needle to which we referred earlier 

would point in this same direction. The observation of this direction, plus 

the result of any one measurement for which dF is not zero, serve to deter

mine B completely and uniquely. We could, of course, use the direction of 

a compass needle plus the measurement of dF to obtain the same informa

tion. 

7 .2. The vector product 

The quantity 
c=axh (7.3) 

is the vector product of a and b. It is a vector whose magnitude is 

ab sin (a, b). Its direction is normal to the plane of a and h, and its sense 

may be obtained from a right-hand rule; if one curls the fingers of the right 

hand from a to b through the smallest angle, the thumb will point along c. 

Clearly, if one curls the fingers from b to a the thumb will point in the 

opposite direction, which means that 

h X a= -a X h; (7.4) 

the vector product does not obey the commutative law (see Fig. 7-3a). The 

magnitude of the product can be analyzed as 
ab sin (a, b) = a X (component of b which is normal to a). 

= (component of a which is normal to h) X b. 

axb = -bxa b 
w 

bxa= -axb 

(a) (6) 

Fig. 7-3(a). The vector product, c = a x b, is normal to the plane of 

a and b. Its sense is that of the axial motion of a right-handed screw 
turned from a toward b through the smallest angle. Its magnitude is 
ab sin (a, b). (b and c). Azimuthal velocity and torque as vector pro

ducts. 
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The vector product is used in mechanics to represent such things as 
velocity in angular motion, and torque, each of which we recognize as a 
vector quantity. These are shown in Figs. 7-3b and 7-3c. 

Frequently we need to calculate the vector product of vectors which are 
expressed in component form. To do this, we must first find the vector 
products of the unit vectors themselves. In Fig. 7-4 are shown a right-

3 3 

2 J J 2 

Fig, 7-4. Left- and right-handed coordinate systems. We shall use only 
right-handed sets 

handed and a left-handed set of coordinate.s. In the right-handed set, if the 
vector projecting into the first octant were a right-handed screw, it would 
move along its own axis when it was turned in the direction implied by 
1 -t 2 -t 3. Either set of unit vectors might represent the direction of 
increasing coordinates in any three-dimensional system - Cartesian, cylin
drical, .spherical, or other. For the right-handed system, the vector 
products of the unit vectors are 

(7.5a) 

These relations are summarized by 

l; XI;= h, (7.5b) 

where (ijk) are in cyclic order. That is, they are a cyclic permutation of 
(123) such as (231) or (312). For the left-handed set, the equation corre
sponding to (7.5b) contains a negative sign. Notice that there is nothing 
magic about the coordinates themselves, but only in the order in which we 
choose to place them. We could make the left-handed set into a right
handed one if we specified their proper order to be a cyclic permutation of 
(132). Conversely, we could change the right-handed set into a left-handed 
one by taking the coordinates in the order (132) or a cyclic permutation of 
that order. In either set of coordinates, it is apparent that 

(7.6) 

where i is either 1, 2, or 3. In this book we shall always use the order of the 
coordinates which gives a right-handed set. 
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Now we can expand the vector product a X bin Cartesian coordinates. 
The expansion is 

1( 2 3 - 3 2) 2( 3 1 - 1 3) 3(1 2 - 2 1) 

The line below the last equation of Eq. (7.7) is intended as an aid to the 
memory; the first term of the 1-component contains a2 and ba so we have 
(123) in that order. The first terms of the other components are obtained by 
cyclic permutations of (123). In the second term of each, the order of the 
second and third indices is reversed from their order in the first term. 
Another way of remembering the vector product is as a determinant; 
expansion will verify that 

11 12 la 
a X b = a1 az aa 

b1 b2 ba 

7.3. The magnetic force on a current element 

(7.8) 

The current-like quantity which corresponds to the point charge of electro
statics is the current element, which is a vector point quantity. The current 
element can be expressed in a number of different ways, one of which is 
the product dQ v. If the charge dQ is distributed over a volume element 
dV with a density Qv, then 

dQ v = QvvdV (7.9) 

is another way of expressing the current element. By comparing Eq. (7.9) 
with the various expressions for the current density which we found in 
Sec. 6.1, it is clear that the current element may be written as 

current element = dQ v 
= QvvdV 
= JdV 
= J·dSdg 
= dl dg. 

Here J is the current density within dV, 
dS is the cross sectional area of dV, 
dg is the length of dV, in the direction of current flow, and 
dl is the current through the volume element. 

(7.10a) 
(7.10b) 
(7.10c) 
(7.10d) 
(7.lOe) 
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All the quantities which appear in Eqs.( 7.10) 
are shown in Fig. 7-5. Each of these expresEions 
puts emphasis on something different, and each 
is useful in certain special situations. Perhaps 
it is just because we need these different ex
pressions that we have no single symbol for the 
current element. 

When we are dealing with currents in thin 
wires (thin as compared with distances to other 
wires or to sources of magnetic fields), it is 
convenient to integrate the current ele
ment· over the cross section of the wire to 
obtain 
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Fig. 7-5. The quantities in 
terms of which a current 
element may be specified 

current element = drJ f J · dS 
cross 

section 
of wire 

= I d,J. (7.11) 

This is still a current element, but it is of lower order in the small quantities 
than those of Eqs. (7.10). 

Because of the prevalence of wires, we shall often use I dg as the current 
element; in many places J dV or one of the other forms above would do just 
as well. 

A moving charge "feels" a force from a magnetic field. If the charge is 
unconfined, as is the beam of electrons in a, cathode-ray tube, the charge 
will be deflected. If the charge is flowing inside a metal conductor (a wire, 
perhaps), the force is transmitted to the metal by the non-electric forces 
between the current-carriers and the stationary atoms of the metal. Hence, 
"force on a current element" may mean "force on a short length of wire 
carrying a current." Let us consider a short length drJ of a wire which 
carries a current I, and which has a cross-sectional area A. The element of 
force on it is 

dF = dQv X B, (7.12) 

where dQ is the moving charge contained in the volume A d,J, vis the velocity 
of the charge, and Bis the magnetic induction due to other currents some
where else. In a metal, dQ is composed of negative electrons; there is no 
force on the positive charges because they are stationary. If we take as the 
element of time dt, the interval required for a charge to move through the 
element of volume, then the velocity of the charge is 

so that 

V = d,J, 
dt 

dg 
dF = dQ dt X B. (7,.13) 
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Here we are thinking explicitly of the charge dQ which moves a distance de 
in time dt. Remembering th~t moving charge is distributed throughout the 
volume of the wire, we may equally well think of the length of wire de, 
across any section of which charge is being transported at a rate dQ/ dt. 
We can express this different point of view by rearranging Eq. (7.13) as 

dQ 
dF = dt de X B. 

However, dQ/dt is simply the current I flowing in the wire, so that 

dF =Ide X B. (7.14) 

This is the expression for the force exerted by a magnetic induction B on an 

element of wire of length and direction de, carrying a current I. 
Let us return to Eq. (7.12), and apply it to a particle which is free, in the 

sense that it is not confined to a conductor; it may be an electron or an ion 
in a vacuum chamber - or in interstellar space. If the extension of the 
particle is small (point charge), we may drop the differentials in Eq. (7.12) 
and write 

F=QvxB. (7.15) 

The force of Eq. (7.15) is always normal to v, and so the magnetic force 
cannot transfer any energy to the moving particle. (This statement is true, 
of course, only for the static magnetic induction; if the induction changes 
with time, there can be a force parallel to v, which can give energy to a 
charged particle.) Since the force and the resulting acceleration are normal 
to the velocity, the motion of the particle must be along the arc of a curve. 
From elementary mechanics we can show that the radius of curvature, r, of 
the projection of the path of the particle on a plane normal to Bis related to 
the other quantities involved by 

VJ_ 
F=Qv1.B=m-· (7.16) 

r 

The angular speed in the plane normal to B i~ 

VJ. 
w=-· 

r 
which, with Eq. (7.16), gives 

w= 
QB_ 
m 

(7.17) 

Of course, these equations describe the motion only at one point in space. 
The projection of the path on a plane normal to B will be a complete circle 
only if Bis uniform over the region occupied by the circle. But for that case, 
the frequency of the motion, w, is independent of the speed or energy of the 
particle if the mass is constant. This is the principle on which the cyclotron 
operates, and thew of Eq. (7.17) is called the cyclotron frequency. Actually, 
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Eq. (7.17) is valid.for relativistic speeds if form we use the relativistic mass . 
. But a cyclotron cµ,n accelerate ions to relativistic energies only if either the 
oscillator frequency or the magnetic induction can be changed during the 
acceleration interval, in order that the equality of Eq. (7.17) be maintained 
as m increases. 

If we measure the radius of the path of a charged particle moving in a 
magnetic induction, we can calculate the component of its momentum in 
the plane normal to Band, hence, a minimum value of its energy. Equation 
(7.16) may be rearranged to give 

mvJ. = QBr. (7.18) 
This equation is also correct at high energy if mis the relativistic mass. The 
momenta of particles as energetic as cosmic rays can be determined by 
measuring the curvature of their paths in a known magnetic field. Such 
measurements are often made in cloud or bubble chambers, in order that 
the paths may be photographed directly. 

If the particle is subjected to both electric and magnetic forces, the two 
add vectorially, and the resultant is just 

F = Q(E + V X B). (7.19) 

This sum is the Lorentz force. 

7.4. The induction from a direct-current element 

In the Introduction to this chapter we discussed the difficulty of a direct 
determination of the magnetic induction from a current element. Experi
mentally, we do know that the induction from a long straight wire carrying 
a current is in the azimuthal direction about the wire. That is, it is normal 
to each element of the wire and also normal to the line which connects the 
observation point with an element of the wire. The Coulomb law suggests 
an inverse square dependence on 
distance. It is consistent with these 
observations to assume that the 
element of induction from an ele
ment of direct current is 

dB - C Ide drl X Ip 
de - 1 p2 (7.20) 

for the geometry of Fig. 7-6. Here C 
is a constant, as yet undetermined. 
Integrals of Eq. (7.20) give correctly 
the induction from closed circuits 
which have sufficiently simple shapes 
to permit the integration to be 

Fig. 7-6. The geometry from which we 
deduce the element of magnetic induction 
due to a current element 
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carried out. Tp.ere are also many indirect checks, so that we have every 
reason to believe in the validity of the assumption expressed by Eq. (7.20). 

We are going to define the unit of current in terms of the force between 
current-carrying wires, so the C in this equation is still arbitrary. We ,Jhoose 
it to be 

C = :: webers per ampere-meter, (7.21) 

the dimensions being determined by Eq. (7.20). The quantity µo is called 
the magnetic permeability of free space. It is roughly the magnetic analog of 
1/ Eo in electrostatics.2 In these mksa units, µo is defined to be exactly 

µ 0 = 411' X 10-7 webers per ampere-meter. (7.22) 

This is the reciprocal of the numerical coefficient .of 1/ c2 which appeared in 
Eq. (1.25). That equation might be rewritten as 

1 
Eo =-· 

c2µo 
Finally, 

dBdc = µo Ide do' X IP. 
411' p2 

(7.23) 

This expression is known as the Biot-Savart law. 
An examination of Eq. (7.23) and of Fig. 7-6 shows that the lines of B 

form closed circles about the axis of do. If the wire is grasped in the right 
hand with the thumb pointing in the direction of current flow, the fingers 
will point in the direction of the magnetic induction. 

For the entire circuit of which do is a part, the induction is 

B µo I f do' X Ip 
dc=4'1l'do p2 • (7.24) 

This is the result which may be compared with experiments. The integral is 
taken around the circuit producing B. 

About a current loop of arbitrary shape, the lines of magnetic induction 
are certainly not circular. However, there are no sources of the induc
tion in the sense that electric charges are sources of the electric field. 
In this connotation, "source" does not mean "that which causes" -
the electric current is the agency which causes the magnetic induction. 
Rather, by "source" we mean something toward which or away from which 
the field quantity is directed, as the electric field is directed away from 
positive charges and toward negative charges. In this sense, there are no 
sources of the magnetic induction, and the flux of the magnetic induction 
through any closed surface must be zero. That is, 

f B·dS = 0. 
closed 
surface 

(7.25a) 

2The Greek letterµ corresponds to the Latin m, which is the initial letter of magnetism. 
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Since this statement is true for any closed surface, it follows from the 
divergence theorem that 

'div B = 0 (7.25b) 
everywhere. 

Although we have been considering only direct currents, Eqs. (7.25) 
are completely general, even when the 0urrents which cause the induction 
depend on time in any manner. Equation (7.25b) will appear later as one 
of Maxwell's Equations. · 

Even though the divergence of the magnetic induction vanishes every
where and always, it is not possible (except about a plane loop of current) to 
represent the induction by unbroken lines. Rather, the lines must be 
terminated and restarted, as is shown in Fig. 7-7. Where the lines end and 
begin again is rather arbitrary, just as it is arbitrary whether a line repre
senting a field is drawn through some particular set of points or through 
another set close by. What Eqs. (7.25) do tell us is that within any closed 

Fig. 7-7. When Bis represented 
by lines, the lines may have 
breaks in them, but within any 
closed region the number which 
terminate must exactly equal 
the number which start, so that 
div B = 0 

y 

X 

2 

4 a 

Fig .. 7-8. A small current-carry
ing loop on which we calculate 
the force and the torque 

r 

surface, finite or infinitesimal, the number of terminations must exactly 
equal the number of new lines beginning. This matter is discussed at 
greater length by Joseph Slepian, AmericanJournal of Physics 19, 87 (1951). 

7.5. Interaction of a magnetic dipole with the induction 

When a current loop is small, it interacts with the magnetic induction just 
as an electric dipole interacts with the electric field. A loop is "small" in this 
sense if the induction changes but little from one point to another on a 
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surface bounded by the loop. It is very difficult to calculate the interaction 
for even a small loop if its shape is arbitrary, so we shall do it only for a 
rectangular circuit. We choose a set of Cartesian axes whose x-y plane 
contains the circuit, as we see in Fig. 7-8. The sides of the loop have 
dimensions a and b, and they are numbered as shown in the figure. The 
induction has the value Bat the point (x, y), it increases to B + b aB/ ay at 
(x, y + b), and so on. The average value of the induction on Side 1 is 
B + (b/2) aB/ay, so the force on Side 1 is 

, 1 a ) 
F1 = -Ilv X \ B + 2 b ay B b. (7.26a) 

(This equation contains a negative sign because the current on Side 1 is in 
the negative y-direction.) The force on Side 3 is 

Fa = Ilv X [ B + a :x B + ~ :y ( B + a :x B) ]b. (7.26b) 

We now add F1 and Fa. In both the force expressions, there are terms in Bb 
with opposite signs, and they cancel each other. The terms containing 
aB/ay also cancel. We have left the term in (aB/ax)ab. There is a term in 
a2B/ax ay, but it has a factor ab2• The condition that the circuit is so 
small that B changes but little over it means that terms of the third order 
in a and b, containing second derivatives of B, are negligibly small compared 
with terms of the second order in a or b and containing first derivatives. 
Hence we may neglect terms like ab2 a2B/ax ay as compared with terms 
like ab aB/ ax. Finally, then, the net force on Sides 1 and 3 is 

a 
F1 + Fa = I1 11 X ab ax B. (7.27) 

X 

m 

z 

y 

Fig. 7-9. When the fingers of the right hand go around the loop in the 
direction of the current, the thumb points in the direction of the 
magnetic moment, m. The induction due to the current loop is generally 
in the direction of m 
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We define m, the magnetic moment of the loop, to be 

m = I.lab (special case). 

Figure 7-9 shows how the direction oi mis related to the direction of the 
current by a right-hand rule. In terms of the magnetic moment, the force 
equation above becomes 

a 
F1 + Fa = mly X ax B. (7.28) 

To find the forces on the other two sides, we need the induction at the 
point (x + a, y + b). One can show easily that it is 

aB a ( aB) B(x + a, y + b) = B +bay + a ax B +bay · (7.29) 

With a little manipulation like that which led to Eq. (7.28), we find that 
the force on Sides 2 and 4 is 

aB 
F2 + F4 = -IL, X ab ay 

aB = -:ml., X -· ay 

When we expand the vector product in Eq. (7.28), we find 

aB a a a 
ly X ax = ly X (1., ax B., + ly ax By+ I. ax B.) 

a 
= ax (L;B. - l.B.,), 

because 
111 X 1., = -1., 

(7.30) 

(7.31) 

etc. With the product written in the expanded form, Eq. (7.28) becomes 

a 
F1 + Fa = max (I.,B. - l,B.,). (7.32) 

When we expand Eq. (7.30) in the same way, we have 

a F2 + F4 = -ma (I.By - l 11B.). y 
(7.33) 

Finally, the total force on the current loop is the sum of the forces on all 
four sides: 
F1 + F2 + Fa + F4 = F 

[ a · a ( a a )] = m 1., ax B. + ly ay B. - 1. ax B., + ay By • (7.34) 
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To the right side of this equation we add and subtract the term 1, aB./ az; 
this gives 

[ 
a a a ( a a a )] 

F = m lx ax B, + ly ay B, + 1, az B, - 1, ax Bx + ay Bv + az B, 

= m[\7 B, - 1, div BJ. (7 .35a) 

Because div B = 0 everywhere, the second term vanishes, and 

F = m\i'B, (special case). (7.35b) 

At this point we assert, without proof, that the result which we have ob
tain"ed for the force would have the same form if the circuit had an arbitrary 
shape rather than being a simple rectangle. Although we defined the 
magnetic moment as a vector quantity, so far we have made no use of its 
vector character. The definition of the magnetic moment of a current loop 
of general shape and orientation is 

Fig. 7-10. The magnetic moment 
from a loop of arbitrary shape 
and orientation. The same 
right-hand rule which we used in 
Fig. 7-9 relates m to the direc
tion of current flow 

m = f I dS; (7.36) 

the directions of m, I and dS are shown in 
Fig. 7-10. 3 We notice that the magnetic 
moment of our circuit has only a z-compo
nent. We assert further that we can general
ize the force expression to a magnetic 
moment of general orientation by adding 
forces like the one we have found, for the x
and y-components of the moment. The 
force on a current-carrying loop of arbitrary 
shape and orientation (but still small) is 

F = (mx'-lBx + myv'By + m,'i!B,). 

Now m is a constant, so this expression for the force is the same as 

F = 'i!(mxBx + myBy + m,B,) 

= 'i!(m•B). (7.37) 

When we expand the right side according to the Appendix, Eq. (A.6), we 
find terms containing derivatives of m and the curl of B, all of which 
vanish. The only thing left is 

F = (m•'il)B. (7.38) 

Although the derivation was much more difficult, the result has the same 
form as does the expression for the force on an electric dipole which we 
found in Sec. 4.3. 

3S?me authors prefer to define magnetic moment with a factor µo , as 

m = µo I Ids 
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In considering the torque on the current loop, let us take as axes for 
moments of forces those lines parallel to the coordinate axes which pass 
through the centers of the sides of the loop. The vector from the axis to the 
point of application of F2 is - lyb/2; the vector to the point of application 
of F4 is +lyb/2. Then T,,, the x-component of the torque, is related to the 
forces by the equation 

(7.39) 

When we subtract the forces we find that the· terms in B add, so we can 
neglect the terms containing derivatives of B. This gives us 

b 
l,,T,, = 111 2 X (-2Ia)(l,, X B) 

so that 
T,, = -m,By. (7.40) 

To find Ty, we observe that the vector to the point of application of F1 is 
-lyb/2, and that to the point where Fa acts is +lyb/2, so that 

and 

(7.41) 

We would like to generalize this result to a circuit of general shape and 
orientation. The two terms which we have obtained are valid for any shape, 
and we observe that we have just those terms of m X B that would not 
vanish if m had only a z-component. Hence we infer - correctly - that 
the torque on a small loop of general shape and orientation is 

T = m xB. (7.42) 

7.6. The force between current-carrying wires; the definition of the 
ampere 

From Eqs. (7.14) and (7.23) we can calculate that the force on an element 
of current 11df)i due to the induction from another current element 12 d()2 is 

d2F = 11 de dgi X dB2 de, 

where 
dB _ µo l dg2 X lp 

2dc_4_ 2do 2 • 
'Ir p 
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Here i;, is the vector from di;,2 to di;,1, 
and lp is its unit vector. There are 
shown in Fig. 7-11. 

dB2 dc Then 

Fig. 7-11. The geometry for the cal
culation of the force by one current on 
another. The two current elements I di;, 
do not necessarily lie in the same plane 

The symbol d2F is used because the 
force equations are of second order in 
the small quantities di;,1 and di;,2. 

The force between two current loops is found by integrating the ex
pression of Eq. (7.43) around both loops: 

(7.44) 

It is not immediately apparent that Eq. (7.44) is symmetrical; that is, in 
its present form it does not clearly show that the force on Circuit 2 due to 
the current in Circuit 1 is equal but opposite to that exerted on Circuit 1 by 
Circuit 2. However, let us expand the vector triple product in the in
tegrand, according to the Appendix, Eq. (Al.2): 

di;,1 X (di;,2 X lp) = dg2(dg1~Ip) - lp(dg1•dg2). (7.45) 

The second term in the expansion is symmetrical in 1 and 2, while the first 
appears not to be. But let us look at the integral of the first term around 
the first circuit: 

j dgi/p = - j di;,1•v'). 
Yi p )1 p 

(7.46) 

Here v'1l/ p denotes the gradient of 1/ p which we obtain when we keep 
fixed the origin of g, which is on dg2, while its end-point on dg1 moves. 
The gradient has the same spatial dependence as does the electric field from 
a point charge, and so its line integral around a closed path must vanish. 
Hence, the integral of the unsymmetrical first term of Eq. (7.45) is zero, 
and the force is given entirely by the integral of the symmetrical second 
term: 

(7.47) 

The Ampere. Integration of Eq. (7.43) over one of two parallel wires 

gives, for the force per unit length on the other wire, 

dF = µo l1dcl2dc, (7.4S) 
dp 271' L 

where L is the distance between the wires. If we apply the right-hand rule 
for the direction of a vector product to the currents of Fig. 7-11, we find 
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that, in contrast to the force between electric charges, the force between 
currents is attractive if the currents are in the same direction, and repulsive 
if they are opposed. 

The result expressed by Eq. (7.48) enables us to determine the magni
tude of the ampere from the mechanical measurements: 

Two long parallel wires one meter apart exert a force of 2 X 10-1 newtons 
per meter on each other when each is carryi~g a current of one ampere. 

This in turn gives us the size of the coulomb, which is one ampere-second, 
and completes the chain of reasoning started in Sec. 1.8. 

A few more words about the symmetry of forces: we got rid of the 
unsymmetrical term of Eq. (7.45) only by integrating around a circuit. 
If Current 1 were not flowing in a closed circuit - if, for example, it were a 
pulse of charge, or a transient current in a capacitor - then the symmetry 
would not exist. That is, the two current systems would not exert equal 
but opposite forces on each other, and Newton',s third law would be 
violated. Newton's third law does not, in fact, apply to current systems 
except when a de state has been reached; the current pulse is a transient, 
just as is the capacitor charging current. These facts are evidence that, if 
we are to retain the law of conservation of momentum, we must suppose 
that momentum may be transferred by the electromagnetic fields. We shall 
say more about this in Chapter 12. 

7.7. Ampere's law 

In Eq. (7.23) we have the expression for the magnetic induction from an 
element of current-carrying wire. If we integrate this over an infinitely 
long, straight wire we find that 

(7.49) 

where p is the distance from the point of 
observation to the wire. The induction is in 
the direction of increasing azimuth, when the 
current is out of the paper, as in Fig. 7-12. 

Let us now calculate the line integral of 
B de, first along the arc shown in Fig. 7-12. 
Here B has the value given by Eq. (7.49), and 
the element of arc (which is parallel to B) is 

dp' = pd<p 
Then 

B 

{,,c Of.IT OF PAPER 

Fig. 7-12. The magnetic in
duction about a long straight 
wire which carries a current 
Ide 

(7.50) 
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which is independent of p. Along a path either radial or parallel to the 
current, d(/ and B are normal to one another, so that B•dp' = 0. Now 
any path may be analyzed into radial, tangential, and parallel components, 
so that for an element of arc in any direction 

The variables p and cp are the radial and azimuthal coordinates of a cylindri
cal system; the current-carrying wire lies along the z-axis of the system. 
The integral of dcp around a closed path which encloses the z-axis is 271'; the 
integral around a closed path which does not enclose the axis is zero. Hence, 

(7.51) 

{
µol de if the path links the current. 

= 0, if the path does not link the current. 

This may be written as 

f Bdc•dp' = µ.oldc (free space, de) (7.52) 

if by I we understand the net current which passes through any surface 
bounded by the path of integration. Although we have derived this only 
for a long, straight wire, it is generally true; but for conductors of other 
shapes, the integration is more difficult. The result is known as Ampere's 
law, or Ampere's circuital law (see Fig. 7-13). 

Fig. 7-13. Contour C links with no current, D with equal currents in 
opposite directions, and E links with the same current twice. Contour 
D really does not link with any current, because it could be pushed 
downward and shrunk to a point without cutting any conductor 
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Ampere's law for the induction should be compared with Gauss' law for 
the electric field [Chapter 2, Eq. (2.34)]. For these two equations, we may 
write 

f E•dS = ~ f Qv dV (free space) (7.53) 

and 

f Bdo•dg' = µo f Jdo•dS (free space, de). (7.54) 

Although the configurations of the two field quantities are very different, as 
are those of the tjuantitres which cause the fields, nevertheless Eqs. (7.53) 
and (7.54) are counterparts of one another in that each relates the integral 
of a field quantity to an integral of the quantity which causes the field. Like 
Gauss' law for the electric field, we shall find Ampere's law for the magnetic 
induction to be very useful, especially in situations having a high degree of 
symmetry. Just as in Chapter 4 we found a more general expression of 
Gauss' law for the electric displacement, so in Chapter 9 we shall generalize 
Ampere's law to a new magnetic field quantity. 

The induction within a circular wire. As an application of Ampere's 
law, let us calculate the induction inside a long, straight wire having a 
circular cross section. From the symmetry of the situation, we see that the 
induction must be everywhere in the direction of increasing azimuth angle, 
and in magnitude it must depend only on distance from the center of the, 
wire, and not at all on axial position or azimuth. We choose a con tour which 
has the same symmetry as the wire - that is, a circle which is concentric 
with the wire. We choose the radius to be p; then Ampere's law says that 

f Bdo•dg' = µoldo(P), (7.55) 

where dg' is an element of path around the contour, and Idc(P) means the 
current within the circle. From our arguments concerning symmetry, it is 
clear that Bdo has the same magnitude and is everywhere parallel to dr/, so 
that the left side of Eq. (7.55) is just 21rpBdc• On the right side of the 
equation, because the current density J do is uniform, 

ldo(P) = Jdo7rP2
-

Then 

and finally 

Bctc = µ~doP. 

We can also write the induction as 

Bct = µoldoP, 
C 21ra2 

where a is the radius of the wire, and I do is the current through it. 

(7.56a) 

(7.56b) 
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The induction within a solenoid. For another application of 
Ampere's law, we shall calculate the induction inside a long, straight 
solenoid having a circular cross section. At a point far from both ends, the 
induction must be parallel to the axis and independent of the axial coor
dinate and, from the symmetry, it must be independent of the azimuthal 
coordinate as well. The left side of Path C1 in Fig. 7-14 lies on the axis of 
the solenoid, the right side near the conductors which carry the current. 
Since there is no current inside the coil, the integral of B around C1 is zero, 
which tells us that the induction near the conductors is equal to that on the 
axis, and hence that B does not depend on the radial coordinate. Since we 
have shown that B is independent of all three coordinates,. it is uniform. 
Now let us integrate B around the rectangular Path C2 which is shown in 

Fig. 7-14. A solenoid, and the integration 
path which we use to calculate B inside the 
coil 

or 

Fig. 7-14. Since the solenoid is long, 
the induction outside it will be 
negligibly small. That part of the 
path which is inside, but radial, is 
normal to the induction, so it gives 
no contribution to the integral. All 
we have left is Ba, coming from the 
part of the path which is parallel to 
the axis of the coil, inside the wind
ing. According to Ampere's law, the 
integral must be equal to µ0 times 
the enclosed current. The current is 
Nial, where NL is the number of 
turns per unit length of the solenoid. 
That is, 

(7.57) 

There is a general resemblance between the procedure used here and 
that which we used in Chapter 2 and other places to find the electric field 
and the electric displacement, from Gauss' law. In both magnetic and 
electric calculations, we have obtained a point statement from an integral 
statement in a situation where the geometric symmetry was sufficiently 
high. 

7.8. The curl of a vector 

Because the line integral of B around a closed path is not, in general, zero, 
the magnetic induction is not a conservative field. Our purpose in this sec-
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tion is to obtain a point statement which 
describes a non-conservative field. In Fig. 7-15 
we see an example of a field r whose magnitude 
changes as we move in a direction normal to 
that of the field itself. It is apparent that the 
line integral about a closed path is not always 
zero; for in the integral about the contour C, 
the contribution from the left side will be larger 
than that from the right, and of opposite sign. 
There will be no contribution from the up
stream and downstream sides, because on them 
r · du = 0. Hence the net integral is not zero, 
and r is not a conservative field. We shall show 
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r 

' 

C I -

Fig .. 7-15. In general the line 
integral of r about a closed 
path is not zero; hence r is 
not a conservative field 

that at each point in space the closed line integral and the derivative in a 
direction normal to the field are related to a new vector quantity, which we 
call the curl of the field. 

As we have seen in the preceding section, r might. be the magnetic field 
in a region where currents are flowing. Alternatively, r might represent the 
velocity of a viscous fluid near a rough wall on the right side of the drawing. 
In this case, a dowel inserted at the position of C would tend to rotate in a 
clockwise direction; the angular velocity of the dowel would be proportional 
to the curl of the velocity of the fluid. The field r could also typify an 
electric field in a region of changing magnetic fields, but it could not 
represent a static or de electric field; work would be required to carry a test 
charge around a closed path in an electric field represented by r. 

We now proceed to a point statement of the curl. A component of the 
curl is given by the line integral around a small contour. To make the 
calculation of the integral easy, we shall perform it in Cartesian coordinates, 
for the rectangle shown in Fig. 7-16. The descriptions of the field about the 
rectangle will be reminiscent of the work on the magnetic dipole which we 
discussed in Sec. 7.5. We take the lower left corner as reference; the 
coordinates of the corners and the values of the field at the corners are 
given in Table 1: 

Corner 

Lower left 

Lower right 

Upper right 

Upper left 

TABLE 1 

Coordinates 

(x, y, z) 

(x, y + dy, z) 

(x, y + dy, z + dz) 

(x, y, z + dz) 

r(x, y, z) =r 
ar r+ - d1J ay 

Field 

r + ~ dy + ~ [ r + ar dy ] dz 
ay az ay 

ar 
r +- dz az 
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On Side 1, de = ly dy, so the scalar product in the line integral contains only 
they-component of r. From the first two lines of Table 1, we see that the 
average value of that component on Side 1 is 

1 a 
I'y + 2 ay I'y dy. (7.58) 

z 

dz 
4 

2 

X 

y 

Fig. 7-16. A rectangular path used to calculate the x-component of 
curl r 

On Side 2, we are concerned only with the z-component; its average value 
on that side is 

(7.59) 

The average values of the relevant components on Sides 3 and 4 can be 
calculated from the table in the same way as we have found those on Sides 1 
and 2. Because the integral along each side contains the length of that side 
as a factor, there will be no terms of order lower than the first in the small 
quantities dy and dz, and there will be terms of second and third order. The 
first- and second-order terms of the integral (but not those of third order) 
are 

Jdy dz r•dg = ( I'y + ~ :y I'y dy) dy (Side 1) 

( 
a 1a ) + r, + ay r,dy + 2az r. dz dz (Side2) 

( a 1 a ) - I'y + az I'y dz+ 2 ay I'y dy dy (Side 3) 

- (r. + ~ :z r, dz) dz. (Side 4) (7.60) 

The contributions from Sides 3 and 4 appear with negative signs because we 
have performed the integration in the counterclockwise direction, so that 
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dg = -lydy on Side 3 and dg = -I.dz on Side 4. InspectionofEq. (7.60) 
shows that the first-order terms from Sides 1 and 3 and those from Sides 2 
and 4 cancel each other. There is a cancellation of all the second-order 
terms which contain a factor of½, but the others remain, and hence we are 
justified in dropping the third-order terms. When we collect what is left, 
we have contributions only from Sides 2 and 3. (This asymmetry is not 
real, but only apparent; it shows up because we chose a corner of the 
rectangle for reference. If we had taken the center as reference, there would 
have been .contributions from all four sides, but it would have been neces
sary to use more derivatives in the development.) The terms remaining in 
the integr3:l are 

{ r-dg = (aa r. - aa ry) dy dz. lay dz y z (7.61) 

We can obrain a finite expression if we divide by the area of the rectangle 
dy dz. The\ result is, by definition, the x-component of the curl of r: 

(1,url r)., = .'Pdy dz r-dg = ~ r - ~ r (7.62) dy dz ay • az Y· 

X = y z z y. 

The notation below Eq. (7.62) suggests the vector product of Sec. 7.2. 
This clue is correct; if we carry through the calculations for the other 
components [or obtain them by cyclic permutation of (x, y, z) in Eq. 
(7.62)], we find that the curl is the vector product of the operator v' with the 
vector r: 

curl r = v' x r. (7.63) 

In Sec. 7.2 we have seen that a vector product may be represented by a 
determinant. We can do the same thing with the curl, and it makes an 
easy way t9 remember the expression: 

1., ly 1, 
a a a 

ax ay az 
curl r = 

rx ry r. 
= i.,(ar. _ ary) 

ay az 

+ 1 (ar., _ ar.) I y az ax 

i +l,( a;; - a;;;} . (7.64) 

When we e:x1pand the determinant, we follow a convention that.the deriva
tives operatb only on the components of r, not on the unit vectors. 

I . 
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The general definition of that component of curl r in the direction In is 

curln r = .f~~do (7.65) 

Here the line integral is taken around the contour bounding dS, in the direc
tion of the fingers of the right hand when the thumb points along In, which 
is the unit normal to dS. One can calculate the components of the curl in 
any coordinate system by using Eq. (7.65). 

7.9. Stokes theorem 

Because 
curln r dS = curl r,dS, 

we can rearrange Eq. (7.65) to read 

curl r-dS = is r•d!,J. 

For the two adjacent contours 1 and 2 in Fig. 7-17, we can write 

curl r-dS1 = 1 r,d!.' and curl r-dS2 = 1 r•d!,J. (7.66) 
~~ ls2 

Fig. 7-17. Because the integrals over the common path can,Jel, the sum 
of the line integrals of a vector about two contiguous contours is equal 
to the integral around both, omitting the common side 

Now let us add the contributions from the two contours. For the left side 
of the new equation we shall have 

curl r,dS1 + curl r,dS2 = { curl r-dS; 
11+2 

here we have simply replaced the sum of two terms by the corresponding 
integral. For the right side of the new equation we shall have the sum of 
the two line integrals. However, the integrations over the common part of 
the boundaries are in opposite direction, so they cancel one another. Then 

{ curl r,dS = j r,d!.' + j r,dg = j r,d!.', (7.67) 
l1+2 Yi "2 li+2 

where the integration around "1 + 2" needs to go only around the outside 
of the two contours, and not over their common side. This statement is 
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true even :if the two paths are not on the same plane, but bound adjacent 
elements of a curved surface. 

• I 

We can now extend this development to any numb~r of adjoining 
elements of area. For a finite region (Fig. 7-18) we then have 

f curl r-dS = f r-d9, 

where the line integral is taken around the 
contour bounding the open surface over 
which the surface. integral on the left is 
performed. The direction of the line 
integral is that of the fingers of the right 
hand when the thumb points in the 
general direction of dS. Notice that the 
open surface need not be plane. The 

(7.68) 

relation expressed by Eq. (7.68) is called Fig. 7-18. A surface on which we 
demonstrate Stoke's theorem. The 

Stokes' theorem. This law relates an open 
surface integral to a closed line integral; 

directions of the line integration and 
of the positive normal to the surface 
are related by a right hand rule in this respect it is analogous to the 

divergence theorem, which relates a 
volume integral to a closed surface integral. 

7.10. The curl of the magnetic induction 

Our purpose in this section is to obtain a point statement corresponding to 
Ampere's law. We start with the law in the form expressed by Eq. (7.54) 
and drop the prime on dg. Then 

f Bdo•dg = µoldo 

= µof Jdo·dS (free space, de). (7.69) 

We transform the left side from a line to a surface integral by Stokes' 
theorem; this operation gives us 

f curl Bdo·dS = µof Jd0 •dS (free space, de). (7.70) 

This relation is true for any surface, and so the integrands must be equal at 
each point in space. Furthermore, the integrands must be equal for any 
orientation of dS. Finally, then, it becomes clear that the coefficients of 
dS in Eq. (7.70) must be equal everywhere: 

curl Bdo = µoJdo (free space, de}. (7.71) 
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This is the desired point statement corresponding to Eq. (7 .. 69) above. It 
bears the same relation to Ampere's law as does 

div E = g (free space) 
Eo 

(7.72) 

to Gauss' law for the electric field. In Chapter 9, we shall obtain a more 
general relation of which Eq. (7.71) is a special case, just as we have a more 
general relation, containing the electric displacement, of which Eq. (7.72) 
is a ,special case. · 

7.11. The divergence of the curl, and the continuity of a direct 
current 

In order to calculate the divergence of a curl, we first must find the integral 
of the curl over a closed surface. We may do that by combining properly 
the integrals over two open surf aces which are bounded by the· same 
contour. Consider Surfaces 1 and 2 of Fig. 7-19. If we write Stokes' 
theorem for each of them, then for the indicated direction of the integral 
around the contour we must take the vector surface elements pointing 
generally upward, as do dS1 and dS2 in the figure. However, when we 
integrate over 1 + 2 as a closed surface, we must have dS everywhere 
pointing outward. In this case dS1 will be a proper outward-pointing 
surface element, but on the lower part of the surface we must use 
dS~ = -dS2, and that will reverse the sign of the.integral over Surface 2. 

Fig. 7-19. Two surfaces with a common bouhdary contour 
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Now to use these ideas: We write Stokes' law for Surfaces 1 and 2, for 
any vector field r. 

f curl r-dS1 = f curl r•dS2 = f r,dg. (7.73) 

1, upward 2, upward 
normal normal 

However, if we reverse the direction of dS in the integrai over Surface 2, 
we have 

f curl r-ds; = - J-curl r-dS2, 
2, downward 2, upward 

(7.74) 

normal normal 

so that 

1 f curl r •dS1 + f curl r-dS2 = f curl r-dS = 0. 
1, upward 2, downward closed surface, 

1 
normal normal outward normal 

(7.75) 

Eq. (7.75) is true for any vector; in words, the integral of the curl of any 
vector over any closed surface is zero. 

Let us now apply the divergence theorem to the surface integral of the 

curl: 

f curl r-dS = 0 = f div curl r dV. (7.76) 

Because we have specified no particular surface, the right side of Eq. (7.76) 
must equal zero for any volume. · For this to be true, the integrand must be 
zero everywhere: 

div curl r. = 0. 

(Note: This argument does not apply to the surface integral.) 
Now let us take the divergence of both sides of Eq. (7.71): 

, div curl Bdc = µo div Jdo = 0, 

whence 
div Jdc = 0 

(7.77) 

(7.78) 

(7.79) 

always. This is the same condition which we obtained by direct physical 

reasoning in Sec. 6.3. 

1. Slater and Frank, Chap. V. 
3. Frank, Chaps. 6, 7. 
5. Lass, Chaps. 1, 2. 
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PROBLEMS 
In these problems, we shall frequently make use of the abbreviated notation 
a = (ax, ay, a,) = Lax + lyay + I,a,. 

I. Given a = (5, 3, -2) and b = (9, 1, 1). 
(a) Find a X b. 
(b) Show that a•a X b = b 0 a X b = 0. 
(c) Calculate b X a and show that b X a= -a X b. 

2. Given c = (9, 6, 3) and d = ( -1, 3, -4). 
(a) Find c X d. 
(b) Show that c•c X d = d· c X d = 0. 
(c) Calculated X c and show that d X c = -c X d. 

3. A force of F = (3, 5, 3) newtons is applied at the point r = (1, 2, 1) meters 
(see Fig. 7-3). Calculate the torque about the origin. What are the direction cosines 
of the torque? 

4. A proton is moving with a velocity v = (3, 20, 5) X 105 m per sec in a 
region where the magnetic induction is B = (-0.1, 0.01, 0.15) webers per sq m. 
Find the acceleration of the proton, and show that it is normal to both v and B. 

5. An alpha particle is moving with a velocity v = (1, 3, 3) X 104 m per sec 
through a region: where the magnetic induction is 2 webers per sq m in the z-direc
tion. Show that the motion of the particle parallel to the magnetic induction is 
uniform. 

6. A charged particle is moving with a velocity v = (vx, Vy, v,) in a magnetic 
induction B = (0, 0, B,). Show that the acceleration of the puticle has no z
component and that it is independent of v,. 

7. The expression T = r X F gives the torque of the force F about the origin of 
the vector r. A force F = (0.1, 0.2, 0.6) newtons is applied to a rigid body at the 
point r == (0.9, -0.5, -0.1) m. Find the torque which the force exerts about (a) the 
origin of coordinates, and (b) about the point r' = (-0.6, 0.3, 0.1) m. 

8. The expression v = c.> X r gives the linear velocity of the end-point of r in 
terms of c.>, its angular velocity about an axis through the origin of r. The angular 
velocity is c.> = (-3, 4, 1) rad per sec when r = (0.1, 0.05, 0.02) m. Find the 
linear velocity of the tip of r. 

9. A singly-ionized atom of carbon-12 (C;;) is being accelerated in a cyclotron, 
and it has already received an energy of 2 Mev. The magnetic induction in the 
cyclotron is 0.3 webers per sq m, parallel to the z-axis. At an instant when the 
atom has a velocity with equal x- and y-components, find the force on it, and the 
direction of the force. · 

10. For the carbon atom of Problem 9, what is the angular velocity about the 
center of its motion? 

11. The flux-density between the poles of a cyclotron magnetic is 0.28 webers 
per sq m. What frequency must be applied to the dees in order to accelerate protons? 
Deuterons? Alpha particles? 
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12. Find the energy of protons emerging from a cyclotron in which the magnetic 
induction is 0.5 webers per sq m. The maximum radius of the motion of the 
protons is 30 cm. What is the oscillator frequency? 

13. A cyclotron oscillator operates at 10 megacycles per sec. What magnetic 
induction is necessary to accelerate protons? Deuterons? Alpha particles? The 
final energy is non-relativistic in each case. 

14. A charged particle has a charge Q and a mass M. It moves in a region where 
the magnetic induction is B = l,B. The particle starts at time t = 0 at the point 
(xo, Yo, 0) with a velocity (vx, Vy, v,). Show that the position of the particle at a 
later time is given by 

V . Vy 
x = - cos (wt - I()) + Xo + -w . w 

V , ( ) Vx y= --sm wt-I() +yo--
w c.: 

z = Zo + v,t, 

where w = QB,/ M, v = ✓v; + v~, sin 'P = v,jv, and cos 'P = -vu/v. 

15. A sphere, of radius a, bears a charge Q which is distributed uniformly 
throughout the volume. The sphere spins about a fixed axis through its center 
with an angular velocity w. Show that its magnetic moment is 

wQa2 

m=5· 

16. A sphere, of radius a, bears a charge Q which is distributed uniformly over 
its surface. The sphere spins about a fixed axis through its center with an angular 
velocity w. Show that its magnetic moment is 

wQa2 

m=-3-, 

which is just 5/3 the value obtained when the charge is uniformly distributed 
throughout the volume. 

17. The sphere which we have discussed in the two problems above has its 
mass, M, distributed uniformly throughout its volume. Show that when the 
charge is distributed throughout the volume, the ratio of magnetic moment to 
angular momentum L is 

m 4 Q -=--, 
L 31rM 

while if the charge is distributed uniformly over the surface, the ratio is 

m 20 Q 
L = 91rM

0 

18. Integrate Eq. (7.23) over a long straight wire to obtain Eq. (7.49). 
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19. A long straight wire is fitted along the +x-axis, bent to a right angle at 
the origin and extended out along the +y-axis. It carries a current of I amperes. 
See Fig. 7.20. Show that the magnetic induction at the point (a, b, 0) is 

B=µola+b+~. 
411' ab 

y 

I TO ex, 

- _a __ _, 

I 
1b 

'------'-11--X 

I FROMCX> 

Fig. 7-20. 

Q 

C 

Fig. 7-21. 

20. Two straight parallel conductors 30 cm apart carry direct currents of 
100 amp. Find the force between them, in pounds per foot of length. 

21. Two square loops are arranged to compare mechanical with electrical 
quantities. The loops have a single turn each. Each side is 30 cm long. They 
are placed parallel to one another, 2 cm apart. Find the force between them 
when a current of 20 amp passes through them both. 

22. Specialize Eq. (7.43) for two infinitely long parallel straight wires. Then 
perform the integration over one of the wires to obtain Eq. (7.48). 

Fig. 7-22. A toroidal coil inside 
of which we want to calculate 
the magnetic induction. Note 
that for clarity the drawing 
shows a part of the coil cut away 

z 

Fig. 7-23. 
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23. In the coaxial line, a section of which is shown in Fig. 7-21, a direct current 
flows into the paper along the inner conductor and out of the paper through the 
outer conductor. Find the magnetic induction for (a) p < a, (b) a < p < b, 
(c) b < p < c, and (d) c < p. 

24. A coil is wound on a toroidal form having rectangular cross section, as 
shown in Fig. 7-22. Refer to the calculation of the induction iriside a solenoid 
which was carried out in Sec. 7.7. Use a similar application of Ampere's law to 
find the induction inside the toroid. In particular, find its radial dependence. 

25. A flat metal plate (Fig. 7-23) has a thickness 2a, but it--extends to infinity 
in the other two dimensions. It carries a current of J 8 amperes per unit width. 
For the coordinate system shown in the figure, show that 

B,, = B, = 0 everywhere, 

Bu = x:as inside the conductor, 

Bu= 

1
~ for x > a. 

-Js 
for x < -a. 

2 

(Note: The current is not a surface current in the usual sense, because it fills a 
region of finite thickness. Nevertheless, our results can be expressed in terms of 
amperes per meter of width, so it does make sense to use the units of a surface 
current.) 

26. Apply the curl operator to 

and show that the curl of the electric field from a point charge vanishes everywhere. 

z 

Fig. 7-24. 

I 

1 
(;,t-d;>ld!f 

I 
I 
I 
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I 

I 
I 

I 
I 



160 Magnetic Fields Chap. 7 

27. Use the method of Sec. 7.8 to calculate the components of the curl of a 
vector in cylindrical coordinates. Compare the result with the expression in the 
Appendix, Eq. (A.16). (Note: The outer side of the rectangle whose normal is 1,, 
which is shown in Fig. 7-24, is (p + dp) dcp, which is a little larger than the inner 
side. One must take account of the difference when deriving the expression for 
the curl.) 

28. Use the method of Sec. 7.8 to calculate the components of the curl of a 
vector in spherical coordinates. Compare the result with the expression in the 
Appendix, Eq. (A.21). See the note in Problem 27. 

29. Show by direct expansion that 

div curl r = 0, and curl grad YI = 0, 

where r is an arbitrary vector function, and YI an arbitrary scalar function. 



8 
Induced emf's, and 

Inductance 

Introduction 

Induced emf's. In this chapter we shall discuss the einf's which are 
brought into existence - or "induced," as we more frequently say - by 
changes of the magnetic induction, B, or by motion with respect to the 
source of the induction. Clearly, since we are to discuss changing magnetic 
induction, we no longer restrict ourselves to de situations. 

For the case of changing B, we shall obtain a regional statement from an 
experiment which is essentially the same as the one which Michael Faraday 
performed in 1831. It will be easy to generalize the experimental result to 
obtain a point statement of Faraday's result. For the case of motion with 
respect to the source of B we can get a point statement concerning the emf 
directly from the force on a moving charge, which we treated in the last 
chapter, and we shall show how this case is related to the one which Faraday 
investigated. 

The development of the ideas concerning induced emf's leads to the 
concept of inductance, which is treated later in this chapter. 

Magnetic flux. By definition, the magnetic flux through a surface is the 
integral over that surface of the normal component of the magnetic in
induction, B. We use the symbol <I> for the flux, so that 

d<I> = B·dS 
and 

<I>=/ B·dS. (8.1) 

This explains why the magnetic induction is called, alternatively, the 
magnetic flux density. 

The scalar triple product. In this chapter we shall have our first 
occasion to use the scalar triple product of vectors. This is the name given 
to the product 

a•b X c = a X b•c = b•c X a (8.2) 

etc. As we have implied in this equation, we can show easily that the triple 

161 
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product is unchanged by an interchange of the ( •) and (x), or by a cyclic 
permutation of the three vector factors. Forthis reason a common notation 
for the product is 

a•b X c = (ahc). (8.3) 

If the cyclic order of two factors is interchanged, the sign of tlie product is 
reversed: 

(ahc) = - (acb) ,, (8.4) 

and·so on. Problems 1 and 2 at the end of this chapter deal with the scalar 
triple product. 

8.1. Induced emf 

Fixed circuit, magneticflux changing with time. We suppose that 
we have a conductor which forms a closed circuit. A wire loop is the simplest 
example, and this we have shown in Fig. 8-1. However, the circuit might be 

S 

S 

~ as 
laS 

a, la/ 
I 

-----i -----, 
I (al FLUX UPWARD S 

' 
(cl FLUX DOWNWARD 

I ANO INCREASING ANO INCREASING 

IE IE 
I I 
I I 

1 as 

d--£ :a, 
--, 

' 
(bl FLUX UPWARO I 

(di FLUX DOWNWARD 

ANO DECREASING ANO DECREASING 

le I iE I 
I 

Fig. 8-1. Showing the relation between rate of change of magnetic flux 
density and the induced emf 

much more complicated, and in particular it might include capacitors, and 
coils which are outside the region of changing external flux. Iu any case the 
circuit is fixed in space, but the magnetic flux through it, due to an external 
source, is changing with time. That is, the flux is caused by a magnet which 
is moving, or by another circuit which is moving, or by another circuit the 
current through which is changing, or by some combination of these causes. 
Faraday's experimental result is that the change of the flux causes a current to 
flow in the circuit under consideration. From our knowledge of currents in 
conductors, we know that the current must be caused by an electric field 
(which we shall call E;, where the subscript is intended to suggest that the 
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field is induced), and it also follows that around the path of the conductor 
there will be an emf 8 which is related to the induced field by 

8 = f Ei•d9. (8.5) 

The quantitative statement of Faraday's law is that the magnitude and 
sense of the emf are given by 

8 = f E·•d9 = - def> (8.6a) 
' _dt 

or by 

8 = f Ei·d9 = - if B·dS. (8.6b) 

Because the circuit does not move, the time derivative in Eq. (8.6b) applies 
only to the explicit time-dependence of B, so we can rewrite the equation as 

8 = f Ei•d9 = - f aa~ ·dS. (8.6c) 

Equations (8.6) are expressions of Faraday's law of 1:nduction, for the fixed
circuit, changing-flux case. Faraday's own experiments covered only this 
case. [The directions of d9 and dS in Eqs. (8.6) are related by the right
hand rule in just the same way as were the corresponding quantities in the 
development of the curl (Sec. 7.8), and in the derivation of Stoke's theorem 
(Sec. 7.9)]. 

We can describe the relation between the signs of 8 anddcf>/dtfrom the 
circuit point of view alone, by Lenz's law, which states that the sense of the 
emf is such that it tends to oppose the change of flux. That is, as \Ve see in Fig. 
8-1, when the flux through the circuit is decreasing, the emf tends to make a 
current flow in such a direction that the magnetic induction produced by the 
current will maintain the flux; conversely, if the flux is increasing, the emf 
tends to cause a current the flux from which will oppose the existing flux. 
In making these statements, we have hedged by using the word "tends" 
because, if there are coils (inductors) and capacitors in the circuit, the 
current may not be in the same direction as the emf produced by the change 
in external flux. It is the direction (sense) of the emf, and not necessarily 
that of the current, which is given by Lenz's law, and by the signs in Eqs. 
(8.6). At this point we should generalize our description of t_he situation 
still further: it is not necessary that the circuit be closed, or even that there 
be a conductor present; Eqs. (8.6) are valid for a eon tour in space. The 
operation of a betatron is an experimental verification of this statement. 

We can obtain a point statement from Eq. (8.6c) if we transform the 
center member to a surface integral, by Stoke's theDrem. Then the equa-
tion becomes · 

f curlE;•dS = - f aa~·dS. (8.7) 
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Now Eq. (8.7) must be valid for a surface bounded by any path, oriented in 
any manner, even if there is no conductor along the path. We conclude that 
the coefficients of dS in the two integrands must be equal, so that we can 
write 

aB 
curlE· = - -· • at (8.8) 

For a fixed point of observation in a stationary medium, Eq. (8.8) is the 
point-statement form of Faraday's law of induction, corresponding to the 
regional statements of Eq. (8.6). 

Moving circuit, flux constant in time. In Chapter 7 we have seen 
that when a charge is moving with a velocity v in a region where there is a 
magnetic induction B, the charge "feels" a force, 

F = Qv X B. (8.9) 

Now stationary electric charges are accelerated by electric fields only, and 
not by magnetic fields - that is, a stationary electric charge "feels" an 
electric field but not a magnetic induction. Hence, an observer "riding 
with" the charge through a region where there is a magnetic induction will 
observe a force on the charge which he will interpret as due to an electric field 
Ei such that 

dF 
Ei = dQ = V X B. (8.10) 

Here, as before, the subscript implies that the electric field is induced by the 
magnetic induction. If the moving charge is in a conducting wire, the 
induced field will be manifested as an emf, called a motional emf, which can 
be calculated from the integral over the wire of the induced field: 

S = f Ei•dg = f vXB•dg. (8.11) 

The emf will exist even if the circuit is open, but then it may be difficult to 
observe its effect. If the circuit is closed, the integral must be taken all the 
way around; then, the emf is given by 

e = f v x B•dg. (8:llb) 

The general situation. We are now in a position to generalize our 
statements about induced emf' s to the situation where the flux through the 
circuit is changing because the magnetic induction is explicitly dependent 
on the time (that is, aB/at -;t- 0), and because the circuit is moving, as well. 
All we need to do for the general case is to add Eqs. (8.6c) and (8.llb): 

e = S(time-dependent flux) + S(motion) 

= - f aa~ •dS + f v X B•dg. (8.12) 
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If we should calculate the ordinary time derivative of <1> for this general case 
in which B depends explicitly on time while parts of the circuit are moving, 
we would obtain 

d<t> f aB f f . - = -•dS - v X B•dg + (div B)v•dS dt at · (8.13) 

Such a calculation is carried out in Abraham and Becker (Ref. 6), Band I, 
§ 19, and in Panofsky and Phillips (Ref. 18), Sec. 9-3. The divergence of 
B is everywhere zero, so the last term of this equation vanishes. The 
remaining two terms are just the negative of the right side of Eq. (8.12), 
so we can say generally that 

d<t> (B 1· . f . f . . . . ) e = - dt an exp wit unction o time, mrcmt movmg . (8.14) 

This relation makes the most general statement of Faraday's law. 
The second term on the right side of Eq. (8.12) fooks very different from 

the first, but we can show that they have much in common. Consider the 
contribution to the second term from an element dg of the circuit. If we 
call the associated element of emf dBv, then 

dBv = E;•do 

= V X B•dg 

E,· 

Fig. 8-2. The field E; is induced in the conductor when it moves with 
velocity v through the induction B. The associated element of emf is 

dev = E;•dg = dg X v•B 

(8.15) 

as Fig. 8-2 shows. According to the rules for the scalar triple product, the 
right side of this equation can be rearranged to give 

dBv = B•dg Xv. 

Now the element of area over which the circuit element dg sweeps in the 
time interval dt is 

(8.16) 
so that, 

(8.17) 
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Then the element of emf is 

dB. = -B•d (:~) 

= -d(d<I>) 
dt V 

(8.18) 

where d(d<I>) is the flux through the element of area d2S. Then the emf 
around the circuit is 

8(motion) = - Id(:~). 
-(d<I>) . 

dt V 

(8.19) 

Here (d/dt). denotes that part of the rate of change with respect to time 
which is due only to the motion of the circuit and not to a changing B. The 
dS of the first term of Eq. (8.12) is an element of the surface which is 
bounded by the circuit at an instant of time, while d2S of Eq. (8.16) is an 
element of area which is bounded by the same element of the circuit at two 
instants t and t + dt, with the direction as given by the vector product of 
Eq. (8.16). 

To summarize; the first term on the right side of Eq. (8.12) represents 
the, contribution to the emf due to an explicit time dependence of the flux, 
while the second term is due to an implicit time dependence arising from the 
motion of the circuit. 

Fig. 8-3. The changing magnetic flux 
through a circuit of two turns induces 
an emf & = -2diJ>/dt 

We must say more of what we mean by 
the "flux through a circuit." If the same 
flux is enclosed N times by the circuit, then 
the emf will be -Nd<l>/dt. For the circuit 
shown in Fig. 8-3, we have N = 2, and the 
flux is counted twice in calculating the emf. 
The second term of Eq. (8.12) is a line 
integral; the integration is, of course, to be 
carried over each turn of a circuit having 
more than one turn. 

The curl and the divergence of the electric field. The line integral 
of the induced electric field about a closed path is not, in general, zero,.and 
so the induced field is not conservative. Hence, quite unlike the static 
electric field, it cannot be derived from a scalar potential. Of course, there may 
be in the same region an induced field Ei and a field E0 due to charges. 
The total electric field is then 

The expression 
E = Ei + Ee, 

divE = Qv 
EQ 

(8.20) 
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which we derived in an earlier chapter is completely general, so it must be 
valid for the total field. It is also true that the free charge density, Qv, is 
the source of Ee, the part of the field due to charges, so that 

div Ee= Qv_ 
Eo 

(8.21) 

It follows that 
div Ei = 0. 

Furthermore, we know that the curl of that part of the field which is due to 
charges vanishes everywhere. Hence the curl of the total field must be 
equal to the curl of the induced field: 

curl E = curl Ei = - aa~' (8.23) 

and the line integrals of the total and induced fields must also be equal; that 
is, the line integral of the total field is equal to the negative of the rate of 
change of the magnetic flux: 

f E'.d9 = f E;•d9 = - ~~- (8.24) 

8.2. Examples of induced emf's 

We shall now consider a number of applications of the equations 

8 = - dq, 
dt 

(8.25a) 

= - f aa~·dS + f V X B 0 d9. (8.25b) 

In some of the examples we shall find a contribution from only one of the 
two terms of Eq. (8.25b), while in others both term's will contribute. Except 
in one case, which is admittedly a very unusual one, we can alternatively 
calculate the emf by a direct application of -dq,/dt; and even in the odd 
case we can use the ordinary derivative if we interpret it carefully. 

Example 1. Fixed loop, B = B(r, t). In this case v = 0 and 

s = - f aa~ -as. (8.26) 

Let us apply this equation to the loop shown in Fig. 8-4. For simplicity we 
shall assume that the flux density B does not depend upon position in space 
(at least throughout the region of space occupied by the loop). Let its time 
dependence and spatial direction be described by 

B = I.Bo( 1 + "f ), (8.27) 
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r 
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Fig. 8-4. Example 1. A fixed loop, and a flux density which depends 
explicitly on time; 

B = l,Bo (1 + t/T) 

where the coefficient 1/T of t is a constant. If we choose the positive 
direction around the loop to be counterclockwise as we look at the drawing, 
and if we take the surface through which we calculate the flux to be in the 
plane of the circuit, then the corresponding element of area is 

dS = 1. dx dy, 
so that 

f aB (b (a a ( t ) 
8 = - at· dS = - } 

0 
J

O 
at I.Bo I + T . · I. dx dy 

(b ra I 
- } 

0 
} 

0 
Bo T dx dy 

1 
-Bo Tab. (8.28) 

If Bo and Tare positive, then the negative sign which remains in Eq. (8.28) 
tells us that the direction of the emf in the loop is opposite to the direction 

· of integration; that is, it is in the clockwise direction. To check the sign, we 
note that Eq. (8.27) says that the magnetic induction is increasing in the 
+z-direction so, according to Lenz's law, the emf must try to create an 
induction in the -z-direction. A clockwise emf will do just that. 

In our calculation, we have used the first term of the right-hand member 
of Eq. (8.25b). In this example, the circuit does not move, so we could just 
as well have performed the integration first and then have taken the time 
derivative. This second procedure would be equivalent to calculating the 
emf from - dif> / dt. 

Example 2. Moving conductor. As an example of a motional emf, let 
us suppose that the right-hand side of the loop of Example 1 is moving to 
the right with a uniform speed, -as we have shown in Fig. 8-5, and that B 
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does not depend explicitly on time. As the right-hand side of the loop moves, 
it maintains,a sliding electrical contact with the two sides which are parallel 
to the x-axis, so that we always have a conducting loop. In Eq. (8.25b), it 
is clear that the first term is zero, because oB/iU = 0. In the line integral 

y 

X 

Fig. 8-5. Example 2. A circuit which includes a conductor moving 
through a uniform and constant magnetic induction 

of the second term, we shall take the positive direction of integration 
to be counter-clockwise, as we did in Example 1. Now 

B = l.B, 

v = l l.,v on the moving side, 

0 on the other three sides, 

and 

on the moving side. Then 

l
-vB dy on the moving side. 

v X B•d9 = 
0 on the other three sides. 

Finally, the complete line integral of the induced field is 

f v X B•d9 = - 16 

vB dy 

= -vBb. 

(8.29) 

(8.30) 

By our sign convention, the negative sign in Eq. (8.30) means that the emf 
is clockwise, as we can verify easily by determining the sign of v X B. 

This problem can be worked in another way. Even though aB/ at = 0, 
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the flux through the loop is changing because the size of the loop is changing. 
The flux in the +z-direction is 

<I>= Bab 
and 

a= vt, 
so that 

d<I> 
8 = - dt = -vBb, (8.31) 

which agrees with the first result. 
y 

B 

z 
X 

Fig. 8-6. Example 3. A rectangular loop, 
rotating with an angular velocity 

Example 3. Another moving 
circuit. In Fig. 8-6, we have a 
conducting loop which turns about 
one side (the side which lies along 
the z-axis)with a constant angular 
velocity <,>. There is a uniform 
magnetic induction B, which in this 
case is parallel to the y-axis. Here, 
as in Example 3, aB/ at = 0, so 
again we have only a motional emf. 
The vector angular velocity of the 
loop is 

(,) = I.w, w + l.w 

so that for any point of the loop 

v = <,> X r 

Also 

whence 

= I.w X (I~+ I 11y + I.z) 

= w (-1.,y + I 11x). 

v X B = w(-1.,y + lyx) X lyB 

= -1.wBy. 

(8.32) 

(8.33) 

On Side 1 of the loop, v = 0. Since v X B has only a z-component, then on 
Sides 2 and 4 we have v X B•d~ = 0. The only contribution to the emf 
comes from the integral over Side 3. If we take the direction 1-2-3-4 to be 
positive, then 

8 = f v X B-d~ = 1° (-1.wBy)•l.dz 

= wByc 

= wBbc sin wt. 

(8.34) 

(8.35) 
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We can take care of the integration in the negative direction along Side 3 if 
either we take dg = -1. dz, or we integrate from c to zero (as we did above), 
but we must not do both because the two operations would cancel. That is, 
for any vector r, 

. 10 ro 
}0°r-(-l. dz) = c r- ( +I.dz) = - le r-(-1,dz). (8.36) 

The positive sign in Eq. (8.35) means that the emf is in the direction which 
we have chosen to be positive - that is, the direction 1-2-3-4 - when 

· sin wt is positive. The magnitude of the emf is greatest when wt = 1r/2 and 
wt = 31r/2, which occur at the instants when the flux through the loop is 
zero; the curve of flux against time, being a cosine curve, is steepest just 
when it croEses the zero-flux axis. 

As has been the case in the other examples which we have considered, 
we can calculate the emf from -d<P/dt, and we will get the result which 
appears in Eq. (8.35). 

Example 4. Still another moving circuit. We shall now consider 
another situation which, physically, looks like the last one but with wt 
always equal to 1r/2. The problem we are considering is sketched in Fig. 8-7. 

Fig. 8-7. Example 4, There is no flux through the loop at any time, but 
• an emf is induced in the moving strip 

A rectangular metal strip, of width c, is moving with constant speed v 
parallel to the x-axis through a region where the magnetic induction is 
parallel to they-axis. A conducting connector, having sides of lengths band 
c, lies in the y-z plane and makes contact with the edges of the moving strip. 
There is no flux through the loop at any time; nevertheless, an emf is 
induced in that part of the circuit which is composed of the moving strip. 
This emf is given by 

(8.37) 
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if we take the positive direction of circulation to be the same as it was in 
Example 3. Now, 

v X B = ( - l. v) X (lvB) = -1. vB 

so that 
8 = (-l.vB)·(-1.c) 

= vBc. (8.38) 

Since the speed, v, of this example is the same as wb sin wt of the previous 
example, when wt = 1r/2, it is clear that Eq. (8.38) agrees with Eq. (8.35). 

In this example there is no area through which there is a flux, but there 
is a rate of change of flux in the sense which we developed in our discussion 
of the second term of Eq. (8.12). If we apply to the present problem the 
reasoning which we used there, we obtain for dS, the element of area which 
is swept out in time v dt by a line on the moving strip and normal to the 
motion, 

dS = - lzv dt X ( -1.)c 

= -lyCV dt. (8.39) 

Here the geometry is such that to calculate dS, we are able to use -1.c, the 
entire length of the line, and not just an element of it; hence the expression 
for dS contains only one small quantity, v dt, and we do not need a subscript 
( 2) as we did before. The negative of the rate at which the line cuts the 
magnetic flux is 

_ d<J:, = 8 = _ B. dS 
dt dt 

- lyB • ( - lv)cv dt 

= Bvc, 

which agrees with the result in Eq. (8.38). 
Example 5. The betatron. In Fig. 8-8 is a plan view of a betatron. 

The operation of this device depends on inducing a field in space, where 
there is no conducting circuit. The flux between the poles of a large electro
magnet is changed rapidly by driving the magnet with an alternating cur
rent. As a result, free electrons in a glass torus, or doughnut, which sur
rounds the pole-space, "feel" an electric field and are accelerated azimuthal
ly about the poles. At the same time the electrons are accelerated toward 
the axis of the magnet, and hence are kept from escaping from the device, 
by the force v X B. The azimuthal field is parallel to v, the velocity of the 
particles, and so it does work; the energy of an electron is increased by 
Qe = -Qd<J:,/dt in each revolution which it makes around the torus. On the 
other hand, there is no emf associated with v x Bin this example because 
v x B is normal to v, and it does no work on the electrons. 
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INOUCEO AZIMUTHAL 
ELECTRIC FIELD 
ASSOCIATED WITH- :,1 
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B ANO aB at 
INTO PAPER 

Fig. 8-8·. Showing the directions of several vector quantities associated 
with the operation of a betatron. The electric fields and the accelera
tions of electrons are oppositely directed because the charge of the 
electron is negative 

8.3. The magnetic conduction current 

173 

In the subject of magnetics we find many relations which have electric 
analogs. However, there is one outstanding asymmetry between the two 
branches of electromagnetics: in the world as we know it there are isolated 
electric charges, but there are no corresponding magnetic quantities. In 
Chapter 9 we shall see that certain distributions of currents give the effect 
that we would expect from magnetic charges (which are called magnetic 
poles) if they occurred in pairs having equal and opposite "charge" (pole 
strength), but magnetic poles do not exist in the sense that electric charges 
do. It is for this reason that div B = 0 everywhere, and this is why we 
threw out the term containing div B from Eq. (8.13). If magnetic poles did 
exist, with a volume density Q~, the divergence of the induction would be 

div B = µoQ~, 

just as in the corresponding electric situation 

divE=Qv_ 
eo 

(8.40) 

Then, if the magnetic poles were moving with a velocity v, the quantity 

Qv v = !.. div B v 
µo (8.41) 
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would be the density of a current of magnetic poles, or the magnetic conduc

tion current density. According to Eq. (8.13), the magnetic conduction 

current would contribute to dif>/dt and hence to an induced electric field, 

just as the electric conduction current produces the magnetic induction. 

The fields produced by the conduction currents could be described by the 

two sets of equations below; the first states the relation between magnetic 

induction and electric current, and the second that between electric field 

and magnetic current: . 

f Bdc'd!) = µof Jdc•dS = µof Qvv·dS = µo/EodivEv,dS (8.42) 

f E·d!l = µof J;re•dS = µof Q;v,dS = f div B v•dS. (8.43) 

The asymmetry in the ways µo and 1/ Eo appear in these equations seems to 

be inherent in the nature of the field quantities. 
Dirac has made an extensive theoretical investigation of magnetic poles, 

and he has found no fundamental reason why isolated poles should not 

exist.1 However, he has found a relation between the quantum of magnetic 

pole and the quantum of electric charge - that is, the charge on the elec

tron. The magnetic quantum is so great that if pairs of opposite sign 

should become combined, cosmic-ray energies would be required to separate 

them. This may explain why they are not found in nature. 

8.4. The vector potential 

There are regions where the curl of the magnetic induction is not zero. 
Now the curl of a gradient is identically zero, and so we see that the 

induction cannot be derived from a scalar potential, as was the electrostatic 

field. In electrostatics, the scalar potential cf> first appeared because it had 

an inherent physical meaning - that of work per unit charge. But then it 

was found to be valuable for computational purposes: in some problems, 

the easiest way to find the field was first to calculate the potential, then to 

find the negative of its gradient. In magnetics we would also like a potential 

for computational purposes. We can define a vector potential, A, which will 

make some magnetic calculations easier; so far as we are concerned in this 

book, the vector potential has no inherent physical significance. In some

thing of an analogy to the electrostatic relation 

E = -grade{> 

we define the vector potential by the equation 

B = curl A. (8.44) 

1P. A. M. Dirac, "The Theory of Magnetic Poles," Physical Review, 74, 817 (1948). 
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The scalar electrostatic potential is related in a simple way to the 
charges which are the sources of the field. The vector potential is connected 
in a similar way to the currents which cause the magnetic induction. The 
relation is especially simple when we have only direct currents. We know 
that 

curl Bdc = µoJdc (free space, de) (8 .. 45) 
so that 

(8.46) 

By curl curl A we always mean v' X (v' X A), and never (v' X v') X A, so it is 
unnecessary to use parentheses in Eq. (8.46). 

If we expand curl curl, and treat the v' operator somewhat like an ordi
nary vector, we can get an expression which is often simpler than curl curl A. 
For ordinary vectors, 

a X (b X c) = b(a•c) - (a•h)c. 
For v', 

curl curl A = v' X (v' X A) = v'(v' • A) - (v' · v')A. (8.47) 

(Note that if we had written c(a•h) instead of (a•h)c, we would have 
obtained Av,v', which is meaningless. This is the distinction implied by 
"somewhat like an ordinary vector.") Now v' • A has an obvious meaning 
- it is div A - and 

v'v' • A = grad div A. 

However, no clear physical or geometrical meaning can be attached to v' • v' 
operating on a vector. We can only say that it is defined by the curl curl 
equation: 

v' • v' A = grad div A - curl curl A. (8.48) 

However, when the operator v' · v' is applied to a rectangular component of a 
vector, the result is the same as if we had used the laplacian, v'2• A "rec
tangular component" means any component in Cartesian coordinates or the 
z-component in cylindrical coordinates. 

The vector potential is not uniquely defined by Eq. (8.44), because we 
can add to A any vector whose curl is zero and still get the same value for B, 
much as we can add a constant to the electrostatic scalar potential and still 
get the same value for E. It is a cons.equence of this freedom that we can 
choose the divergence of A at our convenience. For the de situation which 
we are now considering, it is convenient to take div A = 0, although in the 
dynamic case another choice is better. A generalization of these conditions 
will be discussed in Sec. 8.6. 

In Cartesian coordinates, with div A = 0, Eq. (8.46) becomes 

v'2Adc = -µoJdc (free space, de). (8.49) 

This equation is strictly valid only for direct currents, but it can be used when 
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J is not changing rapidly with time (up to moderate radio frequencies). 

Since Eq. (8.49) is a vector equation, it is equivalent to the three scalar 

equations 
V2Ax,de = -µoJx,de 

} V2Ay,de = -µoJy,de (8.50) 

V2Az,de = -µoJz,de• 

Each of these three has the form of Poisson's equation for the electrostatic 

potential, 
Qv 

v2ct, = - -, 
Eo 

(8.51) 

with each component of A in turn corresponding to ct,, each component of J 
to Qv, and µo to 1/E0• We know that the solution of Eq. (8.51) is 

ct, = _1 f Q dV, (8.52) 
471"Eo p 

whence we conclude that the solutions of _Eq. (8.50) are 

A = µo J·J,,,de dV 
x,de 471" p 

with similar expressions for the other coordinates. 

components of the vector to obtain 

µo J Jde dV (d ) 
Ade = 4,r -p- c only . 

(8.53) 

\\i-e recombine the 

(8.54) 

Like Eq. (8.49), this equation is strictly valid only for direct currents, but 

it is a good approximation when the current is changing slowly with time. 

We shall use it later in this chapter in our discussion of emf's induced in 

coils by changing currents. 
If we use Eq. (8.54) to calculate the vector potential from a thin wire, 

we would like to replace the volume integral by a line integral along the 

wire. We can change the integrand, because · 

Jde dV = Jdc dS dp' 

= Jdc•dS dg', 

where dS is an element of area of the cross section of the wire - usually 

parallel to Jdc - and dg' is an element of length of the wire which is also 

parallel to Jde• After we have made these substitutions, the integral looks 

like 

Ade = :: ff Jde/S dg'. 

If the distance p from any point on the wire to the point of observation is 

large compared with the diameter of the wire, as it normally is, then p is 
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essentially constant during the integration over dS, and we can write the 
vector potential as 

Ado=~: f i [! J·dS ]a91
• 

In this expression f Jdo·dS is taken over the cross section of the wire, and it 
gives simply the current, I do, which flows in the wire. The current is. the 
same throughout the length of the wire, so that we finally have 

µo f d9' Ado= 
4
-Ido -

11"' p 
(de only) (8.55) 

as the vector potential for the entire circuit. 

8.5. An example of the vector potential 

Let us calculate the vector potential and the magnetic induction from the 
rectangular circuit shown in Fig. 8-9. We have two variable points to which 
we must refer; the point on the circuit, whose coordinates we shall designate 
by (x, y, O), and the point of observation, P, whose coordinates we shall call 
(X, Y, Z). We shall use p for the distance from the integration point to P 
with a subscript to show the side of the ci,rcuit along which we are inte
grating. We use R = lxX + lyY + l,Z for the position vector of P. The 
current is flowing in the direction shown by the arrows, and the sides of the 
circuit are numbered as indicated. If we attempt to make an exact calcu
lation, we will find the integration to be difficult. Furthermore, the result 
will be so unwieldy that we will have trouble interpreting it. Hence we 
shall carry through the calculation only for the case when the point of 
observation is at a great distance compared with the dimensions of the 

z 

-----"!...~Y.z; -- ----p 
I 

I 
..... -....:, .· 

r-' 
I /'-y 
I / 
1/ 

Fig. 8-9; A rectangular loop carrying a current I do• We calculate the 
vector potential at the point P, for the case a/R, b/R « 1 
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circuit. That is, a/R, b/R « l, so that we may neglect terms in (a/R) 2 and 
(b/R) 2 as compared with a/Rand b/R. 

The contributions from Sides 1 and 3 will give us the x-component of A, 
and those from 2 and 4 the y-component. There is no z-component of the 
current, and so there is none of A. It is convenient to integrate Sides 1 and 3 
simultaneously. The integral is 

A., = µoldc ra(!. - !.) dx 
41r }o P1 Pa 

= µoldc ra Pa - Pl dx. 
41r }o P1Pa 

The exact expressions for the distances involved are 

P1 = [(X - x)2 + Y2 + Z2]1t2 

and 

= [x2 - 2xX + R2]1i2 

Pa = [(X - x)2 + (Y _ b)2 + Z2]I/2 

= [x2 - 2xX + R2• + b2 - 2bY]1'2• 

(8.56) 

(8.57) 

(8.58) 

Now x ~ q,, and a « R, so to the approximation that we are at a great 
distance from the circuit we may neglect the x2 term in Eq. (8.57), and 
expand the remaining terms as 

P1 = (R2 - 2xX)1t2 

( 
2xX)1

/
2 

=R 1-- · R2 (8.59) 

We know that x/R is very small, and X/R cannot be greater than unity, 
so the product xX/R2 must be very small. Then we can expand Eq. (8.59) 
by the binomial expansion, and keep only the first-order term; that is, we 
carry the expansion only as far as the term in the first power of the small 
quantity 2xX/R2• This procedure leaves us with 

(8.60) 

We expand Eq. (8.58) in a similar way; here we can drop the b2 as well as x2, 
and the small quantity remaining is 2(xX + bY)/R2, so that 

Pa = R( 1 - xX; bY} (8.61) 

Next, we substitute Eqs. (8.60) and (8.61) into (8.56). In the numerator, 
the zero-order terms (which are those containing R) cancel, as do those in 
x/R. The remaining term is of the first order; it contains b/R. For the 
denominator of Eq. (8.56), we have the product of Eqs. (8.60) and (8.61). 
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Suppose we were to retain the first-order terms of that product, invert the 
product, and multiply by the numerator to form the integrand. The 
product of the first-order numerator and the zero-order term of 1/ p1p3 gives 
a- first-order term, but the product of the numerator with the first-order 
term of the denominator gives a second-order term which we may neglect. 
Hence.the integrand of Eq. (8.56) will contain only bY /R in the numerator, 
and R2 in the denominator: 

A. 
= µol {a -bY/R d 

"' 41r }o R2 x (8.62) 

(8.63) 

The contribution to A from Sides 2 and 4 can be obtained from Eq. (8.63) 
by changing the sign and by replacing Y by X. The change of sign takes 
care of the fact that the current in the circuit is in the positive direction on 
Side 1, and in the negative direction on Side 4. Finally, then, 

µol 
Ay = 41rR3 abX, (8.64) 

and 
. µol 
A = - 41rR3 ab(l.,Y - lyX). (8.65) 

According to the definition in Sec. 7.5, the magnetic dipole moment of 
the circuit is 

m = l,abl; (8.66) 

its direction is the direction of the thumb of the right hand when the fingers 
encircle the circuit in the direction ·of current-flow. If now we calculate 
m X R, we find it to be 

so that 
m X R = -lab(l.,Y - lyX), 

A= ~ m X R_ 
41r R3 (8.67) 

This expression has been derived with two limitations: the point of observa
tion is far from the circuit, and the circuit itself is a plane rectangular loop. 
The latter condition becomes unnecessary if we use the more general 
definition of magnetic dipole moment, 

m = If dS. . (8.68) 

Then Eq. (8.67) is valid if only the point of observation is at a distance 
which is great compared with any linear dimension of the circuit. When the 
point of observation is not far away, there will be appreciable contributions 
to the vector potential from integrals over the current which ar~ more 
complicated than that in Eq. (8.68). 
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8.6. Gauge transformations 

We have found that the electric field induced by a changing magnetic flux 

has a curl, and so it cannot be derived from a scalar potential as could the 

static electric field. The dynamic electric field must, then, be related to the 

vector potential. The expression for the curl is 

aB 
curl E = - 7ft" (8.69) 

As we have seen in Sec. 8.1, this equation is valid for an electric field which 

is due in part to static charges and in part to a changing magnetic flux. 

Let us substitute curl A for B and interchange the order of space and time 

derivatives. Then 

or 

aA 
curl E = - curl at' 

curl ( E + aa~) = 0. 

(8.70) 

(8.71a) 

The vector whose curl appears in Eq. (8.71a) does not vanish, but since its 
curl does, that vector should be derivable from a scalar potential which we 

shall call rt,. That is, 

or 

aA 
E + Tt = - grad rt,, 

aA 
E = - at - grad rt,. (8.71b) 

The vector potential - and, in dynamic cases, the scalar potential associated 
with it- are not quantities which we can observe. They have been "invented" 
because in some problems they expedite calculations of the fields. However, it 
is apparent from Eq. (8.71b) that in a de problem, where a/at = 0, q, reduces 
to the familiar electrostatic potential which does have a direct physical mean
ing, that of work per unit charge. For the de case the induced field is zero, 
and E is due only to stationary charges. 

In order to further clarify the arbitrariness of these new potentials, we 
recall that the curl of any gradient is identically zero. Hence we may add 

the negative gradient of a scalar to A, as in 

A'= A - grad VI, 

where VI is any scalar quantity. If we now take 

B = curl A' 

(8.72) 

we will get the same value for the magnetic induction that we obtained 
from A. That is, Bis independent of VI and of grad VI• However, because 
div A' will contain div grad VI, it is clear that by choosing VI properly we can 
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make div A' take any value that we want, as we have already stated in Sec. 
8.4. Now let us substitute curl A' for B in Eq. (8.69); we then obtain 

fJA' 
curl E = -curl -at 

and 

( fJA') curl E + Tt = 0. (8.73) 

Because the vector quantity E + fJA' / at has no curl, it must be the gradient 
of a scalar; let us call the scalar cf,', and then 

or 

E + aA' = -grad¢', at 

aA' E = - - - grad ,i..' at 'I' ' 
(8.74) 

which has the same form as Eq. (8.71b). We may find how cf, and cf,' are 
related if we substitute A' from Eq. (8.72) into Eq. (8.74); this gives us 

E = - aA + grad fJy; - grad c/> 1 

at at 
or 

E = - aA - grad (c/>' - fJy;)· 
at at (8.75) 

Each of these several expressions must give us the same values for the 
electric field and for the magnetic induction. Hence we may equate Eqs. 
(8.71b) and (8.75) to find the relation between cf, and cf,'. The relation is 

c/>' = c/> + af. at (8.76) 

When there is no time-dependence cf,', just like cf,, :reduces to the old electro
static potential. 

The alteration to the . vector and scalar potentials described by Eqs. 
(8.72) and (8.76) is called a gauge transformation. The procedure is a sort of 
generalization of the addition of a constant to the electrostatic potential: 
in the electrostatic case the physics gave only dijf erences of potential, not 
the absolute values, so we defined the potential to be zero in certain regions 
of space to suit our convenience. In the present case, the fact that the 
electric field in Eq. (8.71b) contains both the induced field and that due to 
charges certainly suggests that - fJA/ at gives the induced field, and -grad cf, 

the field due to charges. However, a gauge transform!\,tion changes both 
fJA/fJt and grad cf, arbitrarily, while their sum remains constant. This shows 
that we cannot uniquely ascribe either term to a single physical source. 
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In the relativistic formulation of electromagnetics, it is useful to impose 

on the potentials the Lorentz condition, according to which 

div A + µoeo !i = 0. (8.77) 

Then Ax, Ay, A,, and i<t>/ c transform from one moving system to another 
like the components of a generalized vector potential in four-dimensional 
space-time. Potentials which satisfy the Lorentz condition are also useful 

in wave calculations, as we shall see in Chapter 14. 

8.7. A scalar magnetic potential 2 

In this book we have pointed out a number of times that a field can be 
derived from a scalar potential only if the field be conservative. Having 
established this principle, we are about to violate it. Scalar potentials are 
simpler than vector potentials, both mathematically and conceptually; and 
if we can, by some trick, find a way to derive a non-conservative field from 
a scalar, we shall have made our calculations easier. The test of a non
conservative field is that there are points in space where its curl does not 
vanish and closed paths about which its line integral does not vanish. The 
trick which permits us to use a scalar magnetic potential is simply to confine 
ourselves to regions where the curl does vanish, and to paths about which 
the line integral vanishes; in these portions of space we cannot tell the 
difference between a conservative and a non-conservative field. The field 
which we are considering is the magnetic induction, whose curl is the 
density of electric current, so this condition means that we must stay out of 
conducting regions which carry currents, and that we must not integrate 
around paths which link with current loops. Staying out of conductors is 
easy, because conductors usually occupy but a small fraction of the space 

which is of interest. The condition regarding paths is illustrated in Fig. 
8-10. We draw a surface, called the forbidden surface because it is forbidden 

SURFACE OF THE 
CONDUCTOR IS A 

AN OPEN SURFACE 
BOUNDED BY THE 
CONDUCTOR IS A 
PART OF THE 
FORBIDDEN SURFACE 

Fig. 8-10. A segment of a current-carrying circuit, and a forbidden 
surface which cannot be crossed by a path of integration 

2This introduction of the scalar magnetic potential resembles that of J.C. Slater, and 
N. H. Frank, (Reference 1), V, Sec. 3. 
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that a path of integration cross it. It consists of the surface of the conductor 
plus an open surface bounded by a path around the conductor. If we stay 
outside the :first part, we stay out of regions where currents flow. If paths of 
integration never cross the second part, they cannot link with current 
loops. We may draw the open part in an infinite number of ways, but once 
we have drawn it for a given problem, we cannot change it. In Fig. 8-11 we 
see two sections through the circuit which show two alternative positions 
of the forbidden surface. If we wish to calculate the potential difference 
between points A and B with the surface drawn as it is in Fig. 8-lla, we 
must integrate the gradient of the potential along the long path; but from 

0 

) 

) 
Fig. 8-11. Two possible positions of a forbidden surfaccJ, here shown as 
they cut the plane of the paper 

C to D we may follow the short route. However, when the surface is drawn 
as it is in Fig. 8-llb, we must go from C to D the long way, but now we may 
integrate from A to B by the short course. 

The use of a forbidden surface is a bit of mathematical sleight-of-hand, 
and the scalar potential which it permits us to calculate is an artificial thing, 
physically, but these facts do not impair the usefulness of the potential as an 
aid in deriving the field. 

We now consider the current loop which is shown in Fig. 8-12. Presently 
we shall show that the potential which we want to define and calculate 
is proportional to the gradient of the solid angle which the loop subtends 
at the point of observation, and so we want to calculate the angle and 
its gradienf In the figure, we notice that the vector !J is directed away 
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from a current element and toward the point of observation. This direction 

is opposite to that which we used when we defined a solid angle in Sec. 2.3. 

However, if we define the angle as positive when the normal to the surface 

points generally toward the point of observation, P, then the defining 

equation for solid angle is the same as it was in the earlier section: 

n = f p·dS_ (8.78) 
pa 

As we learned in Chapter 2, the increment of a scalar (here the solid 

angle Q) when the observation point Pis displaced a small amount (du in 

the figure) is related to the gradient of the scalar. If, instead of displacing P, 

we displace the loop through - du, the change in the solid angle will be 

exactly the same and much easier to calculate. Let us first find the contribu

tion to the change in Q associated with an element dp' of the current loop 

p 

CURRENT LOOP 

Fig. 8-12. The change in the solid angle subtended at P is the same 

whether Pis displaced by du, or the circuit by -du 

when the loop moves through -du. The contribution to the change in area 

of the loop is 

as we see in Fig. 8-12. The corresponding element of solid angle isa 

d
2
Q = p•d2S = _ p•du x dp' 

pa pa 

= du,P X dp'_ 
Pa 

(8.79) 

(8.80) 

3W e use the symbol d2fl because the right side of the equation is a second-order 

differential, and we want to integrate over the first-order differentials. The operation 

will be similar to the one which we carried out in Sec. 7.3. 
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Next, we integrate Eq. (8.80) around the current loop; this gives 

We know that 
f p X dp' 

dfl= du• --· 
Pa 

dn = du· grad n, 
so it must be that 

grad n = 9 !' f Xd' 
pa 

I 

In Sec. 7.5 we found that the induction from a direct current is 

· B = µo I f dp' X 9 = _ µo I f 9 X d( 
de 4 de a 4 de a 1r p 1r p 

A comparison of Eqs. (8.82) and (8.83) shows immediately that 

Bde = - :: Ido grad n. 

If we now define the quantity c/>m to be 

then, it is clear that 

ldo 
c/>m = 41r n, 

" B = -µo grad c/>m, 
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(8.81) 

(8.82) 

(8.83) 

(8.84) 

(8.85) 

(8.86) 

and c/>m is the scalar magnetic potential for which we have been searching. 
The factor of µo makes Eq. (8.86) look less like its electric counterpart than 
it might; however, it is conventional to define the potential as we have done 
it, and its usefulness is unaffected thereby. 

The factor n appearing in Eq. (8.85) may seem to have more geometrical 
than physical significance. Actually, this is no more true of n than it is of 
the factor 1/ p in the expression for the electric potential due to a point 
charge. It is only that here, in the less simple magnetic case, we approached 
our result indirectly, and found the purely geometrical factor before 
introducing the physics; in electrostatics the physics and the geometry 
appeared simultaneously. 

If we calculate the integral of B around a closed path, we obtain the 
value µ 01 de• If we substitute for B in the integral its equivalent, - grad c/>m, 
the result suggests that the potential has two values which differ by µ01 de at 
the point which is the initial point and the terminus of the line integral. 
Actually, our forbidden surface prevents us from making just this calcula
tion, but it does not prevent us from integrating around a path which 
connects two points which are on opposite sides of the surface; now the 
result of the integration suggests a discontinuity in the potential of µ0lde at 
the forbidden surface. Indeed, we may either think of the potential as being 
discontinuous at a forbidden surface, or we may discard the forbidden 
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surface and treat the potential as multiple valued, with the value of the 
potential on each branch differing by µol de from those adjacent to it. These 
alternative points of view are illustrated in Fig. 8-13. If we want to calcu
late the integral of B around a closed path using the discontinuous potential 
we cannot cross a discontinuity (forbidden surface); rather, we must make 
the path a mathematically open one, with its end-points very close hgether 

CURRENT LOOP 

B ----

Fig. 8-13. (a) An integration path about a current loop. 

(a) 

(b) 

(b) A potential which is discontinuous at a forbidden surface. 
(c) A multiple-valued potential. 

on opposite sides of the discontinuity. From the point of view of the 
multiple-valued potential, integration around a closed path which links with 
a current is equivalent to passing from one branch of the potential to 
another, as the dashed line in Fig. 8-13c shows. 

We encounter these same ideas when we deal with angles, both plane 
and solid. A plane angle may be measured from zero to 21r; if we start over 
again from 21r, this implies a discontinuity of 21r in the reference direction -
actually the discontinuity is - 21r as we go in the direction of increasing 
angle. If we measure angles from -1r to +1r, the position of the discon
tinuity is ±1r from the reference direction. We might also put the dis
continuity at -31r/4, ... , 51r/4, and so on. These cases are shown in 
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Fig. 8-14. In considering the rotation of a shaft, it is meaningful to use 
angles greater than 271"; thus, when a shaft has rotated n times, we can say 
that it has- turned through an angle of 2,m radians, or 360n degrees. In 

(a) (b) (c) (d) 

Fig. 8-14. Plane angles may also be measured in a number of different ways 

three dimensions, when a point threads- a closed loop, we can think of the 
solid angle which the loop subtends at the point as having a discontinuity 
of 471" steradians on some arbitrary surface bounded by the loop; or, if we 
choose, we can say that the solid angle increases by 471" each time we go 
all the way around (see Fig. 8-13). 

8.8. The scalar magnetic potential from a plane current loop 

Even for a current loop of simple shape, such as a circle or a rectangle, the 
general expression for the scalar magnetic potential is extremely com
plicated and difficult to calculate. However, when the dimensions of the 
loop are small compared to the distance to the point of observation, the 
calculation is much simpler. The same thing is true for the vector potential, 
as we can see by comparing the results of Sec. 8.5 and Problem 9 of this 
chapter. In this section we shall find the scalar potential at a great distance 
from a plane loop. 

We choose a spherical coordinate system whose polar axis coincides 
with the magnetic dipole moment of the circuit - and also, of course, with 
the normal to the plane of the circuit. The circuit and r, the position 
vector of the point of observation, are shown in Fig. 8-15. Our simplifying 
condition is that 

P » a, 

where a is the largest linear dimension of the loop. The origin of the 
coordinates is somewhere close to the loop; as long as p » a, the exact 
location of the origin is immaterial. Let S be the area ·of the loop; the solid 
angle subtended by Sat P, the point of observation, is 

Q = S cos 0_ 
r2 (8.87) 
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\ I 

\1 
\J 

Fig. 8-15. The geometry of a current loop for which we calculate the 
scalar magnetic potential 

Then the magnetic potential is 
Id,,S cos 0 

<f, =--· 
m 471' r2 (8.88a) 

The quantity I doS is the magnetic dipole moment which we found in Sec. 8.5 
when we derived the expression for the vector potential of a small loop. 
We shall use the same symbol, m, for the dipole moment here. That is, 

or 

1 cos 0 
<l>m = -m--1 

471' r2 
(8.88b) 

(8.88c) 

This expression is very similar to that for the electric potential from an 
electric dipole, as written in Eq. (4.8). From the Appendix, Eq. (A.19), we 
find that the gradient in spherical coordinates is 

a 1a 1 a 
'v<f,m = 1, ,;- </>m + lo- -"

0 
</>m + 1,.,-. -

0 
;- <pm, (8.89) 

ur r u r Sln urp 

Clearly d</>ml drp = 0, so that B,., = 0. After performing the operations 
indicated in Eq. (8.89), we find the other components to be 

(8.90a) 

A more general definition for the magnetic moment of the loop, which 
we have introduced before, is 

m =If dS. (8.91) 
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If we use this definition in the preceding equations, we may relax the 
restriction that the. loop lie in a plane. However, we must still retain the 
restriction that r be large compared with any linear dimension of the loop. 

8.9. Mutual and self-inductance 

We know that the emf induced in a loop through which the magnetic flux is 
changing is given by 

8 = - f ~B-dS. (8.92) 

Let us apply Eq. (8.92) to the pair of circuits shown in Fig. 8-16. The 
current I in Circuit 1 is changing with time; this causes the magnetic flux 
through Circuit 2 to change, and induces an emf in it. 

In terms of the vector potential at Circuit 2 due to the current in 
Circuit 1, that emf is 

8 = - ( i curl A·dS = - J: i A·dt'2 (8.93) }2 at t at 
by Stokes' theorem, since we may interchange space (curl) and time 

I(t) 

2 

c 

Fig. 8-16. Two circuits whose mutual inductance we wish to calculate 

derivatives. Here the line integral is to be taken along the wire forming 
Circuit 2. According to Sec. 8.4, the vector potential in Eq. (8.93) is4 

A = µo J: I dt'1. 
41r Ji p ' 

(8.94) 

here the line integral is taken around the wire of Circuit 1. If we substitute 
Eq. (8.94) into Eq. (8.93), we have 

(8.95) 

4Equation (8.94) is strictly accurate only for de, but it is a good approximation for 
moderately high radio frequencies. 
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In most situations of practical interest the current, at any instant of time, 
has the same value at every point around the circuit, so that I may be 
taken outside the integral sign.5 Since the current is, in our problem, the 
only quantity which changes with time, Eq. (8.95) becomes 

8 
= _ µo dl 1 J dg1•dg2_ 

4-n- dt )2 }1 p 
(8.96) 

In Eq. (8.96) the double integral is a purely geometrical factor which 
depends only upon the sizes and shapes of the two circuits, their separation, 
and their relative orientation. One should also notice the symmetry of the 
integrals; we would have obtained exactly the same result had we assumed 
the current I to have been flowing in Circuit 2, and calculated the emf 
induced in Circuit 1. The coefficient of -dl/dt in Eq. (8.96) is the mutual 
in<luctance of the two circuits; its symbol is M: 

M = µo 1 1 dg1 •dg2 (free space). 
41r }2 }1 p 

(8.97) 

With 8 in volts, I in amperes, and tin seconds, the units of Mare henrys.6 

Equation (8.92) says nothing directly as to the source of the magnetic 
flux whose change induces the emf. A changing current in an isolated 
circuit will cause a time-varying magnetic flux through its own circuit and 
hence induce an emf. It might seem that we could calculate the emf, and 
obtain exactly the same result as in Eq. (8.96), by taking both line in
tegrals around the same circuit. This would give 

L = µo 1 1 dg1 •dg{ (improper integral) 
4,r }1 Yr p 

(8.98) 

as the expression for the self-inductance. But both Eq. (8.96) (when 
applied to a single circuit) and Eq. (8.98) are improper integrals, because 
the factor of 1/ p in the integrands becomes infinite when dg1 and dg~ 
coincide. Although we shall not go into all the details, an outline of the 
cause of the difficulty and the means of avoiding it is this: we have tacitly 
neglected the cross-sectional area of the wire. Except in some special cases, 
this is entirely justifiable in calculating mutual inductances. But the self
inductance of a coil wound of an infinitely thin wire would be infinite. For 
a coil made of wire having a finite cross-section, we must go back to the ex-

6This implies that any distributed capacitances are negligibly small; the presence of 
lumped capacitance will not alter this statement. 

6The henry is named in honor of the American physicist Joseph Henry, who appears 
to have been the first to perform many of the experiments for which Faraday receives 
credit. In each case Henry procrastinated on publication until after Faraday's paper on 
the subject had appeared in the journals. Henry may have transmitted radio waves 
across the Princeton campus in 1840. 
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pression in Eq. (8.92) for the vector potential, and consider the current 
density in each volume element. Then flowing over an element dS of the 
cross-sectional area, there will be but an element dl = J dS of current. 
When this is multiplied by 1/ pa finite integral results, even though 1/ p by 
itself becomes infinite. Finally, a finite result for the self-inductance may 
be obtained. 

In practice, calculations of both mutual and self-inductance are made 
much easier if they are based directly on consideration of flux through the 
coils, rather than on integrals like Eq. (8.97) and Eq. (8.98). The reason for 
discussing Eq. (8.97) and the correct form of Eq. (8.98) is to show that in
ductance is essentially a geometric quantity, just as is capacitance. 

8.10. Inductance of an open transmission line 

A transmission line is constructed of parallel cylindrical conductors (see 
Fig. 8-17). We consider the case in which the conductors are perfectly 
conducting and have vanishingly thin walls; this ,simplifies our problem 

I 
r_/ 

y 

Fig. 8-17. The geometry of an open wire transmission line 

somewhat because there is no magnetic flux inside either conductor due to 
its own current; however, within each conductor there is flux from the 
other. The induction from each one is inversely proportional to the distance 
from its center. We shall calculate the flux over the plane strip which is 
bounded by the axes of the two conductors, because there all contributions 
to the induction are in the x-direction, and we can add them algebraically. 
The induction is symmetrical about y = 0, so we need only find the flux 
between the origin and y = b, and double it. On the plane x = 0, between 
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the z-axis and the surface of the right-hand conductor, there is a contribu

tion to Bx from the currents in both conductors; we have there 

µ,ol( 1 1 ) 
Bx = 27!" b + y + b - y ' 0 < y < b - a. (8.99) 

Inside the right-hand conductor the induction is due only to the current on 
the left; there 

b - a< y < b. (8.100) 

When we integrate to obtain the flux, we insert a factor of two to account 
for the flux on the left side of the z-axis. Then the flux per unit length of the 
line is 

(8.101) 

From Eq. (8.101) we easily find that when the current is changing, the 
induced emf per unit length is 

de µ,odl 2b 
dz = - ; dt log a· (8.102) 

Finally, then, the inductance per unit length is 

dL = ~log 2b_ 
dz 'IT" a 

(8.103) 

This result has been derived for cylindrical conductors having zero wall 
thickness (and, by implication, infinite conductivity). It is not accurate for 
thick-walled cylinders at low frequencies. However, at radio frequencies, 
the current flows in a very thin surface layer, even if the walls of the 
conductors are thick, so that Eq. (8.103) is valid at high frequencies for real 

conductors. 
In Sec. 8.9 we asserted that the self-inductance of a coil would approach 

infinity as the cross section of the wire approached zero. This assertion is 
borne out by the calculated self-inductance of the transmission line; in Eq. 
(8.103) we see that dL/dz becomes large without limit as a, the radius of the 
conductor, goes to zero. 

8.11. Stored magnetic energy 

When we build up a current in an inductor, an external source of emf must 
do work against the induced .emf. If we omit consideration of resistance 
(because it would only complicate our analysis without affecting the result) 

the rate at which the external source does work is 

_ _ dl _ 1- d 2 p - -8l - LI dt - 2 L dt (I). 
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Then the total work done in building the current up to a value of I amperes is 

Wm= fl Pdt = !L /
1 

d(I2) = !L/2. (8.104) Jr-o 2 }u 2 
The concept of self-inductance first appeared in connection with time
dependent currents, but the relation above holds for direct as well as for 
changing currents. For this reason, and because the expression contains 
energy (which, physically, is more fundamental than emf) the equation 
above is often used as an alternative,defining equation for self inductance. 

We have shown that we can store energy in an inductor. In Chapter 3 
we made it plausible that the energy of a capacitor resides in the electric 
field about the charge-bearing conductors. We shall now demonstrate that 
we can think of the inductive energy as residing in the magnetic field about 
the current-carrying conductors. In Sec. 7.7 we found that the magnetic 
flux density within a long, slender solenoid is 

(8.105) 

where I is the current in each turn of the solenoid, and NL the number of 
turns per unit length. If the cross-sectional area of the coil is A, the flux 
through it is 

(8.106) 

When the current changes with time, the rate of change of the flux is 
def.> dl 
dt = µoANL dt. 

The emf induced in the coil is the negative of this quantity, multiplied by 
the total number of turns on the coil. If we call the length of the solenoid 
L* (to distinguish it from the inductance L) the number of turns is NL L*, 
and the emf is 

e = -µoAN'iL* dl_ (8.107) 
dt 

It is now clear that the self-inductance of the solenoid is 

L = µoANfL*. (8.108) 

When we substitute this expression for inductance into that for the 
energy, Eq. (8.104), we have 

Wm=~ µoAN'iL*/2. 

The ratio of magnetic energy to the volume V enclosed by the solenoid is 

Wm Wm v= AL* 

(8.109) 
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If we think of the left side as an energy density, as seems reasonable, we call 
it dWm/dV. On the right, we know that NL I= B/µ 0, so that we are led to 
the point statement which relates the energy density to the magnetic 
induction: 

(8.110) 

The student should read again Sec. 3.7, which discussed stored electric 
energy. The same general ideas apply to stored magnetic energy. We have 
shown that it is plausible to think of energy stored in space, in a region 
where there is a magnetic induction, and that the energy has a density 
given by Eq. (8,110). As a capacitor is a device for storing energy in the 
electric field, so an inductor is a device for storing energy in the magnetic 
field. Just as in the electric case, our present analysis does not constitute 
a proof that Eq. (8.110) is true. The conclusion may be questioned, but 
there exists no experimental evidence which denies it. Again as in the 
electric case, the idea has proven useful. What we have done is to derive 
an integral statement Eq. (8.109) and from it guess at a point statement 
Eq. (8.110) which so far has eluded any cross check. 
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PROBLEMS 

I. For the scalar triple product, a• h X c, show by direct calculation in Cartesian 
coordinates that the value of the product is not changed if 

(a) The ( •) and (X) are interchanged. Because of this property, the product 
is sometimes written in the shorter form, (ahc). 

(b) The three vectors are permuted, provided that their cyclic order is un
changed. That is, 

(abc) = (bca) = (cab). (8.111) 

2. For the scalar triple product, show that 
(a) Interchanging the cyclic order of the factors reverses the sign of the product. 

That is, 
(abc) = (bca) = (cab) = - (acb) = - (cha) = - (hac). (8.112) 

(b) The product vanishes if any two of its factors are equal. 

3. During the acceleration interval of the betatron, ·the flux density, averaged 
over the plane of the orbit, increases from zero to 1.2 webers per sq m. The radius 
of the doughnut is 0.5 m. Electrons are injected into orbit at such a high speed 
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that, to a good approximation, we may treat them as if they were traveling with 
the speed of light throughout the entire acceleration interval, even though the 
energy with which they are injected is very small compared with their final energy. 
Find their final energy, in electron volts. 

4. The acceleration interval for the betatron described in Problem 3 is 1.0 
millisecond. Find, approximately, the number of revolutions which an electron 
makes while it is being accelerated. (We have not discussed the problem of focusing 
a betatron beam. It must be done very accurately, because a small departure by 
an electron from its nominal or:bit in each revolution will accumulate to a large 
departure after many revolutions.) 

5. In Fig. 8-18 is shown a three-sided rigid metal frame, with a fourth side 
which makes sliding electrical contact with two arms of the frame. The flux 
density through the frame is described by 

B = l,Boexp (-ax2), 

where Bo and a are constants. The sliding side moves with velocity v in the 
+x-direction. Find the emf induced in the frame. 

y 

B 

z 

X 

Fig. 8-18. 

6. For the situation described in Problem 5, Bo is made to change with time 
in such a way that the induced emf is always zero. Show that the time dependence 
of Bo is given by 

d v exp (-av2t2
) 

dt log Bo = [•t , 
} 

0 

exp ( -au2) du 

if the sliding side of the frame starts at x = 0 when t = 0. 

7. Magnetic charge is distributed with spherical symmetry in a sphere of radius 
a. The total amount of magnetic charge is Qm. Show that at a distance r > a 
from the center of the sphere, the magnetic induction is 

·µoQm 
B = Ir 41rr2 • 
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8. In Cartesian coordinates, show that 

curl curl r = grad div r - v2r 

where r is any vector. Hint: Add and subtract 

a2 a2 a2 
lz axz rz + ly ayz ru + I, a~ r,. 

9. In Fig. 8-19 we see a square current loop whose center is at the origin of 
cartesian coordinates and which lies in the x-y plane. Show that the components 
of the vector potential at the point (x, y, z) are 

z 

(-a, -a, OJ 

y 

Fig. 8-19. 

µol {[(x + a)2 + (y + a)2 + z2]112 - (x + a) 
Az = -log 

4?T [(x - a)2 + (y + a)2 + z2p12 - (x - a) 

[(x - a)2 + (y - a)2 + z21112 - (x - a)} 
.[(x + a)2 + (y - a)2 + z21112 - (x - a) 

µJ {[(x + a)2 + (y + a)2 + z21112 - (y + a) 
A = -log 

Y 411" [(x + a)2 + (y _ a)2 + z21112 _ (y _ a) 

A,= 0. 

. [(x - a)2 + (y - a)2 + z2]'12 - (y - a)} 
[(x - a)2 + (y + a)2 + z21112 - (y + a) 

10. For the parallel current-carrying wires of Fig. 8-20, show that the vector 
potential at P is 

_ _ µol {1 + ✓1 + (p1/L) 2 1 - ✓1 + (p-1/L)2
} 

A - A, - 4?T log 1 - ✓1 + (p1/L) 2 1 + ✓1 + (p2/L)2 (
3
.ll

3
) 

where the p's are the normal distances from P to the wires. 
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Next, show that as L---t oo, the vector potential becomes 

A.= µo log~-
21r PI 

197 

This last expression is, of course, valid for wires of finite length when the distance 
from the point of observation to either wire is small compared with the length of 
thtJ wires, 

11. In Fig. 8-20 there is also shown a cylindrical coordinate system. Apply the 
curl in cylindrical coordinates (see appendix) to Eq. (8.113) to show that the cylin
drical components of B are 

Br = - µof b (.!..+.!..)sin rp 
21r p~ p~ 

Be = µof (r - b cos rp _ r + b cos rp) 
21r p~ p~ 

B, = 0. 

Show that the direction of B is at every point parallel to the surface of constant 
A which passes that point. 

r=+L 

r=-L 

Fig. 8-20. 

12. Consider the three-dimensional current loop which is sketched in Fig. 8-21. 
We would like to calculate the scalar magnetic potential, cf>m, which it produces at 
large distances in various directions. Let b » a. 

(a) Show that at the point (b, -b, b), the scalar potential is 

µof 2a2 
cf>m = 41r 3at2b2· 

(b) Show that at the point (a/2, b, b) the scalar potential is zero. 
(c) Consider the two points (0, :1:b, 0), with a forbidden surface drawn some

where between them. Show that the scalar potentials at the two points are 

µof a2 

c/>m = =F 471" b2• 
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z 

(O,o, o) 

X 

(o, o, OJ 

Fig. 8-21. 

(d) How are these potentials altered if the forbidden surface is drawn so that 
it cuts the y-axis to the left of the point (O, -b, O)? 

(e) How are the potentials of (c) altered if the forbidden surface cuts the y-axis 
to the right of the point (0, +b, O)? 

13. Derive 

f Bdc•dp = µoldc, 

for a circuit of arbitrary shape, making use of the scalar magnetic potential. 

14. A plane circular current loop has a radius b. Set up a cylindrical coordinate 
system whose axis coincides with that of the current loop. Show that the scalar 
magnetic potential at any point on the axis is 

ct,m = µof (1 - z )· 
2 ✓b2 + z2 

From this potential, show that B, (still only for points on the axis) is 

µof b2 

B, = 2 (b2 + z2)a12· 

Finally, for z » b, show that this ct,m and B, agree with the results obtained in 
Sec. 8.8. 

15. Two plane conducting loops, having areas S1 and S2, are arranged on a 
common axis and separated a distance p great compared with any linear dimension 
of either. Use the result of Problem 9 to show that their mutual inductance is 

µo 
M = 21rp8 S1S2, 

16. The normal to one of the loops of Problem 15 is rotated until it makes an 
angle 0 with the line connecting the two loops. Show that the mutual inductance 
of the loops is now 
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17. A coaxial transmission line is 
made with an inner conductor whose 
outside radius is a and an outer con
ductor whose inside radius is b (see Fig. 
8-22a). •Find the emf which is induced 
in a length dz of the line by the magnetic 
flux through the rectangle which is 
shaded in Fig. 8-22b. Show that, if we 
neglect the wall thickness of the con
ductors (that is, if a = a' and b' = b) 
the inductance per unit length of the 
line is 

dL µo b - = -log-• 
dz 211" a 

18. For the coaxial line shown in 
Fig. 8-22, consider the walls to have 
finite thickness (that is, a' < a and 
b' > b). For a current which changes so 
slowly with time that the current 
density is uniform over the cross section 
of the conductors, show that the self
inductance per unit length is 

dL = µo {io ~ _ log a/a' 
dz · 21r g a (a/a') 2 - 1 

log b'/b }· 
+ 1 - (b/b1

) 2 

19. For the conditions described in 
Problem 17, use the stored magnetic 
energy to find the self-inductance per 
unit length of the line. 

20. For the conditions described in 
Problem 18, use the stored magnetic 
energy to calculate the self-inductance 
per unit length of the transmission line. 

21. In Fig. 8-23 we see a toroidal 
inductor which is "fat" in the sense that 
R2 - R1 is not small compared with R1. 
The coil is wound uniformly with N 
turns of wire. 

(a) When a current I is flowing in 
the coil, show that the magnetic induc
tion at a distance r from the axis is 

NI 
B = µo-· 

21rr 
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2a' 

2a 

-----2b ---~ 

------2b''-----~ 

Fig. 8-22a. 

f 
INNER CONOIJCTOR 

Fig. 8-22b. 

Fig. 8-23. 
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(b) Show that the self inductance of the toroid is 

hN R1 
L=µo-log-• 

211' R2 

22. A circular solenoid is 20 cm long and 3 cm in diameter. It is wound uni
formly with 1,000 turns of wire. Treating it as a "long" solenoid, find (a) its 
self-inductance, and (b) the energy stored in its magnetic field when it carries a 
current of 2.0 amp. 

23. A long straight wire carries a direct current of 10 amp. The radius of the 
wire is 0.5 mm. Calculate the volume density of magnetic energy, as a function of 
the distance from the center of the wire. 

24. A magnetic dipole is placed at the center of a sphere of radius R. The 
moment of the dipole ism. Show that the magnetic energy in the field of the dipole 
outside the sphere is 

3µom2 • 
Wm = 41l'Ra Joules. 

25. The magnetic field of the earth is approximately that which would exist 
if there were a dipole at the center of the earth having a moment of 8.19 X 1022 

amp-sq m. Find the energy stored in the earth's magnetic field outside the surface 
of the earth. Express it both in joules and in: kilowatt-hours. 

26. A magnetic charge Qm is uniformly distributed over the surface of a sphere 
of radius R. Show that the magnetic energy of the sphere, Wm, is 

W - µo(Qm)2. 
m - 81l'R 

17. The charge and radius of an electron are e and R.; those of a magnetic 
particle are Qm and Rm, Show that the ratio of self-energies of the particles is 

W(magnetic particle) = µoto (Qm)2 R •. 
W(electron) e Rm 



9 Magnetic Materials 

9.1. The effect of magnetic material on an inductor 
In Sec. 8.9 we showed that self- and mutual inductance depend essentially 
upon the ratio of dif?/dt to dl/dt. Experimentally, we find that if we 
"immerse" an inductor in a medium other than free space, the value of the 
inductance is altered. That is, for a given value of dl / dt, the new medium 
gives a different value of dif?/dt. Unlike the dielectric materials which we 
discussed in Chapter 4, which always increase. the capacitance, some 
magnetic materials increase the inductance, while others decrease it. For 
most substances the effect, regardless of direction, is extremely small. 
However, enormous increases in inductance are produced by the ferro
magnetic materials. 

In the discussion of dielectrics in Chapter 4, it was shown that the 
observed effects can be explained in terms of the electric polarization of the 
medium. Each molecule is polarized along the electric field, and the effect is 
always additive. That is, the electric susceptibility is always positive, and 
the dielectric constant always greater than unity. We have already seen 
that a current-loop will experience a torque in a magnetic field, so that the 
dipole moment of the loop tends to orient itself with the field. Then we 
would expect a medium containing orientable magnetic dipoles to behave 
like a polar dielectric, and to cause an increase in the inductance of a coil 
immersed in it. Such a medium is paramagnetic. We know that each 
electron spins about its own axis and that each has a magnetic moment. 
The magnetic moments of most of the electrons within an atom are coupled 
to one another and to the magnetic induction which is produced by their 
orbital motion in such a way that their orientations are nearly independent 
of external fields. However, certain ones are much more loosely coupled, so 
that their magnetic moments tend to line up with the external magnetic 
induction. 

It is easy to visualize a spinning ball of charge as the equivalent of a 
current loop with an associated magnetic dipole. However, this picture may 
be too concrete inasmuch as the neutron, which has no charge at all, does have 
a magnetic moment. Perhaps it would be better to state boldly that elementary 
particles have magnetic dipole moments, without attempting to relate moments 
to charges. 

201 
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There are other substances for which there is no precedent among the 
dielectrics because their effect is to reduce the inductance of an inductor. 
These are diamagnetic materials. It is the precessions of the orbits of atomic 
electrons which produce the diamagnetic effect. There is, of course, a 
magnetic moment associated with the 9rbital motion of each electron even 
in the absence of an external magnetic field' but, in the aggregate, the 
moments are so oriented that their external effects cancel one another. 
Each electron also has angular momentum associated with its orbital 
moment; because the charge is negative, the angular momentum and the 
magnetic moment are oppositely directed. When an external magnetic field 
is applied to the atom, at an arbitrary angle with the plane of the orbit, it 
exerts a torque on the magnetic moment which causes the angular momen
tum vector, the plane of the orbit, and the magnetic moment all to precess 
about the direction of the external field. The direction of the precession is 
opposite to the motion of the electron in its orbit, and hence it has the effect 
of slowing the electron, and of reducing the component of its magnetic 
moment in the direction of the field. Or, what amounts to the same thing, 
the precession creates a magnetic moment which opposes the field, as we 
see in Fig. 9-1. This results in a reduction in the flux through a current-

MAGNETIC MOMENT, M, 0/JE TO 
ORBITAL MOTION OF THE 
ELECTRON 

PLANE OF THE 
ORBIT 

ANGULAR MOMENTUM, L 

Fig. 9-1. The interaction of m, the orbital magnetic moment of the 
electron, with the external magnetic field B produces a torq·.1e T. The 
torque makes the angular momentum L precess around B, and with it 
the plane of the orbit also precesses. The precession of the orbit creates 
a magnetic moment which opposes the field 

carrying inductor when it is immersed in a diamagnetic material. As with 
all atomic effects, a quantitative calculation of this one requires the use of 
quantum mechanics. 

Since both dia- and paramagnetic properties arise from orbital electrons, 



Sec. 9.2 Magnetic Materials 203 

we find them both in all substances. The classification of a given material 
depends simply upon which effect predominates. 

9.2. Amperian currents, and magnetization 

Ampere, the famous French physicist of the nineteenth century, hypothe
sized that permanent magnetism might be explained by permanently 
circulating currents in the magnetized substance. We now know that the 
currents which Ampere postulated are the local currents produced by the 
spinning motion of the electrons and by the precession of the electron 
orbits. Since these currents do not, in the ordinary sense, flow through 
matter, they encounter no resistance. Like the bound charges in dielectrics, 
they are confined to the atoms and molecules 
whose precessing orbits and oriented elec
trons give rise to them. Fro~ a macroscopic 
point of view, they are completely equivalent 
to a continuous volume distribution of what 
we call amperian currents, to distinguish 
them from conduction currents. We use the 
symbol Ia for an amperian current, and Ja 
for an amperian current density. Let us 
represent the molecules of the material by 
rectangular cells, each with an amperian 
current circulating around it, and each with 
a corresponding magnetic moment. One 
layer of these cells is sh9wn in Fig. 9-2. We 
may take all the elements of area to be equal. 
Then the i-th cell has a moment 

dm; = Ii dS, (9.1) 

Fig. 9-2. The change in mag
netic moment from one cell to 
an adjoining one is the element 
of area of the cell multiplied by 
the net current flowing on the 
common boundary of the cells: 

dm = I•dS 
or 

dm; - dm; = (Ii - I~) dS 

where I~ is the current circulating around that cell, and dS the area of the 
cell. The change in moment as we go from the i-th to the adjacent j-th cell 
is 

dm1 - dm; = (I'] - I';,) dS, (9.2) 

where (I'; - Ii) is just the net current on the common ·boundary of the two 
cells. 

Before going further, let us define a quantity called the magnetization, 
M. It is the magnetic dipole moment per unit volume; 

M = :;- (9.3) 

From the microscopic point, M and m, the dipole moment of each molecule, 
are related by 

M = Nvm, (9.4) 
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where Nv is the number of molecules per unit volume. Since mis measured 

in amperes-square meters, the magnetization M must be measured in 

amperes per meter. 

In Fig. 9-3 we show a group of volume elements, each of which has a 

volume dx dy dz. Each element has a dipole moment 

dm = M dV = M dx dy dz, (9.5) 

but, of course, dm and M change from one element to another. 1 In general, 

the moment of a volume element is not normal to any face of the cell, and so 

we must discuss Cartesian components of the moments and of the amperian 

current densities. Suppose we take as reference the moment of the lower 

left cell of the figure; its y-component is dmy, Then the y-component of the 

cell above it is 
dmy + [a(dmy)/dz] dz. 

The change in dmy as we go from one cell to the next is proportional to a 

current which flows in the x-direction between the cells. However, only a 

X 
y 

Fig. 9-3. 

part of the current density J! which is in the x-direction circulates about 

the y-direction; some of it circulates about the z-direction. The density of 

that part which does flow around the y-direction (and hence contributes to 

dmy) we call J!cYJ; that part which flows about the z-direction and contrib

utes to dm, we call J~<•J· Both parts of J~ flow through a tube of cross 

section dy dz whose central axis is the common boundary of the three cells 

shown in the figure; one-quarter of the tube is in each of these three cells, 

and one-quarter in the cell which has been cut away in the figure. The tube 

1The development that fpllows is somewhat similar to that used by J. C. Slater, and 

N. H. Frank, (Reference 1), Chapter VI, Sec. 1. 
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is shown in Fig. 9-4. The current between the upper and lower left-hand 
cells is -J:<v> dy dz; this corresponds to l"; - l':, of Eq. (9.2). The area 
about which this current circulates [ corresponding to the dS of Eq. (9.2)] is 

X 

y 

Fig. 9-4. The shaded area is the tube through which flows a current 
having a density J~. Part of the tube has been cut away to show the 
interior 

. dx dz. Then the expression of the idea of Eq. (9.2) for the present problem is 

[ dmv + a(!;) dz J - [dmv] = [ -J~cvl dy dz][dx dz] (9.6) 

[dm;] - [dm;] = [lj - n] [dS] 

where the terms from Eq. (9.2) have been written below the terms of the 
new equation to which they correspond. Clearly the two dmv-terms on the 
left of Eq. (9.6) cancel. When we replace dmy by MvdV = Mv dx dy dz, we 
have 

aM a/ (dx dy dz) dz = -J:cv>(dy dz)(dx dz), 

or, after cancelling differentials, 
_ aMv_ 

J~<Y> = az 
By a similar calculation it can be shown that2 

J a _ aM. 
x(z) - ay . 

(9.7) 

(9.8) 

2The difference of sign between Eqs. (9.7) and (9.8) arises because a positive increment 
of dmu from the lower left to the upper right cell is associated with a net current between 
the cells in the negative x-direction, while the converse is true for a positive increment of 
dm, from the lower left to the lower right cell. The use of the right-hand rule for the 
magnetic induction from a current will verify this statement. 
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The total x-component of the current density is 

so that 
Ja = aMz - aMY_ 

X ay az (9.9) 

The corresponding expressions for the y- and z-components of .r can be 
obtained by permuting x, y, and z in cyclic order. When we collect results, 
we see that 

Ja = curl M. 

This statement is the magnetic analog of Eq. (4.27), 

divP = -Qt, 

(9.10) 

(9.11) 

the equation which relates the electric polarization of a medium to the 
density of bound charge. 

9.3. The magnetic field 

The amperian currents which were discusse·d in Sec. 9.2 .are analogous in 
many ways to the bound charges in dielectric materials. For free space we 
found from Gauss' law that 

divE = Qv_ 
Eo 

In dielectric materials we defined the electric field to be such that 

div E = Qv + Qt, 
Eo 

where Qt is the density of bound charge. Then, since 

div P = -Qt. 
it follows that 

div (EoE + P) = Qv. 

(9.12) 

(9.13) 

Next, we defined the quantity whose divergence appears on the left side of 
Eq. (9.13) to be a new field quantity, the electric displacement D. 

Our procedure for the magnetic quantities will be very similar, with the 
magnetic induction B being treated as was the electric field in dielectrics. 
From Sec. 7.10 we know that 

curl Bctc = µoJctc (free space, de). (9.14) 

We now define the magnetic induction 0 within a magnetic material to be 
given by both conduction currents and the amperian currents, so that 

curl Bctc = µo(Jctc + J~c), (9.15) 
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We substitute curl Mctc for-J~c, according to Eq. (9.10); this gives 

curl Bctc = µo(Jctc + curl Mctc), 

After rearrangement, we have 

curl (~:c - Mctc) = Jctc• 
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(9,16) 

(9.17) 

In direct analogy to the dielectric situation, we now define the magnetic field, 
H, in a magnetized substance to be the quantity whose curl appears on the 
left side of Eq. (9.17): 

B 
H = - - M (completely general). (9.18) 

µo 

When we combine the last two equations we find that in any medium 

curl Hct~ = Jctc (any medium, but de only). (9.19) 

It is apparent from the definition that H has the same dimensions as M, and 
it is measured in the same units, amperes per meter. 

In order to make Eq. (9.17) valid for other than de situations, a displace
ment current term, which we shall discuss in Chapter 11, must be added to 
Jctc; the left side of the equation would remain unchanged, This explains 
why Eq. (9.18) is generally valid even though Eq. (9.17) and Eq. (9.19) are not. 

9.4. The magnetic parameters 

In our development of the magnetic field quantities-the induction, the field, 
and the magnetization -we have pointed out similarities between the electric 
field and the magnetic induction, between the electric displacement and the 
magnetic field, and between the electric polarization and the magnetization. 
However, if we had started our treatment of magnetics with magnetic poles 
instead of with current elements, the magnetic and electric fields would 
have seemed much alike, and the magnetic induction would have seemed to 
resemble the electric displacement. The only worthwhile conclusion that 
we can draw from this discussion is that there are a number of similarities 
between electric and magnetic quantities, but there is no unique way of 
pairing them off which always promotes our understanding of the physics 
involved. 

When we discussed the electric field quantities in dielectric materials, 
we took the electric field as the reference quantity. One reason is that the 
field is closely related to the potential (through E = -grad¢), and it is easy 
to measure potentials directly - at any rate, we can measure potential 
differences. On the other hand, we measure electric charge which is related 
to the displacement (through div D = Qv) only indireetly. When we come 
to magnetics, the significant quantity which we can easily measure directly 
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is the current, and as we shall see, the current is closely related to the 
magnetic field. For this reason, and because it has long been the custom to 
do so, the quantity which we use for reference in magnetics is the field. 

Experimentally, for most materials which are not ferromagnetic, the 
magnetization is parallel to and proportional to the magnetic field: 

M = xmH, (9.20) 

where Xm, the factor of proportionality, is the magnetic susceptibility. It has 
no dimensions, because Mand H have the same dimensions. Materials for 
which this relation holds, with Xm independent of H and of position in the 
medium (that is, linear, homogeneous, and isotropic mediums) are called 
Class A magnetic materials. Compare with the discussion of electric 
quantities in Sec. 4.5. When we substitute Eq. (9.20) into Eq. (9.18), we 
obtain 

B 
H = - - xmH, 

µo 

which we may rearrange to give 

B = µo(l + Xm)H. (9.21) 

The coefficient of Hin this equation goes by a number of different names; in 
this book we shall call it the magnetic permeability. The symbol for it is µ: 

µ = µo(l + xm) henrys per meter. (9.22) 

The dimensionless quantity 

Km= J!:. = 1 + Xm (9.23) 
µo 

is the relative permeability. The quantity µ is closely analogous to the 
electric permittivity, E, and Km resembles the dielectric constant, Ke, Finally, 
we have the relation which we shall use the most frequently, 

B = µH. (9.24) 

If we cared to emphasize the resemblance of B to E, and that of H to D, we 
would write the last equation as 

1 
H = - B (9.25) 

µ ' 

and this form appears in some textbooks. Let us compare the following 
equations: 

and 

dl·v E = Qv + Qt w1'th 1 B (J + Ja ) CUr de = µo de de 
Eo 

D = EE with H = ! B. 
µ 

(9.26a) 
(9.26b) 

(9.27a) 
(9.27b) 

Here we see that E and 1/ µ appear in the equations in the same way. If we 
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look back at other equations, we shall find that this same relative inversion 
of electric permittivity and magnetic permeability appears in almost all 
corresponding pairs of electric and magnetic equations. 

From the point of view implied by Eq. (9.24), a paramagnetic material 
is the analogue of an ordinary dielectric substance, with E > Eo, while a 
diamagnetic material is the analogue of a dielectric in which E < Eo. Equa
tion (9.25) implies the converse of these statements. Either is a perfectly 
reasonable way of describing the situation. 

In Chapter 4, after we had discussed dielectric materials, we found that 
we could generalize some electrostatic equations for free space to dielectric 
materials simply by replacing Eo by E. The corresponding statement is true 
for magnetic materials, also. In particular, an inductor whose inductance is 
L in free space will have an inductance L µ/ µ0 when it is surrounded by a 
medium whose permeability is µ. In a magnetic medium the density of 
magnetic energy is 

(9.28) 

9.5. Para- and diamagnetic materials 

The essential nature of para- and diamagnetic materials has been discussed 
in Sec. 9.1. In Fig. 9-5 are shown models representing the behavior of these 
substances. The models are conducting loops, with certain idealized 
characteristics, which are placed inside a solenoid where the field, if it were 
not perturbed by the loops, would be uniform. 

The model for diamagnetism is at the left in Fig. 9-5. It is fixed in 

OIAMAGN£TIC MOO£L PARAMAGNETIC MOO£L 

Fig. 9-5. Models of dia- and paramagnetic substances. The loop at 
the left has zero resistance and no source of current except an emf in
duced by the changing field of the solenoid. However, because the 
resistance of the loop is zero, the induced current continues to flow after 
the external field has stopped changing. 

The loop on the right has a constant-current source, and it is subject 
to an elastic restoring torque which tends to make the moment point 
upward in the figure 
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position, it has zero resistance and it contains no source of current except 
the emf induced in it when the current in the solenoid is built up. Since the 
initial flux through the loop was zero and the resistance was also zero, the 
flux remains zero. The lines of flux density about the circuit are shown in 
the figure. In this model the magnetic moment m (and hence the magneti
zation M of the substance represented) are opposed to the external field. 
By Eq. (9.20) this opposition means that the susceptibility of a diamagnetic 
substance is negative, and its permeability less than the value for free space. 
This effect is very small in all materials; the relative difference from the free 
space value is never more than several parts in a million. 

The paramagnetic model is a loop which carries a consta,nt current due 
to some source within itself. The loop can rotate about an axis normal to 
the paper, but it is subject to an elastic restoring torque which makes the 
magnetic moment point upward in the figure when there is no current in the 
solenoid. As the current builds up in the solenoid, the magnetic field exerts 
a torque on the loop which causes it to rotate in the direction such that the 
flux due to its own current adds to that of the solenoid. Because the flux 
is increased by the loop the paramagnetic susceptibility is positive, and the 
permeability greater than that of free space. This effect may amount to a 
few parts in ten thousand; it is small, but for most materials it is not as 
small as the diamagnetic effect. 

Because paramagnetism is due to the orientation of electron spins, while 
diamagnetism is caused by the precession of electron orbits, it is clear that 
all materials have both a dia- and a paramagnetic susceptibility; measured 
external effects are due to the algebraic sum of the two. The orientation of 
an electron spin may be altered by a collision between atoms, so the 
paramagnetic susceptibility is affected by temperature, being lower at 
higher temperatures. This means that the two effects can be separated 
experimentally by making measurements over a range of temperatures. 

9.6. Ferromagnetism 

Ferromagnetism is an extremely complicated subject, and more than a 
cursory treatment of it is beyond the scope of this book. Essentially, it is 
due to a coupling among the spins of electrons in adjacent atoms - a 
coupling which does not exist in paramagnetic materials. With the excep
tion of some salts of gadolinium, and the Heusler alloys which contain only 
aluminum, copper and manganese, it is found only in substances containing 
one of the ferrous metals, iron, cobalt, or nickel. This is the reason for the 
name ferromagnetism. 

The outstanding characteristics of a ferromagnetic material are: 
(1) Relatively enormous values of susceptibility and permeability. The 

relative permeability may be as large as a million. 
(2) Strong dependence of the parameters on the magnetic field. The 
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susceptibility and permeability start at large values for weak fields, increase 
still more, then fall asymptotically to the values for free space. This behavior 
is shown qualitatively in Fig. 9-6, where the magnetization curve shows B 
versus H for an originally unmagnetized sample. In the extreme saturation 
region, although B remains large, dB/dH has the same value as free space. 3 

(3) Hysteresis. This means that as the field is reduced from a large value, 
the induction does not retrace the magnetization curve but remains everywhere 
above it. An especially important consequence of this is that, when the applied 
field is reduced to zero, there remains a relatively large value of the induction, 
called the remanent magnetism (Br on Figure 9-6a). A magnet which has been 
left in this condition is a permanent magnet. At the point He on the hysteresis 
loop, a sufficiently strong reversed field has been applied to reduce the induction 
to zero. He is the strength of this field, which is called the coercive force. 

SATURATION REGION 

(q) 

Xm•l'-t 
ORK "' . 

FREE "----
SPACE~I-------------
VALUES ~ 

(h) 

Fig. 9-6.(a and b). The behavior of ferromagnetic materials 

3The slope dB/dH is called the differential permeability. Its value may go to µ 0 

sharply, rather than asymptotically, when saturation is reached. 
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Clearly, a ferromagnetic substance does not satisfy our definition of 

a Class A magnetic material, although it may do so approximately when 

both H and B are small. 
Suppose that we have a ferromagnetic material filling a toroid. The 

magnetic field, H, in it will be the same as if the ferromagnetic material 

were absent. If the cross-sectional diameter of the toroid is small compared 

with the circumference, the field will be essentially uniform. We calculate 

over the surface of the loop shown in Figure 9-7. Then by Stokes' theorem 

and 

Fig. 9-7. A toroidal coil, and a con
tour to which we apply Stokes' 
theorem in order to calculate H within 
the toroid 

where NL is the number of turns per 
unit length (measured around the cir
cumference of the toroid), and I de the 
current through the coil. Finally, then, 

(9.29) 

This is the same result which we found 
in Sec. 7.7, for a similar situation. 
When the current through the coil 
changes, there will be induced an emf 

e = -NLL* def?= -NLL*A dB 
dt dt 

dB 
-NLV dt' 

where L* is the circumference of the toroid, A its cross-sectional area, 

and V its volume. 4 In this equation, B and hence dB/ dt are determined 

by the magnetic history of the core material; that is, B is determined by 

the position on the hysteresis loop to which the core has been brought, and 

dB/dt both by the position on the loop and by the rate of change of the 

4The relation H = Nd was derived only for direct current, but we can use it for 

changing currents provided they are not changing too rapidly. 
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current in the toroid. This emf is induced in the self-inductance of the coil. 
In order to make the current flow, there must be an equal but opposing 
external voltage applied to the circuit. The external voltage must expend 
energy at a rate P, where 

P = -81 

= NLVdB I 
dt 

dB 
= VHdtl. 

Finally, the work done against the emf throughout one cycle around the 
hysteresis loop is 

W = f Pdt = V f H dB. (9.30) 

The integral on the right side of this equation is just the area of the hystere
sis loop. This tells us that the energy lost per unit volume in going around 
the loop once, as in one cycle of an alternating current, is ji' H dB. This 
energy reappears as heat in the iron; the existence of hysteresis indicates 
internal friction in the medium. 

Microscopically, certain small regions of ferromagnetic substances are 
permanently magnetized, each along one of a few preferred directions which 
are related to the crystallographic axes. These regions are the magnetic 
domains. In an unmagnetized macroscopic sample, the domain magnetiza
tions are randomly oriented with respect to one another, so that the gross 
external effect is zero. When an external field is applied, the boundaries 
between adjacent domains move in such a way that those domains more 
nearly aligned with the field grow larger while those less nearly aligned with 
it grow smaller. A still stronger field will change the direction of magnetiza
tion within a domain. However, unless the field happens to be parallel to 
one of the preferred directions which we mentioned above, the magnetiza
tion will not be parallel to the field, and there must be a tensor relation 
between Band H, so that 

(9.31) 

This is similar to the relation between D and E for nonisotropic dielectric 
materials which we discussed in Sec. 4.6. 

It would be natural to suppose that the domains are tiny single crystals. 
Under certain circumstances, a single crystal can be magnetized uniformly, 
but usually one crystal - even a small one in a polycrystalline sample -
contains many domains. 
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9. 7. The boundary conditions for the magnetic field quantities 

Fig. 9-8. A surface at 
which we determine 
boundary conditions on 
the magnetic quantities. 
Of the unit vectors, ln is 
normal to the surface, 1 t 
lies in the surface and 
parallel to the plane of the 
Contour C, and 1:; lies in 
the surface and normal 
to C. The three form a 
right-handed set in the 
order ln--->lt--->l:; 

Let us first find the boundary condition for the 

tangential component of M, at an interface be

tween different mediums. The result can be 

applied to any pair of quantities which are related 

to each other as are M and Ja. In Fig. 9-8, we see 

a section of the boundary surface between Medium 

1 (in front of the surface) and Medium 2 (behind 

the surface). We draw a rectangular contour with 

sides a and b, which is half in one medium and half 

in the other. We choose a set of unit vectors ln 

normal to the boundary surface, 1, parallel to the 

plane of the contour, and 1~ normal to the plane of 

the contour. Notice that both lt and 1~ are tan

gent to the boundary surface. The important 

characteristics of these vectors, which determine 

the signs of the result of the calculation, are that 

the direction of In is from Medium 2 into Medium 1, 

and the three vectors from a right-ha,nded set in the 

cyclic order (In, It, I~). These choices of direction 

and order are arbitrary, but once they have been 

chosen, we must stay with them. 
We write the equation 

curl M = J\ (9.32) 

multiply it by 1~ and integrate it over the surface of the contour: 

f curl M•l~dS0 = f Ja,I~dSC (9.33) 

where dS0 is an element of the area enclosed by the contour C. Next, 

transform the left side to an integral around the contour, by Stokes' 

theorem; if we use dQ0 for an element of path around G, then 

(9.34) 

We shall consider the two sides of this equation separately. We require that 

b/ a «1, which permits us to neglect the contribution to the integral on the 

left side of Eq. (9.34) over the ends of the contour. For that integral there 

remains 
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Now it is apparent from the figure that 

so that 

f M•d1.J° = (M1 - M2)·I~ X Ina 

= I~•In X (~1 - M2)a. (9.35) 

The integral of the right side of Eq. (9.34) is 

(9.36) 

As b - 0, the right side of this equation must vanish if Ja is finite. Strictly 
speaking, Ja is always finite, but there are situations in which it is extremely 
large in a very thin layer at a boundary surface. This happens at the 
surfaces of the :nagnetized bodies which we shall discuss in the next two 
~ections. (The•circumstances are closely analogous to those at the surface of 
a charged conductor, on the surface of which the charge piles up in a very 
thin but dense layer). In such a case we may treat the product Jab as a 
surface current, which we call J~, and which is finite. For Eq. (9.36) we now 
write 

(9.37) 

Now, when we put the pieces of Eq. (9.34) back together we have 

or 

(9.38) 

The direction of I~ is completely arbitrary; hence, the coefficients of I~ 
on opposite sides of this equation must be equal: 

(9.39) 

The quantity In X (M1 - M 2) is a vector which is parallel to the 
boundary surface and whose magnitude is equal to that of the tangential 
component of M1 - M2. As a consequence, we write a scalar equation 
which corresponds to Eq. (9.39) and which looks simpler; it is 

(9.40) 



216 

MEDIUM J 

BOUNDARY LAYER 
CURRENT FLOWING 
OUT OF PAPER 

Fig. 9-9. This figure 
shows a possible rela
tion between the tan
gential components of 
M and the surface 
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This form of the boundary condition does not give 
the directions of ~Mand J;, but we can deduce them 
from Fig. 9-9, where we have simply used the right
hand rule to find the direction of the magnetization 
from the elements of current in the boundary layer. 
Of course, the magnetization may be zero in one 
medium. 

One must be careful not to identify the direction 
of Mtan with that of the unit vector lt in Fig. 9-8. 
In general the two are not parallel; that is the reason 
we have used the distinct subscripts (tan) and (t), 

The results which we have obtained here can be 
applied to any pair of vector quantities which are 
related in the same way as are M and Ja. For 
example, since 

current density Js, curl Hdc = Jctc, (9.41) 
The Mt's on opposite 
sides of the boundary it follows that at an interface, 
might be parallel; it 
is only their vector ln X (H1 - H2) = Js,dc, 
difference which is de-
termined by Js The displacement current density which must be 

added to Jctc to make Eq. (9.41) general is never 

large enough to justify consideration of a surface displacement current, 

and so the last equation is true when the fields and currents are changing 

with time, and not just for direct currents: 

or 
AHtan = Js, 

(9.42a) 

(9.42b) 

If the physics is such that it is meaningful to speak of a surface density of 

conduction current, this boundary condition gives us the surface discon

tinuity of the tangential component of H. If there is no surface current, 

the tangential component of His continuous at the surface. In the case of 

a solenoid in which the thickness of the winding is small compared with the 

diameter and length, it makes sense to speak of a surface current; the 

quantity J s ,de is then the number of turns per unit length times the current 

which flows in each turn. In a later chapter, we shall find that when the 

current and fields are changing rapidly with time, the current is strongly 

concentrated near the surface of a conductor, and the concept of surface 

conduction current becomes very useful. 
We can also write equations like Eqs. (9.42) for the magnetic induction. 

The one corresponding to Eq. (9.42b) is 

(9.43) 
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Because div B = 0, if we integrate Bn over a Gaussian surface partly in 
each medium we get zero; from this we conclude that 

tJ.Bn = 0. (9.44) 
To summarize the results of this section, we have obtained the following 
boundary conditions: 

9.8. Magnetic poles 

AMtan = J~ 

AHtan = Js 

AB tan = µo(J S + J~) 

tJ.Bn = 0. 

(9.45) 

After we discussed amperian currents, we defined the magnetic induction as 
being due to both conduction and amperian current densities according to 
the equation 

curl Bde = µo(J de + J J'o) • 
Since the scalar magnetic potential gives the induction, we will be con
sistent if we define the potential as being due to both types of currents. Ac
cordingly, our generalized definition of the potential is 

tf>m = 4~ (Ide+ Jd.)n, (9.46) 

so that 
Bde = - µo grad tf>m 

is correct even when we are dealing with magnetic materials.6 

(a) 

I 
I 
I 
I 

al 
I 
I 
I 

(6) 

Fig. 9-10. The geometry of a solenoid whose scalar magnetic potential 
we wish to calculate 

6Forbidden surfaces must be so drawn as to prohibit linkages with amperian as well 
as conduction currents. 
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In Fig. 9-lOa we have a long, thin solenoid in free space. For simplicity 

we take the diameter to be small compared both with the length of the coil, 

and with the distance a to the point of observation P. The element of 

potential due to a length dp of the solenoid is 

1 
dc/>m = 41r J S,dcn dp (9.47) 

where J s,dc is the surface current density, measured in amperes (around the 

cylinder) per meter (along the axis), and J s,dc dp is an element of current. 

For the solenoid J s = Nd, where NL is the number of turns per unit length 

and I the current in each turn. From the geometry, it is clear that 

n = A cos 0, 
r2 

a r=-.-, 
sm0 

and 
ad0 

dp = ~0' sm 

From these equations, we are able to express Eq. (9.47) entirely in terms of 

the angle 0. The element of potential becomes 

1 cos 0 
dc/>m = 

4
- Js de A -d0. 

7r , a (9.48) 

When we integrate over the length of the solenoid, this gives us 

_ l_ J A (sin 02 - sin 01) 
c/>m - 4 

S,dc 1r a 

(9.49) 

where r1 and r2 are the distances from P to the ends of the solenoid. 

From our work in electrostatics we recognize this potential as having the 

same form as that due to a "positive source" at the left end of the solenoid, 

and a "negative" one at the right end. That is, we could define a magnetic 

pole, Qm of strength 
Qm = Js,dcA (9.50) 

such that 

(9.51) 

and say that the solenoid behaves as if it had a point pole at each end. 

Actually, the pole is due to the discontinuity, in the axial direction, of the 

current in the solenoid. The magnetic induction, B, is directed outward at 

one end of the solenoid (the left end in the figure) and inward at the other 

end. The pole at the end where B points outward is the North, N, or 

positive pole; the one at the other end is the South, S, or negative pole. If 

the solenoid were suspended so that it were free to rotate about a vertical 

axis, the end bearing the N pole would point generally toward the earth's 

north geographic pole. 
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We can extend this idea to solenoids of general shape if we divide a large 
solenoid into smaller ones, each of which separately satisfies the conditions 
we have imposed above. Such a division is suggested by Fig. 9-11. Each 
of the elementary coils will give us as its contribution to the pole strength 

dQm = J S,dc dS, 

where dS is an element of area of the end of the large solenoid. We obtain 
the magnetic potential by integrating dQm/r over the end of the large coil. 

If we should insert a core of magnetic material, or replace the solenoid 
with a permanent magnet of the same size and shape, there would be con
tributions to the magnetic potential from amperian currents. Since it is not 

J) 
Fig. 9-11. A solenoid of large 
cross section may be divided into 
many of small cross sections 

Fig. 9-12. The equivalent poles of a 
magnet or of a solenoid may be dis
tributed over regions about the ends 

possible to magnetize a cylindrical region uniformly, there will be not only 
an axial discontinuity of conduction current but also, near the ends, a 
gradient of the amperian current density, with the result that the poles will 
be distributed over the outer surface and within the volume as well as over 
the ends. This is indicated in Fig. 9-12. It will always be true that the 
integrated pole strength of one sign will be equal to that of the other. 

Although there is an obvious analogy between the magnetic poles and 
the bound charge on the surface of a polarized dielectric, the bound charge 
is real, whereas the magnetic charge does not exist as such; it is an effect 
only of axial discontinuities an gradients of magnetizing currents. Never
theless, the potential from a magnetic pole behaves like 1/r, and the force 
between two of them is proportional to 1/r2, just as with electric charges. 
Also, a pole has a sign, and like poles repel each other while unlike poles 
attract. 

9.9. The field quantities about a magnetized sphere 

Because a sphere in a uniform field becomes uniformly magnetized, it 
affords an especially clear demonstration of the ideas which we have been 
discussing int.his chapter. In this problem there are no conduction currents 
in the vicinity of the sphere, and we assume that t.here are no amperian 
currents inside it. We shall justify this assumption by showing that it leads 
to field quantities which satisfy the boundary conditions. Clearly, the 
assumption implies directly that the magnetization of the sphere is uniform, 
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(For a right circular cylinder, the same assumption would not give fields 
which would satisfy the boundary conditions; hence the cylinder cannot be 
magnetized uniformly.) Our task is to verify that we can indeed satisfy the 
boundary conditions and then to determine the configurations of B and H. 
A detailed calculation is too lengthy for us to show here. However, a brief 
outline will be sufficient to point out the general physical and mathematical 
principles involved. We shall work with spherical coordinates, and we take 
the axis of the coordinates to lie along the direction of the unperturbed field. 
We shall derive the field from a vector potential. Clearly, the field is 
symmetrical about the axis of the coordinates; it has the symmetry of the 
field which would arise from a circular current loop in the equatorial plane. 
The current density in the loop has only a rp-component, and that com
ponent is independent of rp. The vector potential A must have the same 
characteristics, so that 

Ar = 0, A 0 = 0, A = A~ and a:~ = 0. (9.52) 
~ 

It is easy to show that the curl curl of any vector which satisfies these con
ditions must have only a rp-component. Because both conduction and 
amperian currents are zero, the differential eo'.lation for the vector potential 
is 

curl curl A = 0. (9.53) 

With these points established, we can now write the differential equation 
for our problem. It is 

Jcurl curl Aj = (curl curl A)~ 

1 a2 1 a [ 1 a . ] 
= r or2 (rA~) + r2 a0 sin 0 a0 (A~ sm 0) = O. (9.54) 

We shall not here go through the procedure of separating this partial 
differential equation into ordinary equations, nor of finding the solution to 
each. For the detailed calculation one should consult another text, such as 
Smythe (Reference 9), Secs. 5.12, 5.14, and 5.23. The general solution of 
Eq. (9.54) is a sum of terms such as 

A~ = ~ ( anrn + r~~1 ) P! ( cos 0). (9.55) 

Here P! are the associated Legendre functions of the first kind. They are 
related to the ordinary Legendre functions P n by 

✓--d PHx) = 1 - X
2 dx P n(x). 

The ordinary functions, in turn, are defined by 

1 dn 
p n(x) = 2"n! dxn (x2 - I)n 

where n, for our case, is a positive integer. 

(9.56) 

(9.57) 
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In Sec. 5.4 we solved the problem of a dielectric cylinder by obtaining 
solutions to the differential equation for the potential inside and outside 
the cylinder, matching the solutions on the boundary, and applying 
boundary conditions at the origin and at infinity. The same procedure is 
valid for the magnetic sphere. In their general form the internal and 
external solutions each look like Eq. (9.55). These solutions and their 
derivatives at the surface of the sphere must satisfy boundary conditions 
such that 

(1) The field H, at a great distance from the sphere, is finite, uniform, 
and parallel to the z-axis. 

(2) The normal component of B is continuous at the surface of the 
sphere. 

(3) At the surface of the sphere, the tangential component of H is 
continuous. 

(4) The field is finite at the center of the sphere. 
From all this we can at last calculate the components of the magnetic 

induction. We can obtain the field from the induction by dividing by the 
proper value ofµ,. The components of Bare 

•( ) _ ( R
3 

µ, - µ,o ) B, r, 0 - µ,oll O 1 + 2 r3 µ, + 2µ,o cos 0 (9.58) 

m(r, 0) = - µ,oHo ( 1 - ~
3

:; ;;
0

) sin 0 (9.59) 

B;(r, 0) = 3µ,oHo _; 
2 cos 0 

µ, /J,O 
(9.60) 

Bj(r, 0) = - 3µ,oHo ;
0

2 sin 0. 
µ, /J,O 

(9.61) 

In these equations the superscripts(•) and (i) refer to external and internal 
solutions, respectively, and R is the radius of the sphere. 

The field and the induction are plotted in Fig. 9-13. The amperian 
currents on the surface of the sphere result in a "pole" of one sign spread 

I 
I 

+-EXTERIOR --- INTERIOR ---+l'r--EXTERIOR-+ 

Fig. 9-13. Qualitative plots of B and H on the axis of a uniformly mag
netized sphere in an originally homogeneous field 
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over one hemisphere and a 'Lpole" of the opposite sign over the other 
hemisphere. The induction due to the poles alone would add to that from 
the solenoid outside the sphere and subtract from it inside. For this reason, 
the effect we have described is sometimes referred to as "internal demagneti
zation by the poles," but physically it is more enlightening to remember the 
discontinuity of the magnetization as the cause. Our quantitative descrip
tion was relatively easy to obtain because we chose a spherical shape and a 
Class A material, but Hand B have qualitatively the same behavior about 
any magnetized body. In a ferromagnetic material, non-linearity and 
hysteresis create an especially great obstacle to a quantitative solution. 

9.10. The electromagnetic units 

Most textbooks which use electromagnetic units (emu) introduce them 
through the idea of a magnetic pole. The defining equation for pole strength 
IS 

which automatically makes pole strength in emu have the same dimensions 
as does electric charge in esu. This serves to emphasize the essential 
arbitrariness of the coefficients used in the defining equations in any system 
of units. 

In order to make the development more easily comparable with that 
followed in this book, one may just as well start with the equation giving 
the force between a pair of current elements. For simplicity we assume 
that they are parallel, so that we may omit the vector characteristics. [The 
complete mksa equation is Eq. (7.41).] The essential equations follow: 

emu 
(dynes, 

d F - J J dpi dp 2 centimeters 
2 - 12--2- ' 

P abamperes) 
1 abampere = 10 amperes 

mksa 

d d (newtons, 
µo I I P1 P2 
4 1 2 - 2- meters, 

1r P amperes) 
(9.62) 

An examination of Eq. (9.62) reveals that the dimensions of current in 

ernu are " 
f ---t Afl/2L1/2r-1. 

Since current is charge per unit time, the dimensions of charge in emu 
must be 

Qemu ---t Afl/2 £1/2. 

But in esu, the dimensions of charge are 

Hence, dimensionally, 
Qesu ---t Afl/2£3/2T-1, 

Qesu L ----, 
Qemu T 
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which is a velocity. Again, we have evidence of the arbitrariness of certain 
constants. Numerically, the velocity turns out to be c, the velocity of light 
in free space. 

Since the same mechanical units are used for both esu and emu, and 
the field and potential are defined as force and work per unit charge, 
respectively, it follows that 

Eesu cf>esu 1 
-- = ----· Eemu cf>emu C 

However, if we defined the electric displacement in emu in the obvious 
way, the statement of Gauss' law would contain a factor of -~2• This is 
avoided by defining the displacement as 

E 
Demu = 2 Eemu 

C 

where e is the same as in esu, and equal to the Ke of mksa. 
The magnetic induction, measured in gauss in emu, may be defined 

from the force on a current-element: 

so that 

dB= d2F 
I dp 

d(}' X 1 (gauss, I 
dBde = [ de 2 P abamperes, 

P centimeters). 

d , X 1 (webers/m2, 
µo I (} p t 
4 de 2 me ers, 

1r P· amperes). 
(9.63) 

1 gauss = 10-4 webers/meter2 

The free-space magnetic field is defined as being equal to the induction 
in both magnitude and dimensions, although it is given a different name. 

H = B oersted, gauss, (free 
space). 

Ampere's law is 

f Hdc"d(} = 41rlde (free space). 

The energy density of the field is 

H = !_ B (amperes/meter, 
µ0 webers/amp -m, (9.64) 

webers/m2). 

(9.65) 

dd~m = ;1rH,B ergs/cm.3 I d~m = ~ H,B joules/m.3 (9.66) 

In terms of the induction, the point form of Ampere's law is 

curl Bde = 41rJde (free space). , curl Bde = µoJdc (free space). 
(9.67) 
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The magnetization is given by the same equation in each system 

curl M = r, (9.68) 

and we see that in emu, it has the same dimensions as do the field and the 

flux density. Just as in mksa, we define the induction in a magnetic material 

to be given by both amperian and conductioi1 currents, so that when we 

combine Eqs. (9.68) and (9.67) we obtain 

I curl (~:c - Mdc) = Jdc-
The general definition of the field is then 

B 
H = B - 471"M H = - - M 

1 
= -B. 

µ 

(9.69) 

(9.70) 

(9.71) 

Notice that although we use the same symbol,µ, in each of Eqs. (9.71), the 

emu µ has no dimensions, while the other does have, and the µ.'s are not 

equal numerically. This exactly parallels the electric situation. Since 

M= xmH (9.72) 

in each system, 

µ = 1 + 4'11"Xm• µ = µo(l + Xm) = µoKmo (9.73) 

The Km of the mksa is equal numerically and dimensionally to the µ. of the 

emu. 
The conversion rules are very similar to those found for the esu: to 

obtain an emu equation from its mksa counterpart, we replace 
H 

J.to by 471", µ. by 471"µ (or by 4'11"Km), H by 
4

71"-

For example, the mksa·equation 
B 

H = - - M (mksa) 
µo 

becomes the emu equation 
H B 
471" = 471" - M (emu) 

or 
H = B - 47J"M (emu). 

As to the magnitudes, 

10 amperes = 1 abampere 

10 coulombs = 1 emu of charge (abcoulomb) 

1 weber/m2 = 104 gauss 

1 amp/m = 471" X 10-3 oersteds. 
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We have said little about electric quantities in the emu system. They 
are defined, of course, but when writing an equation containing both 
electrical and magnetic quantities - such as Faraday's law of induction -
it is customary to express the electric field, charge, and the current as well 
in esu's, with the magnetic field and the induction in emu's. This mixture is 
known as the Gaussian system of units. It will be discussed in Section 11.10. 

I. Slater and Frank, Chap. VI. 
3. Frank, Chap. 14. 
4. Stratton, Chap. 4. 
9. Smythe, Chap. 5. 
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PROBLEMS 

I. Discuss the resemblance between a current loop and a magnetic sheet, 
magnetized everywhere in the direction of its normal, which just covers an open 
surface bounded by the loop. 

2. A sample of hydrogen gas (H2), at 20°C and standard pressure, is placed 
in a region where the magnetic field is 103 amp per m. The average magnetic 
moment per molecule is -1.50 X 10-11 amp-sq m. Find the magnetic susceptibility 
of H2 for the stated conditions. 

3. At standard pressure and a temperature of 20°C, neon (Ne) has a magnetic 
susceptibility of -4.15 X 10-s in mksa units. When a sample of Ne at that pressure 
and temperature is placed in a magnetic field of 104 amp per m, what is the magnetic 
moment of each atom? 

4. A right circular cylinder is magnetized parallel to its axis, and we neglect 
the lack of uniformity of the magnetization. 

(a) Calculate the amperian surface current density at each point of the surface. 
(b) Find the magnetic dipole moment of the cylinder. 

5. A solenoid has a cross-sectional area of 5 sq cm and is 40 cm long. It is wound 
with 5,000 turns of wire which carry a current of 0.5 amp. Its core is a bar of 
ferromagnetic material which just fits inside the coil. The permeability of the core 
is 10,000. Assume that the bar is magnetized uniformly. 

(a) Find the induction a~d magnetization in the iron. 
(b) Find the surface density of amperian current on it. 
(c) Compare the amperian current density with that of the conduction current,, 
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6. In the coaxial line sketched in Fig. 9-14, the inner conductor is surrounded 

to a radius of b with magnetic material having a permeabilityµ,. The line is operated 

at a frequency so low that the curre11t density is uniform over the cross sections of 

both conductors. Find the self-rnctuctance per unit length of the line, and compare 

with the case when no magnetic material is used (Chapter 8, Problem 17). 

l 
2a 2b 2c 2d 

j 
\ 

Fig. 9-14. 

7. In the coaxial line sketched in Fig. 9-15, the outer conductor is lined wit,h 

magnetic material to a radius b'. The line is operated at a frequency so low that 

the current density is uniform over the cross sections of the conductors. The 

2a 2b' 2c 
l 
2d 

l 
Fig. 9-15. Fig. 9-16. 

dimensions of the inner and outer conductors are the same as for those of Problem 

6. Find the relation between b' and the dimension b of Problem 6 such that the 

self-inductance of the lines of Problems 6 and 7 shall be the same. 

8. A solenoid has a circular cross section radius b, and it is sufficiently long that 

end effects may be neglected. It contains a cylindrical concentri,~ core of magnetic 

material whose radius is a (see Fig. 9-16). Show that the self-inductance is 

where Lo is the self-inductance of the solenoid when the core is removed. 
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9. Find the energy per unit length stored in the core, and in the air space, 
of the inductor of Problem 8, if the dimensions are a = 2 cm, b = 5 cm, Nd = 200 
amp perm. 

10. For the solenoid discussed in Problem 8, find the magnetization in the core, 
and the amperian surface current density on the surface of the core. 

11. The core is removed from the solenoid of Problem 5. Find the equivalent 
magnetic "charge" at each end of the coil. 

12. A permanent magnet has the same size and shape as the solenoid described 
in Problem 5. Assuming that it could be magnetized uniformly, find the magnetiza
tion necessary to produce the same external effect as the solenoid without a core. 

13. A sphere of iron is uniformly magnetized. If its magnetization is M along 
the axis of spherical coordinates, find the density of amperian current on the 
surface of the sphere, as a function of colatitude angle. 

14. At normal pressure and a temperature of 20°C, the magnetic susceptibility 
of oxygen (02) is 106.2 X 10-6 in emu. What is the relative permeability of 02, at 
the specified temperature and pressure? 

15. A 50 watt li~htbulb operates on 120 volts. Find the current through it, in 
abamperes. 

16. A cyclotron accelerates protons in a space within which the flux density 
is 2000 gauss. Finq the frequency of the supply which drives the dees. 

17. A long solenoid is wound with 50 turns of wire per centimeter, through 
which flows a current of 2 amp. Find the magnetic field within the coil, in 
oersteds. 



10 Alternating Currents 

10.1. The ac generator 

The simplest form of an ac generator is shown in Fig. 10-1. A rectangular 
loop of wire, or armature, is rotating in a region of uniform magnetic 

.. B 

s 

Fig. 10-1. 

induction. The fundamental point equation which gives us the field induced 
in the wire is 

Ei = V X B, (10.1) 

where v is the velocity of an element of the wire. We can integrate the 
induced field around the loop to find the emf. As we found in Sec. 8.1, we 
may express the result in either of two forms: 

8 = f vx B·de 

or 

Whichever way we choose, we can show easily that the emf is 

8 = wAB sin wt, 

228 

(10.2a) 

(10.2b) 

(10.3) 
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where A is the area of the loop, and w is its angular velocity of rotation. 
This result is familiar from elementary treatments, but it is of interest to 
derive it from the fundamental point statement of Eq. (10.1) which relates 
the electric field to the magnetic induction. 

In Fig. 10-2 we see the armature 
loop of the generator, with the field 
poles omitted for clarity. There is 
no external circuit connected to the 
generator terminals. Under these con
ditions we know that no current will 
flow. Yet there is an induced field 
which has a component parallel to the 
wire forming the loop; why is there no 

Fig. 10-2. 

+o 

-0 

current? Because the induced field has caused an accumulation of charge 
at the terminals, and the field due to the charge, as distorted by the presence 
of the conductor, is just sufficient to counteract that which is induced. The 
components of the two fields along the wire are equal, and in opposite 
directions.1 

We call the induced field E; and that due to charge Ee. Because Ee is 
conservative, its line integral around any closed path will be zero. Suppose 
we calculate the line integral of the total field around a path which follows 
the conductor, then jumps the gap between the terminals (see Fig. 10-2). 
It is clear that 

the induced emf. But since the net field is zero except directly between the 
terminals, the terminals must have a potential difference just equal to 8. 

+O 

-0 

Fig. 10-3. 

When an external circuit is connected, as in Fig. 10-3, the line integral 
along a path such as (2), which avoids the region of changing flux, will be 

1Since there will always be a small capacitance between the terminals, there will be a 
small "charging current," and hence, a small net component of field along the wire, but 
this we may neglect. 
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zero. The field along that path is due entirely to charges. Because of this 
we can apply Kirchhoff's law for voltages to the external circuit. As for the 
generator, the external circuit will drain off a part of the charge on the 
terminals. This reduces E0 so that it no longer balances Ei, and a current 
does then flow in the armature windings. 

10.2. Series circuit with reactance 

Fig. 10-4. 

}vo; 
2 

Let us look at the inductor of Fig. 10-4 
which has both resistance and inductance. 
It carries a current I which is changing with 
time. The emf which is induced when the 
current changes has properties very similar 
to that in the generator of Sec. 10.1; we may 
relate it to an induced field Ei, and there is 
associated with it a conservative field Ea due 

to the piling-up of charge near the terminals. 
At any point in the conductor we ma): write Ohm's law in the point form 

as 
J 

Ei +Ea=-· 
g 

(10.4) 

We take the scalar products of each side of this equation with d'J, which is 
an element of length of the conductor, and integrate from Terminal 2 to 
Terminal 1: 

(10.5) 

The first term on the left gives s, the emf induced in the inductor by the 
changing current. The second gives the terminal potential difference V L, 

If the current is changing sufficiently slowly, the current density will be 
uniform over the cross section of the wire, and parallel to d9. Then 

and 

I 
J = -;c 

I dp 
J·do = T' (10.6) 

where A is the cross-sectional area of the wire. The right side of Eq. (10.5) 

becomes 

Now, 
11 J.d9 = 11 I dp_ 

g 2 gA 

dp 
- = dRL 
gA ' 

(10.7) 
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where dRL is the resistance of the element of conductor of length dp. 
Finally, then, 

(10.8) 

When the current is changing rapidly, the current density is not uniform; it 
has its maximum value at the surface, and falls off in a complicated manner 
toward the center of the conductor. In this case, the result of integrating 
the right side of Eq. (10.5) can be expressed in the same form as Eq. (10.8), 
but now the resistance is not what would be obtained simply by integrating 
Eq. (10.7) over the length of the wire. Rather, it is something greater, 
because not all of the cross section of the wire is used by the current, and the 
effective cross section is less than A. The concentration of the current 
toward the surface is called the skin effect; we shall say more about it in 
Chapter 12. 

When we put together all the pieces of Eq. (10.5), we have 

But 
8 + VL = Rd. 

di e = -L -· 
dt 

We transpose this last term, and obtain at last 

di 
VL = L dt + RLI. (10.9) 

Obviously, we would have obtained the same equation for the circuit of 
Fig. 10-5 which contains a pure inductance in series with a pure resistance. 
The derivation of Eq. (10.9) shows that an actual inductance behaves in a 
circuit like the two pure elements in series. 

I~ 
L 

V 

Fig. 10-5. Fig. 10-6. 

In the case of a capacitor having resistance in its plates and leads, 
geometrical separation of the "region of capacitance'' and the "region of 
resistance" makes it clear that the two behave as if they were in series -
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they really are in series. In Fig. 10-6, R represents the resistance of the 

capacitor, plus that of the inductor, plus any resistance which may exist 

elsewhere in the circuit. Equation (10.9) gives us the voltage across the 

inductance and the resistance. For the capacitor, the voltage, Ve, is 

Q 
Ve=-· 

C 
(10.10) 

The voltage across the entire circuit - L, R, and C together - is the sum 

of VL and Ve, so that 

V = L dI + RI + g_ 
dt C 

(10.11) 

There is no reason why R should have been included with L; it might just 

as well have been put into the equation for the voltage across the capaci

tance. The final result would have been the same. 

For a sinusoidal applied voltage, the general solution of the last equation 

contains one term, which we call the steady-state solution, which does not 

change in amplitude as the time increases indefinitely. Another term, the 

transient solution, approaches zero asymptotically but usually rather quickly 

after the voltage across the circuit is established. Although transients are 

important, we shall concern ourselves only with the steady-state solution. 

Let us write the applied voltage explicitly as 

V = Vo sin wt. . (10.12) 

Next, we would like to express Eq. (10.11) entirely in terms of current, and 

get rid of the charge which appears in the last term. If we remember that 

I= dQ, 
dt 

then it is clear that if we differentiate Eq. (10.11) with respect to time, we 

can write each term in terms of the current and its derivatives. This gives 

d2I dI I 
L dt2 + R dt + C = w Vo cos wt. 

As a solution of this differential equation, let us try 

I = Io sin (wt - cp). 

(10.13) 

(10.14) 

We differentiate this expression for the current, and substitute the deriva

tives into Eq. (10.13), which gives 

-w2LI0 sin (wt - cp) + wRio cos (wt - cp) +~sin (wt - cp) 

= w Vo cos wt. (1.15) 

In order to determine the constants Io and cp, it is necessary to expand the 

sines and cosines which appear in Eq. (10.15), to obtain factors of sin wt and 
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cos wt. Then we group the coefficients of the sine and of the cosine separate
ly. When this has been done, we find that 

Io [ -w2L cos <P + wR sin <P + ~ cos <P] sin wt 

+ Io [ w2L sin <P + wR cos <P - ~ sin <P ] cos wt = w Vo cos wt. (10 .16) 

This equation must be true for all values of time, and so the coefficients of 
sin wt on opposite sides must be equal, and those of cos wt must also be equal. 
These conditions give, 

from sin wt: ( wL - wlC) cos <P - R sin <P = 0 (10.17a) 

from cos wt: Io [ ( wL - w~) sin <P + R cos cp] = V0• (10.17b) 

When we solve the first of these equations for tan cp, we find 

wL _ _!_ 
wC 

tan <P = R (10.18) 

The angle cp is the phase angle of the circuit. We define the reactance of the 
circuit, X, to be 

X = wL - _!_, 
wC 

We may construct the symbolic triangle of Fig. 10-7 
from which we see that 

X 
tan cp = l[' 

The quantity 

. X 
sm cp = z' and R cos cp = -· z (10.20) 

(10.21) 

is the impedance of the circuit. When we use these 
definitions, the coefficient of Io in Eq. (10.17b) becomes 

so that 

or 

x! +R~=x2+R2 
z z z 

=Z, 

IoZ = Vo, 

Vo 
Io_= z · 

(10.19) 

z 
X 

!I 

R 

Fig. 10-7. The re
actance triangle 

(10.22a) 

(10.22b) 

These equations have the same form as the equation which expresses Ohm's 
law, except that the impedance Z appears in place of the resistance R. 
Equations (10.22) do express Ohm's law for an ac circuit. 
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10.3. Vectors in ac circuit analysis 

The preceding section showed that for an applied voltage having the form of 

V = Vo sin wt, 

the current is 
I = Io sin (wt - cp). 

The voltages across the separate circuit elements will be 

dI 
VL = L dt = wioL cos (wt - cp), 

VR =RI= Rio sin (wt - cp) 

and 
Q f I dt Io 

V c = - = -- = - - cos (wt - cp) · 
C C wC 

(10.23) 

(10.24) 

(10.25) 

(10.26) 

(10.27) 

Let us combine V L and V c to obtain V x, the voltage across the reactive 

elements. It is 

V X = V L + V C = ( wL - !c) IO cos ( wt - cp) 

= ( wL - w~) Io sin ( wt - cp + ~ )-

Fig. 10-8. The time-vectors which represent the voltages in a series ac 

circuit. The vectors rotate counterclockwise with angular speed w 

(10.28) 

Suppose a number of co-planar vectors which make fixed angles with 

one another, and whose butt ends are at a common point. Let the vectors 

rotate, all at the same angular velocity, about an axis normal to their plane. 



Sec. 10.4 Alternating Currents 235 

The projections of the tips of the vectors on some line in the plane will be 
sinusoidal functions of time, and they will be displaced in phase by amounts 
proportional to the angles between the vectors. That is, the projections are 
related to time and to one another just as are the various voltages in the 
series ac circuit. Hence, these voltages may be represented by rotating 
vectors such as those we have shown in Fig. 10-8. In circuit analysis we are 

(a) (b) 

Fig. 10-9. (a) Voltage triangle. (b) Impedance triangle 

rarely interested in instantaneous values of voltage or current, but only in 
their relative magnitudes and phase angles. All this information is con
tained in the triangle of Fig. 10-9a, which is a voltage triangle. Essentially 
the same information, in still simpler form, is given by the impedance 
triangle of Fig. 10-9b. This is obtained by dividing each side of the voltage 
triangle by the current 10• We see that we anticipated the impedance 
triangle in the preceding section. 

These vectors which we have been discussing have directions not in 
geometric space, like electric fields, but in a symbolic space whose dimen
sions are voltage, current, or impedance. Hence, it is really incorrect to call 
them vectors. In order to point out the difference, let us call them time 
vectors, as distinguished from space vectors. 

10.4. The use of complex numbers in circuit equations 

Part of the information contained in the time-vector diagrams of the 
preceding section must be appended somewhat artificially to the circuit 
equations. Thus the equation V = ZI is incomplete until we know the 
phase angle between the voltage and the current - the direction of Z or of 
ZI in a vector picture. This additional information may be implicitly 
included directly in the equation through the use of complex numbers. 
Here, we shall use the engineering symbolj = {=I, rather than i, although 
the latter is more commonplace among physicists and mathematicians.2 

2 As the two symbols i and j are most often used nowadays, there is a slight distinction 
between their meanings. This will be discussed in Sec. 11).6. 
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The complex number 

jy 
x +jy =rei'P Z = X + jy 

can be represented by its Cartesian com
ponents x and y, as is shown in Fig.10-10. 
Since 

ei8 = cos 0 + j sin 0, 

we can express z in polar form as 

z = rei0 

where 

(10.29) 

(10.30) 
Fig. 10-10. The Cartesian compo
nents and polar representation of a 
complex number r = ✓x2 + y2 and 6 = tan-1 'Y. • 

X 

We may make our complex number rotate by requiring that the angle 0 
increase uniformly with time; if 

0 = wt - cp 

then 
z = rei(wt-,p), (10.31) 

where cp determines a reference direction; at t = 0, z points in the direction 
( - cp). If two observers time this motion with stop watches started at 
different instants, they would report different values of the phase angle cp, 

but otherwise the motion would look the same to each of them. 
Now to tie this up with alternating currents. The real part of z -

written Re [z]- is simply the projection of the complex number on the real 
axis. Likewise the imaginary part - Im [z] - is its projection on the 
imaginary axis. So, if we write 

Z = X + jy 

= r cos (wt - cp) + jr sin (wt - cp) 

= Re [z] + jlm [(z]; (10.32) 

we see that both the real and the imaginary parts of z "move" with simple 
harmonic motion, just as do the instantaneous voltages and currents in an 
ac circuit. We know that the instantaneous voltages of the R-L-C circuit 
can be represented as projections of rotating time vectors. If we should 
take the current as having reference phase, 

V R = RI = Rlo sin wt. 

In terms of complex numbers, this is 

V R = Im [Rlo eiwt]. (10.33) 
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Because the voltage across the inductance leads the current in phase by 1r/2 
radians, we can write V L as 

V L = Im [wLio ei<wt+.-12)] 

= Im [wLI0 ei"'l2eiirt]. 
However, eM2 = j, so that, 

V L = Im [jwLI0 ei"' 1]. 

The phase difference of 1r/2 between V Land V R now appears as a factor of j 
in the complex number which represents V L· 

In a similar way, the capacitive voltage is represented by 

V c = Im [ z~ ei<we-.-12)] = Im [ - ~~ eiwt], (10.34) 

where we have replaced e-i"12 by (-j). Finally, the instantaneous voltage 
across the entire circuit is 

VR.+ VL +Ve= Im [ Io ( R + jwL - le) e1"'1 (10.35) 
We call 

Z = R +jwL - j_ 
wC 

the complex impedance of the circuit (see 
Fig. 10-11). 

If we now introduce a complex voltage 
V such that 

VR + VL +Ve= Im [V] = Im [Vo e1"' 1
], 

(10.36) 
we can write 

V = ZI, (10.37) 

jwL 

R 

-/ 
WC 

where it is understood that we mean to Fig. 10-11. The complex impedance 
use only the imaginary part of each side triangle 
of the equation. However, all of the equa-
tions above would be equally valid had we taken real parts throughout 
instead of imaginary parts. Actually, the complex equation 

Vo= Zlo, (10.38a) 

with both real and imaginary parts remaining, contains all the amplitude 
and phase information, which is what we really want anyway. Further
more, no complication ensues if we ignore the time dependence, which is the 
same in V and in I, and write simply 

V = ZI. (10.38b) 
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Notice the notation: when we use sin wt and cos wt, then ZI, Io, V, and Vo 

are real. When we use eiwt, the same symbols imply complex numbers. The 

circuit quantities have phases as well as amplitudes, and the phases are 

represented by the arguments (angles) of the complex numbers. For this 

reason, complex numbers, when they are used to represent circuit quanti

ties, are called phasors. 
Heretofore we have measured voltages and currents only by their peak 

values, but in circuit analysis one uses rms values. The rms value of any 

periodic quantity U(t) is defined by the equation 

{ 
1 ri+T }1/2 

U(rms) = T j 
I 

U2(t) dt , (10.39) 

where Tis the period of U(t). The letters rms stand for the square root of 

the mean of the integral of the square. If U(t) is a sinusoidal function of 

time, with a peak value U(peak), then, 

U(rms) = f U(peak). (10.40) 

If we replace the peak V's and I's of Eqs. (10.38) with their rms values, a 

factor of ~/2 will appear on each side of the equations; we can cancel the 

factor, and the equations will be formally just as they were with peak 

values. In the phasor diagrams, replacing peak by rms values is equivalent 

to changing the scale by a factor of 1/~. Strictly speaking, this new pic

ture is inaccurate, because the components of these complex numbers no 

longer give the instantaneous voltages correctly. But we are usually more 

interested in therms value anyway, so the 1/~-scale diagrams are useful, 

and they are not confusing. 

One of the many advantages of using complex numbers in circuit analysis is 

that, because the exponential function is proportional to its own integral and 

derivative, we can write symbolically 

!!:_ = jw, and { dt = ;.. 
dt }t JW 

For example, the voltage across an inductor is obtained from 

dl . I 
dt = JW ' 

and that across a capacitor from 

JI dt ='.f_. 
JW 

10.5. Power in an ac circuit 

In the series circuit shown in Fig. 10-12, we take the current as having 

reference phase. That is, we write 

I = Io sin wt. (10.41) 
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Our results below would be the same if we 
gave the current an arbitrary phase, say 
I = Io sin (wt + ip), with phase of the 
voltage adjusted accordingly; but they 
are slightly easier to derive with ip = 0. ~D I 

The voltage across the resistor is 

V R = RI o sin wt (10.42) 

and that across the reactive part of the circuit is 

Vx = XIo cos wt. 

The instantaneous power flowing into the resistor is 

PRi = V RI = RI~ sin2 wt. 

Fig. 10-12. 

(10.43) 

(10.44) 

If we average this power over one cycle (or over any integral number of 
cycles) we have (with the period 271/w = T) 

- 1 f t+T p Ri = p R = T t p Ri dt 

. 1 f t+T l 
= RI5T t sin2 wtdt = 2RI5. (10.45 

The factor of ½ arises, of course, because we are working with peak, and not 
rms, values of current. The instantaneous power flowing into the reactance 
IS 

Pxi = V xI = XI5 sin wt cos wt 

= ~ XI5 sin 2wt. 

Now sin 2wt is a pure oscillating function whose average value over one cycle 
is zero; 

- 1 -.-Px; = Px = 2XI5 sm2wt = 0. 

Hence, the total average power P is just 

p = PR, 

(10.46) 

(10.47) 

Now let us go through this again, using the complex notation. We have 

I = Io ei"'t 

and (10.48) 
V = Vo e1"' 1 

where both Io and Vo may be complex. The quantity corresponding to I~ 
in the real treatment is now the square of the absolute magnitude of Io, 
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which in turn is the product of I by its complex conjugate I*. In place of 

Eq. (10.45) we now have 

P = Pn = i R \ Io \2 = ~ R \ I \2 = i RII*. 

Now 
VI*= ZII*. 

Since II* is real, 

Re(VI*) = II* Re Z = RII*. 

Hence 
1 . 

P = 2 Re [VI*]. 

For any complex number z, 

and 

so the power is also given by 

Re [z] = Re [z*] 

(VI*)*= V*I, 

1 
P = 2 Re [V*I]. 

(10.49) 

(10.50) 

(10.51) 

(10.52) 

One can also show that the power can be obtained from V and R. To 

summarize these results, we have the following alternative ways of express

ing the power: 
1 

P = 2 RII* 

1 = 2 Re[VJ*] 

= ~ Re[V*I] 

1 VV* 
= 2T· 

We can use rms values of V and I in any of these equations if we drop the 

factor of½. 
As we see from the equation for Px;, the peak power input to the react

ance 1s 

(Px;)peak = ~ Im [VI*]. 

For this reason, Im [VI*] is called the reactive power. We must always write 

either "Re" or "Im" in a power equation, although it is not necessary in a 

voltage or current equation. 
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10.6. The use of i and j 

We have seen how the treatment of ac circuits is facilitated by using 
complex numbers, when we take ejwt for the time dependence of the current 
and voltage. Now let us solve the differential equation for the series 
circuit, assuming that the applied voltage is 

(10.53) 
The important point here is the negative sign in the exponent; the change of 
notation from j to i is nothing but an aid to the memory. After we differentiate 
V with respect to time, Eq. (10.11) becomes 

L d
2
l - R dl + ..!..r = -iwVoe-iwt 

dt2 dt C . (10.54) 

This corresponds directly to Eq. (10.13). As a solution, we try 

(10.55) 

where [0 may be complex. We substitute this current into Eq. (10.54), and 
multiply by (i/w) e+iwt, and we have 

-iwLlo + Rlo + wiC lo = Vo, 

whence 
Vo lo=-------

-iwL + i_ + R 
wC 

If we take for the impedance 

Z = R - i ( wL - wlC), 

then we can write Ohm's law as 

or 

just as we have done before. 

Vo lo= -z 

V = ZI, 

(10.56) 

(10.57) 

However, we observe that with our present time dependence, inductive 
reactance appears to be negative and capacitive reactance positive. Actually, 
it is only the relative sign of XL and Xe which has any significance, but we 
are all so used to thinking of inductive reactance as being positive that any 
other suggestion is confusing. We can, however, work a problem through 
using ( -iwt) and put the final result in conventional form simply by 
replacing i by -j. The power equations derived in Sec. 10.5 are exactly the 
same, whether we use +jwt or - iwt. 

The reason for discussing the -iwt time dependence is that it is very 
convenient in the treatment of waves as we shall see in Chapter 12. 
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PROBLEMS 

1. For a series circuit at resonance (net reactance zero), show that the maximum 

energy stored in the inductance is equal to the maximum stored in the capacitance. 

What fraction of a period is the interval between the instant at which the 

inductive energy reaches its maximum value and that at which the capacitive 

energy reaches its maximum? 

2. For the circuit above, what is the total energy stored in both inductance and 

capacitance at any instant? 

3. A series circuit contains both inductive and capacitive readance. A voltage 

at a frequency not that of resonance is applied to it. Find the ratio of the maximum 

energy stored in the inductor to that stored in the capacitor. How does the ratio 

change as we go from a frequency below resonance to one above resonance? 

4. In the circuit shown in Fig. 10-13, V = 10(1 + f) ei"'1 volts, and w is 

400 rad per sec. 
(a) Find the numerical value of the complex impedance of the circuit. 

(b) Find the numerical value of the complex current. 

Fig. 10-13. Fig. 10-14. 

5. For the circuit of Problem 4, show by calculating each separately that 

1 1 1 

2 RII* = '2 Re [VI*] = 2 Re [V*J] 

6. If V and I are rms rather than peak values, show that for a series circuit 

P = Re[VJ*] = Re[V*J]. 

7. For a frequency of one Mc (megacycle per second), find the power input to 

the circuit shown in Fig. 10-14. 

8. For the circuit and voltage of Problem 7, find the average energy stored in 

the capacitor, and that in the inductor. 

9. For the circuit and voltage of Problem 7, find the power input at a frequency 

of 1.1 Mc. 
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10. For the circuit and voltage of Problem 7, but at a frequency of 1.1 Mc, find 
the average energy stored in the capacitor, and that in the inductor. 

11. Find the complex current in Problem 4, assuming that V = 10(1 - i)e-•wt. 
Show that the previous result can be obtained by replacing i by -j. 

12. Consider the circuit shown in Fig. 10-14, operating at its resonant frequency. 
Find the average power input, and compare it with the peak power input to the 
inductance, and that to the capacitor. 

13. Make the calculations required in Problem 12, for frequencies 10 per cent 
above and below resonance. 



11 Maxwell's Equations, and Elec

tromagnetic Wave Propagation 

11.1 . The displacement current 

Suppose a region of space, such as that within the closed surface shown in 
Fig. 11-1, out of which a current is flowing, that is, more current flows out, 

J 

Fig 11-1. A closed surface, out of which a current flows 

than flows in. If the net current is I, and the current density at each point 
on the surface is J, then 

I= f J·dS. (11.1) 

Since the net flow is outward, the charge, Q, within the surface must be 
decreasing with time, so that 

f J·dS = - dQ_ (11.2) 
dt 

The charge is distributed throughout the volume enclosed by the surface 
with a density Qv, so that 

dQ = f aQv dV 
dt at . (11.3) 

We use the divergence theorem to transform the surface integral on the left 
side of Eq. (11.2) into a volume integral; this gives us 

f div J dV = - f a~v dV. (11.4) 

244 
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.This relation is valid for any volume; hence, the integrands must be equal 
at each point in space, and we can write the point equation 

div J = - aQv_ 
at (11.5) 

This relation is the continuity equation for charge and current. Physically, the 
equation says that div J, the rate at which charge flows out of an infinitesi
mal volume, is equal to - aQv / at, the rate at which the charge decreases 
within the volume; This is equivalent to saying that electric charge is 
conserved, and neither created nor destroyed, when a current flows. We 
can write an identical equation for the conservation of matter which says 
that when a fluid is flowing the density of matter, M v, decreases at a rate 
equal to the divergence of the matter current, or momentum, Mvv. The 
equation is 

div (Mvv) = - aMv_ 
at (11.6) 

To make these equations look even more alike, we recall that the current 
density is Qvv, so that another form of the equation for conservation of 
charge is 

div (Qvv) = - aQv, 
at (11.7) 

; 

We should notice that when the charge is not changing with time (the de 
condition), the divergence of the current density is zero, just as we assumed 
it to be in. our discussion of de circuits, but in a general situation it does not 
vanish. Equations (11.5) and (11.7) are the most general forms of the 
continuity equation. However, when we are dealing with conductors at 
high frequencies, we have surface charges rather than volume charges. 
Then we shall replace these equations with analogous two-dimensional 
relations. 

We have found earlier that 

curl Hdc = Jctc (not general). (11.8) 

We are about to find the equation which corresponds to this expression in 
the general, time-dependent case. If we take the divergence of both sides of 
Eq. (11.8) then, since the divergence of the curl is identically zero, we have 

div curl Hctc = div Jctc = 0 (not general). 

Now even in the time-dependent case, it must be that 

div curl H = 0, 

but in the preceding section we found that, in general, 

div J + a~v = 0. 

(11.9) 



246 Maxwell's Equations and Electromagnetic Wave Propagation Chap. 11 

If we equate these last two quantities, we have 

div curl H = 0 = div J + a~v, (11.10) 

which is at least a true equation; it remains to be seen whether it has any 

physical significance. If we substitute div D for Qv, we have 

div curl H = div J + ~ div D = div ( J + aa~} 

whiqh implies that 
ao 

curl H = J + at (generally valid). (11.11) 

The addition of the an/at term to the curl H equation was made by the 

British theoretical physicist Maxwell, in the third quarter of the nineteenth 

century. There is no direct proof that this generalization of Eq. (11.8) is valid, 

but _there is a very convincing indirect proof consisting of the following: 

(a) With the extra term, and only with it, Maxwell showed that the 

electromagnetic fields should be capable of propagation through space as waves. 

He was able to predict the velocity and other characteristics of the waves. 

(b) Hertz, working in Germany in the 1870's and 1880's, showed experi

mentally that electromagnetic waves exist, and that they have all the properties 

which Maxwell predicted they should have. 
We now know that radio and light waves are in fact Maxwell's electro

magnetic waves. 

Equation (11.11) is completely general; it applies when things are 

changing with time in any fashion. The equation tells us that ao / at has the 

same effect in producing a magnetic field as does the current density J. 
That is, as a "source" of the magnetic field aD/ at acts like a current density. 

For this reason, it is called the displacement current density, and J is now 

renamed the conduction current density. The sum of th~ conduction and 

displacement current densities is the total current density; that is, 

total current density = J + ~~- (11.12) 

The case of a harmonic time dependence and a Class A dielectric which 

obeys Ohm's law is one which we encounter very frequently. For this case, 

we have 
total current density = (g - iwe)E. (11.13) 

Clearly, the ratio of current densities is 

conduction current density = jJ_ • 
displacement current density we 

(11.14) 

This ratio is an important parameter. In a great many physical situations 

of interest, one component of the total current density is much larger than 
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the other. At high frequencies in a dielectric - even a rather "poor" one -
the conduction current density is very small compared with the displace
ment current density. In a conductor, even a poor one, the conduction 
current density predominates. 

For a further insight into the meaning of the displacement current, 
consider the space between the plates of a capacitor which is being charged. 
There is no conduction current in this region, but since the voltage between 
the plates is changing with time, there is a time-dependent electric displace
ment, and a displacement current, between them. (See Fig. 11-2.) Then 
for the open surface between the plates, 

f aa~·dS = f curl H•dS 

= f H•dg, (11.15) 

and these integrals are not zero when there is a current flowing into the 
capacitor. That is, there is an azimuthal magnetic field around the cir
cumference of the open surface, which we can interpret as being due to 

Fig. 11-2. The displacement 
current between the capacitor 
plates produces a magnetic 
field around the central region 

Fig. 11-3. Here the surface 
over which the integral in Eq. 
(11.15) is carried is crossed 
only by the conduction cur
rent. The magnetic field is 
the same as that in Fig. 11-2 

the displacement current through the surface. In this example, of course, 
we would obtain the same result if we calculated the magnetic field from the 
conduction current in the leads of the capacitor, as we do when we draw the 
surface as it appears in Fig. 11-3. However, we shall find other cases in 
which there are no conduction currents, so that the magnetic fields can be 
attributed only to displacement currents alone. 



248 Maxwell's Equations and Electromagnetic Wave Propagation Chap. 11 

One of our field equations is 
aB 

curl E = - at; (11.16) 

when we compare this with Eq. (11.11), it is clear that - aB/ at behaves like 

a magnetic displacement current. 

11.2. The magnetic field from a displacement current 

To show the physical significance of the displacement current, let us 

cakulate the magnetic field from a moving charge, first using the displace

ment current and then using the conduction current. We shall, of course, 

get the same result either way. The situation is shown in Fig. 11-4. We 

2a 

V 

-------z----+----~ 

Fig. 11-4. 

describe a circle in a plane normal to v, whose center is on the line of v. 

We shall find the displacement current which flows through the circle, and 

then use Ampere's law to determine the magnetic field at a point on the 

circumference. In the second part of the development we shall use the 

Biot-Savart law to calculate H directly from the conduction current element 

which the moving charge represents. 
From the figure it is clear that the electric displacement at a point on 

the plane of the circle is 

D = .£l1. 
411'p2 

(11.17) 

When we differentiate the displacement we must remember that not 

only is p a function of time, but so also is the unit vector lp, Hence, the 

displacement current density is 

aD Q { 2 ap 1 a } 
at = 411' -p3 at lp + p2 at lp . (11.18) 
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Then the displacement current through the circle is 

f aD Q ;· { 2 ap l a } at:·dS = 41r . - p3 at Ip + p2 at Ip ·dS. 

From the figure, we can easily find that 

p = (p'2 + z2)1l2, 
and 

ap zv 
at = (p'2 + z2) 112' 

(11.19) 

(11.20) 

(11.21) 

because ap' /at = 0 and az/at = v. For the element of area dS, we take an 
annular ring such that 

Then 
dS = I.p' dp'. 

z 
cos (Ip, dS) = --· 

p 

(11.22) 

(11.23) 

When we assemble these statements, we find that the first term of the 
integrand of Eq. (11.19) is 

2 p' dp' 
41rz v (p'2 + z2)6/2 (11.24) 

In Fig. 11-5 we see the construction from which we calculate aiiat. First 
we draw a line which is normal to 9 and whose length is v dt sin (v, 9). This 
normal, with 9 and 9 + d9, forms a triangle which is geometrically similar 

Fig. 11-5. 

to the triangle whose sides are dIP> Ip, and IP + dIP. We can write the 
following equation of relations among the sides of the similar triangles, 
because IIPI = 1: 

whence 

I 
~ I I = v sin (v, 9) = vp'_ 
dt P p p2 (11.25) 
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The angle between dIP and dS is such that 

p' 
cos (dl dS) = ~ -· 

p, p (11.26) 

We now collect the pieces of the second term of the integrand of Eq. (11.19); 

we find it to be 

(11.27) 

Now we can integrate Eq. (11.19). The result is 

faD Qva2 

at,dS = 2(a2 + z2)a12· (11.28) 

This is the expression for the displacement current through the circle due to 
the motion of the charge Q. 

Now let us return to Eq. (11.1). Since the conduction current is zero at 
every point on the plane of the disc, we have only 

iJD 
curl H = -· at (11.29) 

We integrate this equation over the plane of the circle; the right side is then 
just the current which we have found in Eq. (11.28). Next we transform 
the left side, by Stokes' theorem, to the line integral 

f H•dg; 

then we take the integral around the circumference of the circle. It is 
apparent from the symmetry of the problem that H•dg is everywhere the 
same on the circumference, so that we can wr.ite the integral directly; it is 

(11.30) 

This is equivalent to saying that Ampere's law (Sec. 7.7) applies to displace
ment currents as well as to conduction currents. Finally, 

H = _!_ Qva . 
41r (a2 + z2)3/2 (11.31) 

Our next step is to calculate the field directly from the conduction 
current according to the Biot-Savart law, which we learned in Sec. 7.4, 
There we found the induction from a current-element I dg to be 

dB = µo I dg X lp, 
47!' p2 

or 
dH = _.!_ I dg X lp. 

41T p2 
(11.32a) 
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When we replace .I dg by Qv, 
H = 1 Qv X lp 

41r p2 • (11.32b) 

Remember that we used the current element, I de, because it has a small 
spatial extension, not because of its small magnitude; it is quite proper here 
to replace I dg-by Qv. 

We specialize this equation to the case illustrated in Fig. 11-4. From the 
figure we see that 

. ( . ) a sm v, lp = -
p 

a 
(11.33) 

Finally, because of the symmetry of the problem, we know that H has the 
same magnitude everywhere on the circle of radius a. That magnitude is 

H = l_ Qva . 
41r ( a2 + z2)at2 

(11.34) 

This expression agrees perfectly with Eq. (11.31). We have shown that in a 
case when we have both a conduction and a displacement current due to 
the motion of the same charge, the magnetic field can be calculated from 
either one alone. 

11.3. Maxwell's equations 

We now have four point statements concerning the field quantities which, 
among them, express everything that we have learned about electromag
netic fields. These statements appear below, with new equation numbers. 
Below each statement is the number of the equation in which the statement 
first appeared in this book: 

aB 
curl E = - -, (11.35) div D = Qv, (11.36) at 
[from Eq. (8.23)] 

aD 
curl H = J + at' (11.37) 

[from Eq. (11.11)] 
- ' 

[from Eq. (4.48)] 

div B = 0. 

[from Eq. (7.25b)] 

(11.38) 

These four constitute Maxwell's equations. To them we sometimes add the 
continuity equation, 

div J + a~v = O, 

[from Eq. (11.5)] 

(11.39) 
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although if we assume Eqs. (11.36) and (11.37), then we can easily derive 
the continuity equation. We should also include Ohm's law and the rela
tions between E and D, and Hand B: 

J = gE (11.40) 

[from Eq. (6.12)] 

D = EE (11.41) 

[from Eq. (4.37)] 

B = µH. (11.42) 

[from Eq. (9.24)] 

We have deduced each of Maxwell's equations and Ohm's law from experi
mental results. Conversely, if one should assume these equations to be true, 
he would be able to predict all the experimental results which we have 
discussed and, in addition, others which we shall investigate in the rest of 
this book. Maxwell's equations are valid for any medium, and for arbitrary 
time variations, as long as we avoid distances as small as the dimensions of the 
nucleus of the atom. 

Each of Maxwell's equations makes a statement concerning derivatives 
of the field quantities at a point in space. For each of them there is a 
corresponding statement concerning a finite region of space. In each case 
the integral statement is obtained from the point statement by first per-

' forming an integration over a surface or a volume, then transforming one 
side of the equation to a line or surface integral by applying Stokes' theorem 
or the divergence theorem. The corresponding pairs are tabulated below: 

curl E = - aB - f E·d!.' = - f aB,dS or at at ' 
def> 

8= --, 
dt 

div D = Qv - f D-dS = Q, 

curlH = J + aa? -f H·d!.' = f (1 + aa?}as =I+ f aa?·dS, 

div B = 0 - f B•dS = 0. 

11 .4. The wave equations 

When Maxwell's equations are satisfied, the field quantities separately 
satisfy a wave equation. This we shall show almost completely generally, 
subject only to the physically mild limitations that 

(1) The medium obeys Ohm's law, J = gE. 
(2) The charge density is zero. 
(3) The medium is a Class A dielectric and a Class A magnetic material. 
If we take the curl of Eq. (11.35), we find that 

a 
curl curl E = - at curl B. (11.43) 
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We found in Sec. 8.4 that curl curl= grad div -\7·\7. On the right side of 
Eq. (11.43), we replace B by µH, factor outµ and substitute for curl H from 
Eq. (11.11), whence we obtain 

aJ a20 
grad div E - \7•\7E = - µ at - µ aii. 

Since we have assumed that the charge density is zero and that the medium 
is homogeneous, then div E = 0. When we replace J by gE, D by EE, and 
rearrange, we have 

a2E aE 
\7 • VE - µE - - µg - = 0 · at2 at · (11.44) 

This is the three-dimensional wave equation in an absorbing medium. The 
absorption - power loss to the medium, accompanying propagation -
arises from the term containing the first time derivative; the absorption is 
zero in a medium for which g = 0. For the case when E depends only on 
one coordinate, as z, and when the conductivity is small, an approximate 
solution of Eq. (11.44) is 

E = E0 exp(-~ Jz)J(z -~ t), (11.45) 

where f is an arbitrary function of its argument. This equation describes a 
wave traveling in the +z-direction with a speed 1/✓µr:, whose amplitude is 
attenuated at a rate (g/2)(~) per unit of distance traveled. 

The wave equation is simpler when the time dependence of the field is 
harmonic (sinusoidal, having a single frequency). According to the Fourier 
integral theorem, this implies a constant amplitude for all time, and hence 
denies the possibility of signalling. However, the rates of change of ampli
tude ordinarily involved in signalling are so small compared with the rate of 
oscillation of the field that we can, to an excellent approximation, treat the 
instantaneous amplitude as if it were a steady-state value. The time 
dependence which we shall use is -iwt; that is, we asrnme that 

(11.46) 

The quantity Eo in this equation is a pure space vector, and e-iwt is a phasor, 
so that Eon the left side has the characteristics of both a space vector and a 
phasor. When we substitute this into Eq. (11.44) we have 

(11.47) 

At this point, we may do either of two things: (1) cancel out the time factor 
from each term and treat this as a purely spatial equation, or (2) write E for 
Eo e-iwt and retain the time dependence in implicit form. It makes prac
tically no difference which course we follow; if it is the former, we would 

- I 
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drop the subscript on Eo anyway, just for convenience. In either case, then, 
we have 

v'•v'E + w2µe( 1 + ~) E = 0. (11.48) 

This is the wave equation for the most general sort of medium ordinarily 
encountered, for harmonic time dependence - which is a sufficiently general 
dependence for almost all applications. 

In free space g/we = 0, and in most dielectric materials this quantity is 
negligibly small, so that Eq. (11.48) may be simplified still further to 

v' • v"E + w2µeE = 0. (11.49) 

This is the Helmholtz equation. It is often called the time-independent wave 
equation, because the time appears in it only implicitly. The name is 
misleading because a wave, by its very nature, must be a function of time. 
In the metals which are used as electric conductors, and even in sea water up 
to fairly high frequencies, the converse approximation is valid; g/we » 1. 
The resulting equation will be considered later, for a special case. 

Although we have here derived the wave equation in its various forms 
only for the electric field, we can, by similar procedures, find that each of 
the other three field quantities - D, B, and H - also satisfy these wave 
equations. This may be indicated symbolically by 

( V,V - µ; :,: - µg ;,) [ i ]- 0. (11.50) 

11.5. Plane waves in a perfect dielectric 

There are a great many varieties of solutions of the wave equation. The 
plane wave with harmonic time dependence traveling in a perfect dielectric 
is the simplest of these, and we use certain features of it for reference -
notably the wavelength - so it makes an instructive example. 

The wave equation for this problem is 

(v'2 + wµe)E = 0. (11.51) 

We shall write a plane-wave solution of this equation and use Maxwell's 
equations to obtain the magnetic field quantities, which will also have the 
form of plane waves. Of course, there are solutions of the wave equation 
which are not solutions of Maxwell's equations, but they are not acceptable 
for our purposes, and we avoid them by the procedure we have outlined. 
This method would work just as well if we started with D, H, or B instead 
of E. 
Solution of the wave equation. The solution which we assume is 

E = Eo eiCk•r-010, (11.52) 
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where k is a constant vector, and r the position vector. Then 

k•r = kxx + kvY + k.z, 

and we can easily show that 

-k;E, 

(11.53) 

with similar expressions for the y- and z-derivatives. We substitute the 
space derivatives into the wave equation, which gives us 

- (k; + k; + k;)E + w2µeE = 0, 
or 

Then Eq. (11.52) is a solution of the wave equation if 

k = w{µe. 

(11.54) 

(11.55) 

The vector k is the propagation vector, and its magnitude is the propagation 
factor. 

Plane wave characteristics. That 
Eq. (11.52) does represent a plane wave 
we can show by observing that 

(11.56) 

where rk is the component of r in the 
direction of k (see Fig. 11-6). This 
component of r has the same value at 
every point on a plane normal to k. 
Hence, at any instant of time the wave 
described by Eq. (11.52) has the same 
phase at every point on that plane, and 
it is a plane wave which travels in the 
k-direction. 

Fig. 11-6. As the end point of r moves 
over the plane normal to k, the value 
of rk = k • r/k remains constant 

As r increases in the k-direction, the phase angle of the wave increases. 
A wave traveling in the negative k-direction would contain a factor of e-ik•r, 
If we had used the time-dependence eiwt, a wave in the positive direction would 
have a space dependence of e-ik•r; a positive motion would be associated with a 
negative sign. In wave problems the time factor, since it is the same in each 
term, may be factored out, leaving only the space factor; here we would prefer 
to associate positive signs with positive motion. For this reason, it is somewhat 
simpler to use e-iwt when dealing with waves. 
I 

Wavelength. The equation 

k•r = C, (11.57) 
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where C is a constant, specifies a plane normal to k at a distance 

C 
s = -

k 
from the origin. 

(11.58) 

By definition, two planes are separated by one wavelength, X, if the 
phase of the wave differs by 27!' radians from one plane to the other. 
Suppose the position vectors to the planes (which are normal to k) are 

Fig. 11-7. The two planes are normal to k. If k•r2 = k·r1 + 21r, 
then (r2 - r1)k = X 

r2 and r1, as we see in Fig. 11-7. The normal separation between the planes 
is (r2 - r1h, the k-component of r2 - r1. Then if 

the planes are separated by one wavelength, so that 

(r2 - r1h = X. 

(11.59) 

(11.60) 

Alternatively, we may write the normal separation between the planes as 

.,. = k•(r2 - r1) 
" -~k--

27!' =-r 
whence we find that the propagation factor, or the magnitude of k, is 

211' 
k = -· 

X 
(11.61) 

(It is implicit in all this analysis that angles are measured in radians. If we 
replace 211' by 360 everywhere, the same equations may be used with angles 
measured in degrees.) 

Velocity. Let us reintroduce the explicit time dependence. Consider 
the equation 

(11.62) 
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where Ci is a constant. At any instant of time, all points whose position 
vectors satisfy this equation lie on a plane of constant phase. The distance 
from the origin is 

(11.63) 

Now let us "unfreeze" the time, and require that the plane move so that the 
phase of the wave on the plane is constant in time. The speed must be 

dsi w 
(11.64) di= k' 

Then, 
w 

(11.65) Vph = k 

is the speed of a plane of constant phase, which we call the phase speed. 
We use a special symbol, c, for the speed in free space, and we define n, 
the index of refraction of a medium, to be 

C 
n=-· 

Vph 
(11.66) 

The direction in which the wave is traveling is the direction of the propaga
tion vector k, so the phase velocity is 

(11.67) 

The direction of v ph and of k is also the direction of the rays of geometrical 
optics. If we substitute 21rf for w, where f is the frequency of the wave, 
and 21r/X for k, the equation for the phase speed leads us to the familiar 
relation 

Vph = fX. (11.68) 

From Eq. (11.65) we can also express the propagation factor in terms of the 
frequency: 

k=~-
Vph 

(11.69) 

Relations among E, H, and k. We shall calculate the magnetic field 
from Maxwell's equation for the curl E, which we write as 

aB - Tt = curl E. (11.70) 

When we substitute our plane-wave function from Eq. (11.52) for E, we 
have 

curl E = curl [Eo ei(k•r-wt)]. 

Now Eo is a constant vector, and e-iwt is independent of the spatial coordi
nates, so when we expand the curl we obtain 

curl E = -e-iw 1Eo X grad eik•r (11.71) 
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We can perform the indicated differentiation easily; it gives us 

grad eik•r = i(l.,k., + lyky + l,k.) eik•r 

= ik eik·r 

We have now progressed to the point of writing Eq. (11.70) as 

- aB = iE X k ei(k·r-wt) 
at 0 

=ikxE. (11.72) 

The next step is to perform the time differentiation on the left side, and 
substitute µH for B; this leads to 

whence we obtain 

aB . H - at= iwµ , 

1 H=-kxE. 
wµ 

(11.73) 

But from Eq. (11.55) we know that 

k = lkw~, 

so that finally we can say that 

E, D 

Fig. 11-8. The electric 
and magnetic field quan
tities and the propagation 
vector, in a plane wave 

H = ✓~ lk XE. (11.74) 

This last equation tells us that E and H are 
normal to each other, and that they are both 
normal to the propagation vector. Of course, 
D and Bare related to each other and to kin the 
same way. When we speak of waves, we use the 
term "displacement" to mean the departure of 
something from its static configuration due to the 
passage of the wave. For examples, the displace
ment of an element of the length of a string, when 
the string is plucked, or the displacement of a 
molecule of air as a sound wave goes by. In the 
electromagnetic wave there are four displace
ments-; they are the four field quantities E, H, D, 
and B. (It is true that the term displacement is 

also applied to D in another sense, but we shall not use it in any way which 
can cause confusion.) In a plane wave all four field quantities are normal 
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to the direction of propagation, and so the wave is transverse. The relations ' 
are shown in Fig. 11-8. 

Plane waves are an important example, but they do constitute a special case; 
we must not conclude that all electromagnetic waves are transverse. Electro
magnetic waves near their radiating sources (atoms, or antennas) have longi
tudinal field components, as they may have in a conducting medium, and in a 
region where there are discontinuities of the properties of the medium. For 
example, in the waveguide mode of propagation which we shall discuss in 
Chapter 13, there is always a longitudinal component of either the electric or 
the magnetic field. 

Wave impedance. From the equation which connects E and H, it is 
apparent that the magnitudes of the fields are related by 

r; /µ, 
H = ·\j";;_E, and E = '\J~ H. 

(11.75a) 
(11.75b) 

Now, H has the dimensions of ampere (turns) per meter, E those of volts 
per meter, and # the dimensions of ohms. If we draw an analogy 
between E and Hon the one hand and Vand I on the other, we may think 
of ✓E/ µ as the characteristic or wave admittance of the medium, and of 
# as its characteristic or wave impedance. For empty space, ✓µ0/ Eo = 120,r 
ohms. 

11.6. Propagation in a conducting medium 

We shall not consider the general case of propagation in a conducting 
medium, but only the example of a plane wave. This leads us to the ideas 
of dissipative attenuation and of skin depth, but it does not demonstrate a 
wave having a longitudinal field component. 

From Eq. (11.48), the equation for a harmonic wave in a conducting 
medium is 

V2E + w2
µE ( 1 + !:) E = 0. 

We shall use the symbol k2 for the complex coefficient of E: 

k2 = w
2
µE ( 1 + !:)-

One may easily verify that a solutim1. of the wave equation is 

E = Eo eikz, 

(11.76) 

(11.77) 

(11.78) 

if E0 is a constant vector. There is an implied time factor of e-iwt, but there 
is no need to write it explicitly. We want to determine the real and imagi
nary parts of k in terms of the parameters of the medium; that is, we want 
the square root of k2• It is easiest to extract the root if first we put k2 in 
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polar form. We write the magnitude of k2 in terms of the parameters, and 
we call its argument 2cp. Then, 

[ ( 
g )2]1/2 . 

k2 = w2
µE 1 + ;, e'2<P, (11.79) 

where 

tan 2cp = JL. 
WE 

(11.80) 

The propagation factor is_ just the square root of Eq. (11.79) which is 

_ [ ( g )2, ]1/4 k = w ✓ µE 1 + WE ei<P. 

Let the real and imaginary parts of k be a and /3, so that · 

k =a+ i/3. 

(11.81) 

(11.82) 

Then when we separate the expression for k into its components we find 
that 

_ [ ( g )2 ]1/4 
a = W ✓ µE 1 + WE COS cp, (11.83) 

_ [ ( g )2 ]l/4 /3 = w ✓µE 1 + ~ . sin cp. (11.84) 

Equation (11.78) now becomes 

E = Eo eia•--=13•. (11.85) 

This represents a wave which is attenuated in the z-direction, with the 
surfaces of equal phase· parallel to the surfaces of equal amplitude. 

The ratio g/wE contains the properties of the medium which determine 
the detailed behavior of the wave. We can find materials for which this 
ratio has almost any value, large or small. However, those substances for 
which it is comparable with unity are not generally useful in technology. 
At one extreme we have 

_fl« 1 
WE 

(11.86) 

and 
(11.87a) 
(11.87b) 

to the first order in the small quantity g/wE. Here the material properties 
approach those of a perfect dielectric; we have discussed plane waves in 
such a medium in Sec. 11.5. 

a= w...,/;, /3 = 0 

At the other extreme, for a good conductor, 

JL » 1. 
WE 

In this case 

[ 
sin ] = ✓2 (l =i= I ~) 
cos cp 2 2 g ' 

(11.88) 
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so that, to the first order in the small quantity we/ g, we have 

(11.89) 

For the metals which are used in technology at high frequencies we may 
neglect even the first-order terms in Eq. (11.89), and we have left only 

a= {3 = ✓w;g. (11.90) 

Comparison of Eq. (11.85) with this equation shows that the amplitude of 
the wave decreases by a factor of 1/e in a distance 

5= (2.2. 
'\)~ 

If we suppose the wave to have been 
transmitted into the conducting me
dium at a plane boundary with a 
perfect dielectric, as in Fig. 11-9, then 
the wave amplitude will fall to 1/e of 
its surface value in a layer 5 thick. For 
this reason 5 is called the skin depth. 
Because of the conductivity of the 
material, there is a conduction current, 
and it is in phase with the electric field. 
Hence, there is power loss and heating 
in the medium, and the attenuation 

(11.91) 

~ ))1 

REFLECTED 

INCIDENT 

Fig, 11-9. 

associated with the factor 1/5 is dissipative. For frequencies above the audio 
range, the skin depth in a good conductor is very small. Numerical values 
for copper at various frequencies are given in Table 2. 

TABLE 2 
Penetration of plane waves in copper at various frequencies 

Wavelength Skin Depth, 
Frequency ( in free space) Centime.!ers 

60 cycles 0.855 
104 cycles 3 X 104 meters 0.0661 
1 megacycle 300 meters 6.61 X 10-3 

100 megacycles 3 meters 6.61 X 10-4 

104 megacycles 3 centimeters 6.61 X 10-5 

Since the skin depths are so extremely small, we are well justified in using 
the concept of surface currents at a boundary with a good concliuctor. 
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11.7. Dynamic boundary conditions 

The boundary conditions which we have derived heretofore are all valid in 
dynamic situations. We shall add to them two new conditions which are 
valid only for dynamic fields and then, strictly speaking, only at the surface 
of a perfect conductor. However, we have already seen that the penetration 
of the electromagnetic fields into a good conductor at high frequencies is 
very small, and so the new boundary conditions are true to an excellent 
approximation at the surface of a good conductor. 

Within a perfect conductor the dynamic elec
tric and magnetic fields are both zero, so the 
boundary condition t:.E1 = 0 says that, in a 
dielectric at the surface of the conductor, the 
electric fields must be entirely normal to the 
surface. By a similar reasoning, the condition 
t:.Bn = 0 tells us that the magnetic induction is 
entirely parallel to the surface. Let us choose the 
Cartesian coordinate system shown in Fig. 11-10 
in which the x-axis is normal to the surface, and 
the z-axis is parallel to the magnetic field. Now 

Fig. 11-10. write 

aD 
curlH = -at 

= -iwEE, 

and expand the curl H for this special case in which H = H ,: 

curl H = I,, aH, - I aH,_ 
ay y ax 

(11.92) 

(11.93) 

Equation (11.92) says that curl H must be parallel to E, and we know that 
EY = 0, so they-component of curl H must be zero also: 

aJ!· = o. (11.94) 

This is the first of our new boundary conditions. The other comes from the 
divergence of the electric field. In the same Cartesian coordinates of Fig. 
11-10, div E = 0 becomes 

aE,, + aEY + aE, = 0 ax ay az · 

We know that Ey and E, are tangential components which vanish, so 

a!,, = o. (11.95) 

This last development is, of course, true for a static electric field at the 
surface of any conductor; but for the dynamic field it is rigorously true 
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only at the surface of a perfect conductor. We can state these conditions 
independently of the Cartesian coordinates: the normal derivatives of the 
tangential magnetic field and of the normal electric field vanish in a dielec
tric at the surface of a perfect conductor - and we infer that they are very 
small as compared with other field derivatives at the surface of a good 
conductor. Let us collect all our bound~ry conditions; in general, 

6.Et = 0, 6.Ht = Js, 

and in a dielectric at the surface of a perfect conductor 

aHt = 0 an ' 
aEn = 0 an- . 

11.8. Propagation in an electron environment 

(11.96a) 
(11.96b) 

(11.96c) 
(11.96d) 

(ll .96e) 
(11.96f) 

A plasma is a body of highly-ionized gas. We find plasmas in electric arcs, 
in intense shock waves, and in the ionosphere above the earth's surface. 
Plasmas also exist in the atmospheres of stars. In general, a plasma 
contains many different kinds of ions, bearing various multiples of the 
electronic charge (positive and negative), and with assorted masses. 
However, for the moment, let us consider a plasma containing only one kind 
of ion, with charge Q and mass m. Suppose that an electromagnetic wave, 
having an electric field E = E 0 e-iwt, is passing through the plasma. The 
equation of motion of a free ion is 

ma21; - QE -iwt 
at2 - 0 e ' (11.97) 

where I; is the displacement of the ion. The moving ions will dissipate 
energy by colliding with other ions and with neutral particles. The effect of 
the collisions can be approximated by adding the term 

a1; mvat 
in the equation of motion, where v is related to the average frequency of 
collisions, although only in special cases is it actually equal to the collision 
frequency. If the ion is an electron which is attached to an atom, we can 
approximate the quantum mechanical binding force by an elastic binding 
force of the form 

mw~l;. 

In this case there will still be acting on the electron the inertial force which 
appears on the left side of Eq. (11.97), and there will also be a dissipative 
force similar to that which we have attributed to collisions, although the 
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meaning of the factor v will not be the same. Finally, then, we can assemble 
the complete differential equation of motion, which is 

a2~ + a~ + 2 Q E - . m- mv- mw0 ~ = - oe "" 1
• at2 at m 

(11.98) 

We are interested only in the steady-state !'0lution of this equation; it is 

t = Q E 
., m w5 - w2 - iwv 

(11.99) 

From the displacement described by this equation we can calculate a 
conduction current, as we shall see a little later. However, the displacement 
of the ions is periodic about a fixed point, and we can learn much about 
the effect of the medium on a wave traveling through it if we consider the 
displacement to cause a polarization of the medium, with a resulting modi
fication of the electric displacement, D. We consult Chapter 4, especially 
Eqs. ( 4.24) and ( 4.29). If there are N v ions per unit volume, the polariza
tion of the medium is 

P = NvQ~ 

== XsEoE. 

Then the susceptibility x. and the permittivity E are 

NvQ~ 
Xe= EoE 

and 
E = Eo(l + x,) 

= Eo 1 +-------- ' ( 
NvQ

2 l ) 
· Eom w5 - w2 - iwv 

(11.100) 

(11.101) 

If our medium contained different kinds of ions, with different volume 
densities, charges, restoring forces, and collision frequencies, we would 
replace the second term in parentheses by a summation over the different 
ions: 

( 
""'NvQ

2 
1 ) 

E=Eo l+L.,-- 2 • • 
Eom w0 - w2 - iwv 

(11.102) 

So far, the development has been quite general. We can now specialize 
it to various situations. First, let us take the case of the plasma with 
identical ions in which the restoring force and wo are zero. We shall suppose 
that the collision frequency is negligible as well. The permittivity is 

E = Eo (1 - NvQ
2

)• 
Eomw2 (11.103) 

We define a critical frequency, Jc, such that the corresponding angular 
frequency, we, is given by 

NvQ2 

w~ = --. 
Eom 

(11.104) 
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Then we can rewrite the equation for permittivity to take the form of 

(11.105) 

Clearly, the sign of the permittivity depends on whether wc/w is greater 
or less than unity. In terms of electric polarization, this equation says that 
the electric displacement may be parallel or antiparallel to E, depending on 
the frequency. Correspondingly, the displacement current density, 

aD . (l w~) E - = -iweo - -
at w2 ' 

(11.106) 

may lead or lag behind E in phase, but always by just 1r/2 radians (90°). 
In taking the point of view that the displacement of the charges con

tributes to the polarization of the mediull)., we have implied that there is 
no conduction current. However, it is equally valid to say that the velocity 
of the charges, as calculated from Eq. (11.99), implies a conduction current 
density 

a~ 
J = Qvv = NvQ. at 

. w~ = iweo 2 E. 
w 

(11.107) 

Obviously, the "conductivity" is imaginary. The total current density 
now includes both this conduction current density and the displacement 
current density which would exist in free space, eoaE/ at. Hence, we must 
write 

total current density = J + eo aa~ 

= -iweo (1 - w~) E; 
w2 

(11.108) 

this agrees with Eq. (11.106). The two points of view are alternative ways 
of bridging the gap between microscopic and macroscopic physics, and each 
helps us to understand the problem. 

We notice that all of the equations which follow after Eq. (11.100) 
contain the square of the ionic charge, and hence, they do not depend on the 
sign of the charge. However, the negative sign from Eq. (11.103) is still 
with us. According to Eq. (11.108), the sign of the permittivity depends 
on whether the displacement or the conduction current density is the 
greater. Just at the critical frequency the two currents are equal and the 
permittivity vanishes. The index of refraction of the medium is 

( 
w2)112 

n= l-w~ · (11.109) 
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When w~/ w2 is very small, the index is nearly unity. As w~/ w2 increases, the 
index becomes smaller until it reaches zero; for values greater than unity 
the index is imaginary. The phase speed of waves in the medium is greater 
than c when wUw2 is less than unity; then the speed becomes imaginary. 
A phase speed greater than c does not imply the possibility of signalling at 
a speed greater than c; this matter is discussed at some length in Reference 
4, Secs. 5.17 and 5.18. The physical significance of an imaginary phase 
speed becomes apparent when we write the z-dependence of the wave as 

(11.110) 

If Vph is imaginary, then {3 is real, and we have attenuation of the wave in 
the z-direction. According to Eq. (11.107), the conduction current is always 
out of phase with the field, so there is no dissipation of power; the attenua
tion is reactive, not dissipative. We can define an effective skin depth, o, 
which is similar to the one we used in discussing a dissipative medium in 
that it is the distance in which the field amplitudes decrease by a factor 1/ e. 
The value of o is 

o = C 

✓w~ - w2 
(11.111) 

A medium in which the index of refraction and the phase speed depend 
on frequency, as do those described by Eq. (11.102) and Eq. (11.105) is a 
dispersive medium. 

For further information about a medium containing bound electrons, 
consult Reference 4, Secs. 5.14 and 5.15, and Reference 1, Chapter IX. 

11.9. Phase relations for plane waves in several different mediums 

Let us look again at the significance of the exponential dependences which 
we have considered in this chapter: Suppose we have a field quantity 
whose expression contains the factor 

exp (ikx - {3,,x - {3,z - iwt). 

This represents a wave traveling in the +x-direction, with amplitude 
attenuation in the +x- and +z-directions. That is, the phase of the wave 
increases as x decreases and as t increases. But the amplitude decreases as 
either x or z increases. In engineering notation, the factor which demon
strates exactly the same behavior, is 

exp ( - jkx - {3,,x - {3,z + jwt). 

The following diagrams (Fig. 11-11) show the phase relations among 
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various field quantities and current densities, all referred to the electric 
field as having reference phase. For convenience in comparing the phases 
of the fields with those of voltages and currents in circuits containing 

£,0, H,8 

(a) Perfect dielectric, g / we = 0 

J=g£ 

(c) Plasma, w./w > 1 

ao 
at 

£, H, 8 

(e) Good conductor, g/we»I 

£, 0, H, 8 

J=gE 

(b) Plasillll, wc/w<l 

ao 
aT 

H,8 

(d) Poor conductor, g/we«l 

£,0 

Fig. 11-11. Phase relations among the field and current quantities for 
plane waves in various propagating mediums. All phases are referred to 
that of the electric field, E. An arrow pointing into the first quadrant 
represents a quantity which leads E in phase, and one pointing into the 
fourth quadrant a quantity which lags behind E. The symbol 

aD. . K = J + - 1s used for total current density at · 

resistances and reactance, we have used the engineering time dependence 
ei"'t. Except for the conduction and displacement current densities, no two 
quantities in one of these diagrams have the same dimensions, and so the 
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relative lengths of the arrows representing them have no significance. 

Even the current densities are not drawn to scale because one of them 

might be thousands of times as large as the other. 

11.10. The Gaussian units 

In books and scientific papers which use cgs units, it is customary to write 

the electric quantities E, D, if>, and Jin esu, while the magnetic quantities 

appear in emu. This mixture is the Gaussian system of units. In this 

system the dimensions of each of the four field vectors E, D, B, and Hare 

the same. 
We use the subscript (esu) for a quantity measured in esu and (emu) 

for the same quantity measured in emu; we recall from Sec. 9.10 that 

Qesu = Jesu = C. Eesu = 'Pesu = ! . and Desu = c2, 

Qemu Jemu ' Eemu 'Pemu C' Demu 

We now write a few of the more important equations in mksa, emu and 

Gaussian units. 

mk"sa 

E=vxB. 

aD 
curlH = J +-· at 

curl E = 
aB 
at 

divD=Qv. 

emu 

E = V X B. 

dcJ> 
c,=-dt. 

H c ao 
curl - = J + - -· 

4-ir 411' at 

curl E = 
aB 
at 

(equations containing 
only electrical quanti
ties not usually writ
ten in emu) 

Gaussian 

cE = v X B, or 

E = ~ X B. (11.112) 
C 

1 dcJ> 
8 = -c dt. (11.113) 

411' 1 aD 
curl H = c J + cat' 

curl E = 

·(11.114) 

1 aB 
C at 
(11.115) 

div D = 4-n-Qv (same 
as esu equation) 

(11.116) 

In Sec. 8.5 we mentioned that there is no unique way of defining 

magnetic moment in mksa; we state the two choices below. In Gaussian 

units there is also a choice, but the one given below is almost always used. 

m =If dS, (11.117) 

or 

m =µoff dS. 
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The general time-dependent wave equation in a conducting medium is 

( v'·v' - µe ~ - µg j_) [ ~ j = 0 ,in mksa at2 at B 
H 

and in Gaussian units it is 

( 
µea 2 µga)[~j v. v - c at2 - 411" c2 at : = o. (11.118) 

From the Gaussian form of the wave equation, one can show that in free 
space, where µ = e = 1 and g = 0, plane waves will travel with a speed c, 
which verifies the earlier statement that the ratio of esu to emu is the 
speed of light in free space. However, it must be emphasized once more 
that this ratio has no physical significance; it is just an "accident" resulting 
from the choice. of constants in the two systems of units. 
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PROBLEMS 

I. A capacitor is made with paper dielectric; the area of the plates is 1.0 sq m. 
Find the rate of change of the electric field between the plates, in volts per meter per 
second, when the current flowing into the capacitor is 2 amp. 

2. A parallel-plate capacitor has its electrodes spaced so closely that edge effects 
may be neglected. The area is A, their separation d, and the space between them is 
filled with a substance having a permittivity E. When the capacitor is being charged 
at a rate I amperes, find the displacement current density at a point between the 
plates. Also, how much is the displacement current? 

3. Find the ratio of conduction to displacement current density in copper at a 
frequency of (a) 1,000 cycles per sec. (b) One Mc. (c) 3,000 Mc. 

4. Find g/we in glass at (a) 60 cycles per sec. (b) One Mc. 

5. Start with the definition of electric current; apply it to a closed region, and 
derive from it the continuity equation. 
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6. Derive each of Maxwell's point equations from the corresponding regional 
equation. 

7. For each of Maxwell's equations in point form, and for the continuity equ3,
tion, derive the corresponding regional equation. 

8. Derive the wave equation for D, ·B, and Hin the form given in Eq. (11.44): 

9. Show that the function described by Eq. (11.45) is a solution of Eq. (11.44) 
provided that the constants of the medium satisfies the inequality 

~ f' 
g « 2-· 

f 
Here f' is the derivative off with respect to its argument. 

10. Consider a medium in which there is no free charge, but in which grad E ~ 0. 
Show that the wave equations for E and Hare not the same, but are 

a2E aE 
curl curl E + µE at2 + µg at = 0 

and 

1 1 
. a2u au ) aE 

cur cur H + µe at + µg at = (grad E X at" 

11. A medium has zero conductivity, but its electric permittivity or its magnetic 
permeability (or'both) arlcomplex. Show that the wave equation for this material 
has the same general form as that for a conducting medium. \~.,- . 

12. Neglect the displavement current density in Maxwell's equations and derive 
the following equations: . 

\burl curl [:] + µg ~ [ ~] = 0. 

(These equations are homogeneous because each contains only one of the field 
quantities, and that one is contained in each term of the equation.) Show that 

[:]exp (-iwt) 

cannot be solutions of the equations, but that 

[:] exp (-{3t) 

may be. These solutions represent fields which do not oscillate, but which decay 
exponentially with time; hence, they do not have the usual properties of waves. 

13. The electric field of a plane electromagnetic wave is given by 

E = (1000 lx) exp [i(2 lu -1,) ·r X 10-2] volts per meter. 

The wave is traveling in free space. Calculate the magnetic field which is associated 
with it. What are the wavelength and frequency of the wave? 

14. Find the wavelength in free space and in distilled water of a 300 Mc wave. 
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15, The propagation vector of a wave is 

k = 0.2 lx + 0.3 ly + 0.1 1,. 

Find the difference of phase between· the two points 

r1 = 10 lx + 20 ly + 50 1, 
and 

r2 = 11 lx + 25 lu + 75 1,. 

What is the wavelength of the wave? 
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16. A wave is incident normally on a metal surface. The current density at the 
surface is Jo. Find the rate of generation of heat, in watts, within a cylinder one 
square meter in cross section, axis normal to the metal face, which extends to infinity 
in the z-direction. 

17. For a plane wave in a good conductor, show that the magnetic field lags in 
phase behind the electric field by 45°. 

18. Calculate the wave impedance (E/H) '.'or copper. 

19. If one were to design a resistor to have a resistance as little dependent upon 
frequency as possible, should he (a) use a material having a large or small conduc
tivity? (b) Use wire having a large or a small diameter? 

20. What is the skin depth in aluminum at 10,000 cycles per sec? What is it at 
300 Mc? 

21. On the surface of a perfect conductor, show that the continuity equation 
becomes 

d. J iJQs 0 
lV S +at= . 

22. In the plasma sheath about an object which is traveling through air at a high 
Mach-number, the electron density is 3 X 1014 per cu m. At a frequency of 
100 Mc, is the propagation factor real or imaginary? If it is real, find the wavelength 
in the plasma. If the factor is imaginary, find the skin depth. 

23. A plasma contains 2.5 X 1011 electrons per cu m. Find the wave-length 
and the phase speed in the plasma of a signal whose frequency is 9.0 Mc. 

24. Find the density of electrons in a plasma for which the critical frequency is 
1000 Mc. 

. 25. A wave is traveling through a plasma for which wc/w > 1. Show that the 
amplitudes of the fields are reduced by a factor 1/e in a distance o, where 

Here k is the free-space propagation factor. 
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26. In a plasma for which wclw > 1, the electric field is 

E = Eolx ec-210 • 

Find the associated magnetic field. Show that the wave impedance of the medium is 
a pure reactance. Is it capacitive or inductive? 

27. Verify the phase relations shown in Fig. 11-llb. 

28. Verify the phase relations shown in Fig. 11-llc. 

29. Verify the phase relations shown in Fig. 11-lld. 

30. The electric field of a plane wave in a perfect dielectric is 

E = Eo exp [i(k•r - wt)]. 

When Eis measured in Gaussian units, find the associated magnetic field. Show that 
if the dielectric is free space, then E = H. 



12 Waves at a Plane Boundary; 

Power and Momentum Flow 

12.1. Reflection and refraction of plane waves: I 

As an example of the application of the boundary conditions on the fields, 
we shall consider what happens when a plane wave is incident on the bound
ary between two perfect dielectrics. The geometry is shown in Fig. 12-1. 
We assume that µ1 = µ2 = µ, but that E1 ¢ E2• The conductivities of both 
mediums are zero. Our axes are so chosen that the propagation vector of 
the incident wave lies in the x-z plane; the y-axis comes out of the paper. 
It would be found impossible to satisfy the boundary conditions without 
assuming both a reflected and a transmitted wave. (We often call_ the 
transmitted wave a refracted wave.) We assume that the frequencies of the 
incident, reflected, and transmitted waves are the same, and later we shall 
justify the assumption. Throughout Sec. 12.1 and Sec. 12.2, we shall use 
superscripts on several symbols: (i) denotes quantities associated with the 
incident wave, (') the reflected wave, and (!) the refracted or transmitted 
wave. The use of superscripts will cause no confusion because the only 
exponents we shall have occasion to use will be numerical ones. A time 
dependence of e-;,,,,t is implicit throughout. 

There will be in Medium 1 two waves, having the forms of 

incident + reflected waves = Ei iki,r + Er ikr,r. 

and in Medium 2 
transmitted wave = E1 ik'·r. 

(12.1) 

(12.2) 

The first boundary condition which we use states that on the plane 
z = 0 the tangential component of the field, E1, is continuous. We equate 
the tangential component of the sum of the incident and reflected fields in 
Medium 1 at the boundary to the tangential component of the transmitted 
field in Medium 2. At the same time, we write out the terms in the expo
nents in component form. This gives us 

E~ exp [i(k!x + k;y)] + E~ exp [i(k:x + k~y )] = E; exp [i(k!x + k!y)]. 
(12.3) 

273 
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This equation must be true for all values of x and y; hence, the x- and 
y-dependence must be the same in each term. This means that 

and that 
ki = 0 = k~ = k!. 

X MEO/UM 2 

Fig. 12-1. The propagation vector of the incident wave, ki, lies in the 
x-z plane. (The y-axis comes out of the paper.) In the text we show 
that k• and k' also lie in the x-z plane, and that the x-components of the 
three propagation vectors are equal 

(12.4) 

(12.5) 

(The component ki = 0 because we have specified that ki lies in the x-z 
plane). This tells us immediately that the propagation vectors of the three 
waves all lie in the same plane. Any plane parallel to these vectors is called 
the plane of incidence. 

If we had assumed a different frequency for each wave, then Eq. (12.3) 

would have contained -iwit, -iw•t, and -iw't. The equation must be valid for 
all times which would require that 

(12.6) 

Since the incident and reflected waves are in the same medium, the magni
tudes of ki and k' must be equal. That is, 

(ki)2 = (k')2 = w2µE1, 

The x-components of ki and k' are 

k; = ki sin 8'. 

Then, since the x-components of ki and k' are equal, 

sin 8i = sin 8' 
and 

8' = 8i. 

(12.7) 

(12.8) 

(12.9) 
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This is the optical law of reflection; the angle of incidence is equal to the angle 
o.f reflection. 

In Medium 1, 

while in Medium 2, 

The ratio of these k's is 

(12.10) 

where the v's are the phase speeds of the waves. We define the ratio of the 
phase speeds to be the relative index of refraction. If we call n21 the relative 
index of Medium 2 with respect to Medium 1, then, 

(12.11) 

in this equation n2 and n1 are the indices of the mediums with respect to free 
space, or their absolute indices. These equations teM us that the k's are 
related according to 

k 1 = kin21, 

From this resuit, Eq. (12.4), and the geometry we find 

n21 sin 01 = sin Oi, 

(12.12) 

(12.13) 

which is a statement of Snell's law for refraction. From our results con
cerning the laws of reflection and refraction, it is clear that the propagation 
vectors for the three waves are parallel to the rays of geometrical optics. 

Equation (12.10) seems to offer us a method of determining the index of 
refraction of a substance from measurements of its electric permittivity. 
This method works well for most materials, for frequencies as high as those 
of the microwave region. However, the permittivity does depend on fre
quency; in most materials, it changes enough so that there is little or no 
correlation between permittivities measured at low frequencies and indices 
of refraction measured at optical frequencies. As an extreme example, the 
low-frequency permittivity of distilled water is 81Eo, and its index in the 
microwave region is large, but its index for visible light is only 1.33. 

\ 

In deriving the expression for the index of refraction, we have assumed that 
µ 1 = µ2. The general expression for the index of a perfect dielectric is 

n = {µe · (12.14) · '1;;0 
In most good dielectrics (that is, dielectrics having small conductivities), the 
ratio µ/µ 0 is very nearly unity, and so the index depends entirely on the ratio 

· E/E0. However, there are some substances which contain ferromagnetic ma
terials for which µ/µo is very large but which are still "good" dielectrics even at 
high frequencies. 
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Now we shall discuss explicitly the z-components of the propagation 

vectors. Since ki = k", we must have 

But we have already found that k~ = k;, so that 

The positive sign would give a reflected wave traveling in the same direction 

as the incident wave, which obviously has no physical significance; hence, 

it must be that 
(12.15) 

This result could have been obtained directly from Fig. 12-1 once the law of 

reflection had been established, but it is interesting to see that it can also be 

obtained from the analysis. We follow a similar reasoning to obtain k!. 
First, we know that 

(k:)2 + (k!)2 = n~1 (ki)2, 

whence, according to Eqs. (12.4) and (12.7), 

(k:) 2 = (k•) 2(n: 1 - sin2 8•). 

This time it is the positive sign of the square root which has physical 

significance: ' 
(12.16) 

The three propagation vectors are shown with their x-components to scale 

in Fig. 12-1. 

12.2. Reflection and refraction of plane waves: II 

In the preceding section we have derived the laws of reflection and refrac

tion by making only partial use of one boundary condition. It remains to 

determine the relative amplitude of the new waves set up at the boundary. 

The general case in which the direction of the electric field is arbitrary 

(except, of course, that it must lie in a plane normal to ki) can be analyzed 

into two problems. In one, the field is normal to the plane of incidence and 

parallel to the boundary surface. In the other, it lies in the plane of inci

dence. We shall consider only the first problem; for it, with the geometry 

we have chosen, the incident electric field has only a y-component. Equa

tion (12.3) relates tangential components, but a tangential component 

might in turn have both an ~- and a y-component. However, since our 

incident field has no x-component, the boundary condition will be satisfied 

if the reflected and transmitted waves also have no x-components. In the 

preceding section we have noted that the x- and y-dependence of each 

term of Eq. (12.3) must be the same; hence, we can cancel the exponential 
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factors, and we are left with an equation connecting the amplitudes alone. 
This equation is 

(12.17) 

The boundary condition !::i.Dn = 0 is automatically satisfied_; Dn = 0 in 
each medium. For further information we must pass on to the magnetic 
boundary conditions. The magnetic field of the incident wave may be found 
from 

(12.18) 
This leads to the expression 

(12.19) 

where ki/ki is a unit vector in the direction of ki. The magnetic fields of 
the reflected and refracted waves may be found by the same method. The 
directions of the fields for each wave are shown in Fig. 12-2. Now we 
consider for the boundary condition 

or 
!::i.H1 = 0, 

(H1)Medium 1 = (H1)Medium 2• 

X 

Fig. 12-2. The electric field is normal to the plane of inddence, and the 
magnetic field lies in the plane. The scale for the k's is not the same as 
it is in Fig. 12-1 

(12.20) 

Clearly, Hi is the x-component of H, for each of the three waves. The 
cosines of the three angles are positive, but H1 and Hl are negative, so that 
the matching equation is 

- ~ Ei cos Oi + ~ Er cos or = - ~ E 1 cos 01
• (12.21) 
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We multiply this equation by ✓µ/E1, and we use the relative index of refrac

tion which we introduced in the preceding section. Then the matching 

equation becomes 
(12.22) 

We rearrange Eqs. (12.17) and (12.22) into more convenient forms: 

Er - E 1 = -Ei, 

and 

The solutions of these equations are 

and 

Er = Ei cos 0i - n21 cos 01 

cos 0i + nz1 cos 01 

Et = Ei _2 cos 0i 
cos 0' + n21 cos 01 

(12.23) 

(12.24) 

(12.25) 

(12.26) 

It is not possible to put the equations for the amplitudes into a simple form 

depending only upon 0i and n21. However, we can greatly improve their 

appearance and make their interpretation easier by substituting for n21 

from Eq. (12.13): 
sin 0i 

nzi = sin 01• 

Then, after simplification, the equations become 

and 
Et = 2E1 ~os 0i sin 0_1. 

sm (0 1 + 0') 

(12.27) 

(12.28) 

In spite of the negative sign in the numerator of the equation for Er, the 

reflected amplitude can never vanish because the angle of refraction can 

never equal the angle of incidence - unless n21 = 1, which is a trivial case. 

However, the relative sign of Er and Ei does depend on n21 ; if n21 > 1, then 

01 < 0; and Er and Ei have opposite signs.• This we describe as a phase 

reversal at reflection. On the other hand, if n21 < 1, Er and E; have the same 

sign, and there is no phase reversal. 
Total Reflection. Examination of Eq. (12.28) shows that the refracted 

amplitude, likewise, never vanishes. What, then, about '"t,al reflection? 

Let us return to Eq. (12.16): 

k! = ki ✓n~ 1 - sin2 0i. (12.29) 
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Now the relative index of refraction and the angle of incidence are quite 
independent of one another. Hence, if the relative index is less than unity, 
it may be that 

(12.30) 

When this inequality is true, it is clear that k! must be imaginary. For this 
case, let us call 

k! = i{3 and k 1 = Lk; + I,i/3. 

Then the wave in Medium 2 will have the form of 

(12.31) 

This equation represents a wave whose amplitude is exponentially damped 
in the z-direction, but in the x-direction the phase changes, while the ampli
tude remains constant. Such a wave is nonhomogeneous. We aLso call it a 
surf ace wave or a superficial wave. For total reflection, the field in the 
medium of lower index of refraction is not zero, but it does fall off - usually 
very rapidly- as we go into the second medium. One can also show that 
after the steady state has been set up there is no power flow across the 
boundary. One should note that the results concerning total refiedion do not 
depend on the polarizatiory, of the electric field in the incident wave; that had not 
yet been specified when Eq. (12.16) was derived. 

12.3. Poynting•s theorem 

The following theorem deals with energy and power relations in the electro
magnetic field. We have discussed energy density in the electric field in 
Secs. 3.7 and 4.10, and in the magnetic field in Secs. 8.11 and 9.4. Just as 
before we shall find that here we can make a definite statement about a 
region of space, from which we can draw plausible but not certain conclusions 
concerning points in space. 

We write the first two of Maxwell's equations in the forms 

aB 
0 = curl E + at' 

aD J = curl H - -· . at 

(12.32) 

(12.33) 

Form the scalar product of the last equation with the electric field and 
integrate over a ·volume which includes all conduction currents: 

.,,()j 

f E·J dV = f ( E•curl H - E• aa~) dV. (12.34) 
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The scalar product of Eq. (12.32) by the magnetic field, integrated over the 
volume, also has at least the dimensions of power; it is 

0 = f ( H•curl E + H• aa~) dV. (12.35) 

Since the last two equations have the same dimensions, they may be added. 
Before we add, however, we change the sign of Eq. (12.34), so we obtain for 
the sum 

-f E•J dV = f (H•curl E - E•curl H) dV 

f ( aB ao) + H•at + E• at dV. 

One can show that 

div E X H = H·curl E - E·curl H, 

so that the first integral on the right of Eq. (12.36) is 

/(H•curl E - E•curl H) dV = J div Ex HdV =JEX H•dS 

(12.36) 

(12.37) 

by the divergence theorem, where the surface integral is taken over that 
surface which bounds the original volume. We can also change the second 
integral on the right of Eq. (12.36) if we note that, for Class A materials. 

aB aD 1 a 
H•- + E·- = - - (H·B + E•D) at at . 2 at · (12.38) 

When we make use of the last two equations, we can write Eq. (12.36) as 

f E•J dV = f Ex H·dS +if~ (H•B + E•D) dV. (12.39) 

This result is the Poynting theorem. 
The term in Eq. (12.39) which contains E·J represents many physical 

situations, some of which are very complicated. They are divided into 
three classes. In the first, the flow of electric current produces heat. In the 
second, there is an exchange between energy of the field and mechanical 
energy of the charged bodies whose motion constitutes the current. The 
third class includes those situations in which nonelectromagnetic forces act 
on free charged bodies. At the risk of oversimplification, we shall discuss 
each of these cases briefly. 

The first situation exists within a conductor. Here, as we have already 
seen in Chapter 6, the field and the current density are related by E = J/g, 
so that E·J = J2/g; this quantity is the power loss per unit volume to 
joulian heat. (In an intermediate step the energy appears as kinetic energy 
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of the charged bodies. However, the kinetic energy is always lost to thermal 
energy; it is never fed back to the field.) The integral of J2/g over the 
volume of a conductor gives just R/2, which is the circuit-theoretical 
expression for the power being dissipated as joulian heat. 

The second situation, in which there is an exchange between field 
energy and mechanical energy, is found when current is carried by charged 
bodies which only rarely, if ever, lose energy by collision. When there is 
no mechanical restoring force acting on the charge (and hence no mechan
ical potential energy), the force equation is 

dv 
EQv = Mv dt. 

(Here Mv is the mass density of the accelerated charges.) Then 

E·J = EQv•v 

dv 
= Mv dt'V 

= i:_ ( ! Mvv2
)· 

dt 2 
(12.40) 

The quantity in parentheses in Eq. (12.40) is the density of kinetic 
energy; its time rate of charge is E·J. If the kinetic energy is increasing, 
the field is doing work on the charges, as it does in a betatron or as the de 
field does in an ordinary electron tube. If the kinetic energy is decreasing, 
then the charges are doing work on the field, as the electrons do on the ac 
field in an amplifying or oscillating vacuum tube or transistor. 

The third class of situations represented by the E·J-term is that in 
which the charges are acted upon by a nonelectromagnetic force such as 
that exerted by the belt of a Van de Graaff generator or by a chemical 
source of emf. In Chapter 6 we introduced a field which we described as 
"equivalent" to a nonelectromagnetic force. The quantity E in the present 
development does not include any such nonelectromagnetic equivalent field, 
and here we must count as nonelectromagnetic the Qvv X B term of the 
Lorentz force on a charge within a conductor moving through a mag
netic field, because this force is due to the mechanical force which 
maintains the velocity of the conductor. (The Qvv X B force on a charge 
in free space need not enter into our considerations because it is nor
mal to v, and so it does no work anyway.) The nonelectromagnetic 
force may cause a flow of current which is opposed to E, so that E·J is 
negative; then it represents the creation of electromagnetic energy from 
energy in another form. This is what happens when a storage battery is 
being discharged. Conversely, a true electric field may force a current to 
flow through a region where a nonelectromagnetic force exists, and thereby 
do work against that force. This happens when a storage battery is being 
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charged; an electromagnetic field does work against a chemical force, and 
in so doing electric energy is transformed into chemical energy. 

Let us use the term "active" to describe those regions where nonelectro
magnetic forces act on the charges, and also to describe those regions in 
which energy transfers from moving charges to the field, when averaged 
over an appropriate time interval, are positive. The term "passive" will 
describe regions where, again when averaged over an appropriate time 
interval, field energy is transferred to kinetic energy of charged bodies. 
(Notice that the active regions include sources of emf, no matter in which 
direction current flows through them.) Now we can rearrange the state
ment of Poynting's theorem in Eq. (12.39) to read 

-f E·J dV = f E•J dV + f !2 

dV 
active passive conductors 
regions regions 

+ ~ f ~ (H•B + E•D) dV + f E X H·dS. (12.41) 

From Secs. 4.10 and 9.4 we know that the density of electric energy is 

(12.42) 

and the density of magnetic energy is 

dWm = !H·B 
dV 2 ' 

(12.43) 

so that the third term on the right side of Eq. (12.41) certainly looks like the 
time rate at which field energy is being stored in the volume over which we 
integrate. The fourth term is the flux of the quantity E X H through the 
bounding surface. Now E X H at least has the dimensions of power per 
unit area, so that it seems plausible to think of its integral as representing 
the outward flow of power across the surface. The quantity E X His called 
the Poynting vector; we shall use the symbol N for it. We interpret the 
Poynting vector as the flux of electromagnetic field energy per unit area; 
in mksa units it is measured in watts per square meter. 

In other words, Eq. (12.41) now says that the electromagnetic power which 
is being put into the system in the active regions is equal to 

(1) the rate at which the kinetic energy of charged bodies is being increased, 
plus 

(2) the power being dissipated as joulian heat, plus 
(3) the rate at which energy is being stored in electric and magnetic fields, 

plus 
(4) the power which the fields are carrying outward through the bounding 

surface. 
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These energy flows are illustrated in Fig. 12-3. 

This is a simple statement of conservation of energy, but perhaps we are not 
justified in thinking of joules per cubic meter or of watts per square meter. 
For a more detailed discussion of Poynting's theorem, one should read Stratton 

(Reference 4), Sec. 2.19. 

CONOIJCTORS; 
z 

JfdV POSIT/VE 

ACTIVE REGION; 

fi·JdV POSITIVE 

INS/OE THE SURFACE, 

aw_ I' a at':/ at (E·D+H·BldV 

ExH 

ExH 

Fig. 12-3. Illustrating the interpretation of the various terms in the 
statement of Poynting's theorem 

In our derivation of the Poynting theorem, we have assumed tacitly 
_ that all quantities were real. When the fields are complex (that is, when 

they contain phasor factors), we can treat them just as we did the voltages 
and currents of Sec. 10.5. The power products of the peak values of the 
fields will be correctly averaged over an integral number of cycles if we 
make the following replacements: 

E•J by 
1 (12.44a) - Re [E·J*] 
2 

H•B by 
1 (12.44b) -Re [H•B*] 
2 

E•D by I Re [E•D*] 
2 

(12.44c) 

ExH by ~RefE X H*]. (11.44d) 

The quantity 
(N) =EX H* (12.45) 

is called the complex Poynting vector. 
In a plane wave, N (or ( N)) is in the direction of the propagation vector, 

so that, if our interpretation is correct, such a wave transports energy in the 
direction in which the wave travels. 
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12.4. Examples of the use of the Poynting theorem 

Plane Wave. Let us calculate the Poynting vector and the energy 
density for the fields in a plane wave. We have learned in Sec. 11.5 that the 
magnetic and electric fields are related according to 

(12.46) 

For simplicity, suppose that Eis in the x-direction and Hin they-direction; 
then ( N ) is in the z-direction. The power flow per unit area is the intensity 
of the wave; it is related to the Poynting vector and to the fields by 

Intensity=~ Re ( N) =~Re [EX H*] 

= ~ Re [ lxE X ly ✓~E*] 
= ~ ✓f IE 1

2 1,. (12.47) 

According to Eqs. (12.42), (12.43), and (12.44), the energy density in the 
plane wave is 

~: = ~~• + dd~m = i Re [E•D* + H•B*]. (12.48) 

(In this equation, one factor of ½ is inherent in the expressions for energy 
density. Another factor of ½ appears because we are working with peak 
values of complex quantities; hence, the factor of¼.) But 

E•D* =EI E 1
2 (12.49) 

and 

(12.50) 

which shows that in a homogeneous plane wave the densities of electric and 
magnetic energies are equal. We can now write for the total energy density 

dW _ l IE 12 dV - 2 E • (12.51) 

Both the Poynting vector and the energy density can be expressed just as 
simply in terms of any one of the four field quantities. 
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If we compare Eq. (12.47) with Eq. (12.51), we see that the Poynting 
vector and the energy density are related according to 

1 1 dW 
2 Re [ ( N )) = lz ✓µE av· (12.52) 

Now 
1 

lzAr_ = v, 
\JµE 

where v is the velocity of the wave. 
This equation says that the rate of flow 
of electromagnetic energy is equal to 
the energy density times the velocity of 
the electromagnetic wave. In light of 
our interpretations of the terms in the 
statement of Poynting's theorem, this 
last seems like a very logical assertion. 

Cylindrical conductor of direct 
current. In Fig. 12-4 we see a cylin
drical wire carrying a direct current. 
The various characteristics of the wire 
are indicated in the drawing. From the 
field-theory point of view, the power 
flow per unit area into the wire is the 

Fig. 12-4. A length L of a circularly 
cylindrical wire, radius a, carries a 
current I. The current density, J, is 
uniform over a cross section of the wire 

negative of NP> the radial component of the Poynting vector. 

-Np= -1/E X H. 

Now at the surface of the wire, the values of the fields are 

J I 
E = - = --, 

and 

Then 

g 1ra2g 

I 
H=-· 

21ra 

I I 
-N =-·-

p 1ra2g 21ra 
J2 

= 21r2aag· 

It is 

(12.53) 

(12.54) 

(12.55) 

(12.56) 

The power flowing into the wire is the integral of - NP over the surface of 
the wire. For this simple case, the flux of power is uniform, and the integral 
is just the surface area times - Np; 

J2 
p = 21raL-2 2 a 

7r a g 
LJ2 

(12.57) 
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The development using the Poynting vector has given us the correct result 
- as, of course, it must if it is to be useful. 

Actually, we may draw more extensive conclusions. Consider the 
transmission line of Fig. 12-5, with a source of power at one end and a load 

Fig. 12-5. The Poynting vector about a de circuit in which a source of 
emf is connected to a resistive load by perfectly-conducting wires 

at the other. Between the wires of the line there will be a transverse com
ponent of the electric field. This, with the magnetic field around the wire, 
gives an axial component of N. 

For the symmetrical geometry of the figure, the electric field at the load 
is entirely axial to the wire, and N is inward. We are led to think of the 
power as being guided by the line, but flowing in the space outside the wires, 
and not inside them. 

1 2.5. Radiation pressure 

When a wave is incident on a surface of discontinuity, the fields induce 
currents which interact with the fields to cause a normal force on the 
surface. The force per unit area is the radiation pressure. In this section 
we shall calculate the pressure for the case when the reflecting surface is a 
perfect conductor. We shall see that the pressure is related to the momen
tum density of the wave, and in the following section we shall show that 
the momentum density is connected with the energy flow. 

REFLECTED 

INCIDENT 

Fig. 12-6. 

We shall use the superscripts (•) and (') to denote 
incident and reflected field amplitudes. For simplicity 
we suppose a normally incident wave, as shown in Fig. 
12-6. If the incident wave has an ele,Jtric field in the 
x-direction and a magnetic field in they-direction, then 
the reflected wave will have similar components. The 
electric field E1 in the Medium 1 is 

(12.58) 

We may find the magnitudes of the associated magnetic 
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field by use of the idea of wave impedance. We know that the magnetic 
field associated with an incident electric field in the positive x-direction will 
be in the positive y-direction, while the corresponding magnetic field.of the 
reflected wave must be in the negative y-direction. We can show this 
direction in the equation by a negative sign before the term for the magnetic 
field of the reflected wave. It is somewhat as if the wave impedance looking 
in one direction were the negative of that looking the other way. 

Then 

so that 

(12.59a) 
(12.59b) 

(12.60) 

This equation may be derived directly from Eq. (12.58) if we use Maxwell's 
equation for curl E; then the negative sign in the second term arises from 
differentiating exp ( -ikz). 

So far, we have written nothing that depends on the nature of Medium 
2. Now we make use of the fact that Medium 2 is a perfect conductor, 
which will support no tangential field at its surface. Our field is only in the 
tangential direction, so the boundary condition says simply that 

Ei(z = O) = Ei + Er = 0 
whence 

Er= -Ei. (12.61) 
Then 

Er = 2il,JEi sin kz (12.62) 
and 

Hr = 2 ✓f lyEi cos kz. (12.63) 

We have another boundary condition which says that !lH1 = J 8 at the 
surface. We use the old familiar right-hand rule to get the direction, and 
we find that 

Js = 21,, ✓f Ei, (12.64) 

Our next step is to calculate the force which results from the interaction 
of this current density with the surface magnetic field. To find the force, 
we use Eq. (7.14), which says that the force on a current element I dg is 

dF = I dg x B. (12.65) 

Here Bis the magnetic induction due to other currents elsewhere. Now, at the 
surface of the conductor the incident field is due to other currents, some
where else, but the reflected field is due to the surface current itseM. Hence, 
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the induction which we want to use to calculate the force density is µHi; 
it is 

(12.66) 

The fields and the currents which we are discussing are harmonic in time. 
When we speak of a force density we really mean the average force density, 
averaged over an integral number of periods of oscillation. Hence, the 
force on an element dS = dx dy of the surface is 

and 

dF = i Re [ 2lx ✓f Ei x ly \leµ (Ei)*] dx dy 

p = :: = 1. E I Ei 1
2

• (12.67) 

The pressure P is the radiation pressure, because it is exerted by electro
magnetic radiation. We have made the calculation for the extreme case of 
total reflection; we would have obtained a smaller value for P if we had 
considered a case in which some of the incident energy was transmitted. 
Pressure is also exerted on a source when it is radiating energy; this is 
consistent with the idea, which we shall develop in the next section, that 
radiation pressure is associated with momentum carried by a wave. 

12.6. Momentum density 

In the preceding section we found the pressure exerted by a wave. If we 
compare the result with the expression for the energy density in the wave, 
we see that the pressure can be expressed as 

dW 
P=2-· 

dV 
(12.68) 

We shall now show that when a fluid moving at extreme relativistic speed is 
reflected from a surface at normal incidence, the expression for the resulting 
pressure on the surface is the same. For the fluid, the pressure is the result 
of a change in momentum, and we shall then infer that the radiation "fluid" 
also carries momentum with it. 

A moving material body has a relativistic mass m. Its total relativistic 
energy (including its rest energy) is 

W = mc2
, (12.69) 

where, as usual, c denotes the speed of light. The momentum, p, carried by 
the body is 

p = mv = I.mv, (12.70a) 
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where vis the velocity of the body. If the speed approaches that of light, 
we have the extreme relativistic case where 

w 
p "' I.me = I. - • 

C 
(12.70b) 

If the body described by the equations above were bounced off a wall 
(relativistic tennis ball!) its momentum would change from p to - p. The 
impulse transferred by the body to the wall would be the change in momen
tum, or 

impulse = 2p = 21. W_ 
C 

(12.71) 

We can write similar expressions for the energy and momentum densities of 
a fluid which moves with extreme relativistic speed. We denote the mass 
density (density per unit vol"ume) ·of the fluid by mv; then we have 

1 d 
. dW 

tota energy ens1ty = dV = mvc2, (12.72) 

and 
.. dp 1 dW 

momentum density dV = I. c dV = ].mvc. (12.73) 

Now suppose that the fluid flows against a wall and has its direction of 
motion reversed.1 The "reflection" of the fluid takes place continuously in 
time, so the quantity which corresponds to 
the impulse of Eq. (12.71) is force per unit 
area, which is the pressure exerted by the 
fluid on the wall. In order to calculate the 
pressure, consider the momentum which is 
carried by a cylindrical element of the fluid 
which has a cross-sectional area dS and a 
length (in the direction of motion) of cdt. 
(That is, the length is just equal to the 
distance that a point moving with the fluid 
will travel in time dt.) The cylinder is 
shown in Fig. 12-7. The cylinder has a 
volume 

dV = dS cdt, 

so the momentum pf the fluid within it is 
dp· 

dp = dV dS c dt. 

Fig. 12-7. A cylinder of fluid, 
of length c dt and cross sec
tional areas dS, is reflected by a 
plane surface 

(12.74) 

When the fluid is reflected from the wall, its velocity is changed from c to 
- c, so the change in momentum is twice the momentum carried within, the 

1We treat the fluid like a very tenuous gas, and neglect the interaction of the fluid 
flowing toward the wall with that which is flowing away from it. 
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cylinder. The direction of flow of all fluid in the cylinder is reversed in a 
time dt, so the element of force exerted on an area dS of the wall is 

dF = change in momentum 
time in which the change took place 

dp 
2 dVdS cdt 

dt 

and we now see that the pressure is 

p = dF 
dS 

= 2c dp 
dV 

= 2I.m.c2 

dW 
= 21. av' 

which has exactly the same form as Eq. (12.68). 

(12.75) 

(12.76) 

Both the wave and the fluid transport energy and exert pressures on 
surfaces which reflect them. Hence, it seems to be meaningful to attribute 
the transfer of momentum to the wave also. (This is another way of saying 
that the electromagnetic radiation has inertia.) It is consistent with the 
other parts of our analysis if we suppose the momentum density and energy 
density of the wave to be related to each other in the same way as are the 
same quantities in the relativistic fluid [Eq. (12.73)]. Then the momentum 
density of the wave is 

dp = l ! dW_ 
dV z C dV 

(12.77) 

We can put this relation in a more general form if we express the energy 
density in terms of the fields, as we did in Eq. (12.48). Then, for a wave 
traveling in the z-direction, the momentum density is 

dp 11 
dV = I. c4 Re [E•D* + H•B*]. (12.78) 

In Eq. (12.52) we have a relation between the energy density and the 
Poynting vector which we can use to express the momentum density in the 
terms of the Poynting vector. The result is 

dp 1 1 ( 
dV = c22Re [ N)J. (12.79) 

The speed of either momentum density or energy density is not a very 
significant physical quantity if the momentum and energy are flowing 
smoothly; it becomes interesting only if the wave is modulated in some 
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fashion - as, for example, a pulsed radar wave. But a modulated wave 
contains more than a single frequency; when it is propagated through a 
medium in which E andµ depend on frequency, the expressions for the speed 
of the momentum and energy density will be the qroup speed, which is 
(dk/dw)- 1, rather than c and 1/✓;. For more information, see Stratton 
(Ref. 4), Secs. 5.17 and 5.18, and Panofsky and Phillips (Ref. 18), Secs. 
12-6 and 21-6. 

We have arrived at the concepts of radiation pressure and momentum 
density without reference to the quantization of the electromagnetic field 
into photons. It is true that we used relativistic mechanics, but non
relativistic mechanics gives a result which differs only by a factor of two. 
The ideas of radiation pressure and momentum density are inherent in 
Maxwell's classical theory. 
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PROBLEMS 

lj For the problem of Sec. 12.2, show that when µ1 = µ 2 the boundary condition 
flBn = 0 gives the same information as does !J.Hi = 0. 

2. Calculate the magnetic field associated with the electric field described by 
Eq. (12.31). Show that there is a.component of Hin the x-direction. Since this is 
the direction in which the phase of the wave changes, we may look upon H; as a 
longitudinal field component. 

3. A plane wave is incident on the plane surface of a perfect reflector, with the 
geometry which is shown in Fig. 12-8. The electric field of the incident wave is 

Ei = lyEo ik•r = lyEo ei(kxx+k,z). 

Show that the reflected wave is 

X 

Fig. 12-8. 
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Show also that the Ei + E' = 0 on the planes 

where mis any integer. 

m'II" z=---
k cos0i 

4. A plane wave is incident at the plane boundary between two dielectric 
materials. The electric field lies in the plane of incidence, and the magnetic field is 
normal to the plane. Show that the magnetic field amplitudes are given by 

H 
n21 cos 0i - cos 0t H. d Ht n21(cos 0' - cos 0i) H. 

r = ------- ' an = ------- '. n21 cos 0• + cos 0t n21COS 0' + COS' 0t 

Find the Brewster angle, the angle of incidence at which the reflected wave vanishes .. 

5. Express the Poynting vector and the energy density for a plane wave in terms 
of D alone, of H alone, and of B alone. 

6. For a plane wave in free space, having an rms electric field of 25 microvolts 
perm, calculate the Poynting vector. 

7. A radar transmitter sends out a 20 kw pulse which lasts for 0.5 microseconds. 
At a sufficient distance from the transmitter the wave is plane, with a transverse 
area of 0.25 sq km. Neglect effects at the edge of the beam. Find 

(a) The length in space of the pulse. 
(b) The average energy density within the pulse. 
(c) Therms values of the electric and magnetic fields. 

8. A plane wave is traveling in the +z-direction through a homogeneous plasma 
whose critical angular frequency is we, Calculate the Poynting vector and show that 
it is zero if wc/w > 1. 

9. A section of coaxial transmission line has the radial dimensions shown in Fig. 
12-9. The inner conductor is solid; the conductivity of both conductors is g. · The 

Fig. 12-9. 

line carries a direct current I. Show that at the surface of each conductor the flux 
per unit length of the radial component of the Poynting vector is just equal to the 
ohmic power loss in the same length. 
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10. A plane wave travels through a dielectric in whi,~h g/we « 1. The fields 

contain attenuation factors e-f3,, and the Poynting vector is approximately 

N = ~jEj2e-2f3z, 

Find the change in N in the thin slab between z and z + dz. Refer to Chapter 6, 
Problem 14, the result of which is valid at all frequencies. Then show that 

1 /µ, 
/3 = 2 Y'\};· 

11. A current of J s amperes per unit width flows in a metal plate of thickness 2a. 
The volume density J is uniform. The plate extends to infinity in the y- and 
z-directions (see Fig. 12-10). The conductivity of the metal is g. Show that inside 
the plate the components of the Poynting vector are 

xJ2 N s. 
X = 4a2g' Nu= N, = 0 

while outside the plate 

Fig. 12-10. 

Outside the plate we are not able to calculate N, because there must be an Ex, which 
we are not given. From the symmetry, Nu = 0. 

12. Investigate the Poynting vector associated with the field described by Eq. 
(12.31). Then write the fields in trigonometric form and examine the instantaneous 

values of the Poynting vector. Show that there is a pulsation of energy. 

13. A broadcast antenna tower is equivalent to a circular cylinder two meters 
in diameter and 200 meters long. The antenna radiates 50 kilowatts. Show that 
the radiation pressure on the tower, averaged over the surface, is 1.67 X 10-4 

newtons per sq m. 

14. A radar antenna is a section of a paraboloid of revolution (hence, the name 
"dish") which is 2 min diameter. The transmitter radiates 100 kw pulses 1 µsec long 
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with a pulse repetition frequency of 300 per sec. Show that the force exerted by the 
radiation on the antenna is 3 X 10-7 newtons per sq m. 

15. A radar transmitter radiates pulses 3.0 µsecs long, during which the power 
level is 2.0 megawatts. Find the momentum in one pulse. Find the speed of a 
one-gram mass which has the same momentum. How fast must a hydrogen mole
cule travel to have the same momentum? 

16. A space ship has a mass of 15,000 kg. The ship is able to convert 5 kw 
continuously into radiation, which is used to accelerate the ship. The radiation is 
focused in a beam whose width can be neglected for our purposes. Find the change 
in velocity which the radiation imparts to the ship in one month. 



13 Guided Waves 

Introduction 

In the preceding chapter we discussed plane waves in unbounded regions, 
and in semi-infinite regions bounded only by one plane. In this chapter our 
attention will be on waves which may exist in cylindrical regions bounded 
transversely by conductors. The propagation of these waves is guided 
along the axis of the cylinder. 

There are three distinct types of guided waves. The first, called the 
principal mode, can exist only when there are two (or more) conductors 
insulated from one another.1 The principal wave has the same length as 
would a plane wave traveling in an infinite block of the same dielectric 
material as that filling the bounded region. (This is called the plane-wave 
wavelength). The electric and magnetic fields of the principal wave are both 
entirely transverse to the direction of propagation; hence, this mode of 
propagation is often called the TEM-wave (for transverse electromagnetic). 
It can be excited at any frequency. In practice, the principal mode is the 
one used on both coaxial and parallel-wire transmission lines. 

The other two types of waves are called H-waves, or TE-waves, and E- or 
TM-waves. These may exist in regions bounded by one or more conductors; 
in practice they are used only in hollow cylinders bounded externally by a 
single conductor. The H-waves are characterized by an axial or longitudinal 
component of the magnetic field. The electric field is entirely transverse 
(hence, the alternative designation "TE-wave"), and there are transverse 
components of the magnetic field as well. The E-waves have longitudinal 
components of the electric field, but the magnetic field is entirely transverse 
(hence, "TM-waves"). 

There is not just one but an infinite number of E-waves and of H-waves. 
Each can be propagated only when the ratio of the plane-wave wavelength 
to some transverse dimension of the guide is less than a certain limiting 

1We shall not here show that the principal mode cannot exist when the cylindrical 
region is bounded by a single conductor. For a proof, see J. C. Slater, (Reference 12), 
Sec. 1.3. 
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value. By a propagated wave we mean one which travels along the axis of 
the guide with a constant amplitude but with changing phase, like the plane 
waves discussed in Chapters 11 and 12. Oscillating fields can exist in the 
guiding structure for wavelengths longer than the limiting value, but they 
are exponentially attenuated along the guide axis, and their phases are the 
same everywhere. 

Because the phases do not depend on position in space, these fields do 
not have true wave properties. They are similar in some ways to the fields 
in the "less dense" medium under the conditions of total reflection, and to 
the fields in a plasma for which we/ w > l. All these characteristics will 
become more clear when we examine specific examples. 

In most of our work we shall assume that the bounding metal surfaces 
are perfect conductors. The metals used in practice - brass, copper, gold, 
and silver - conduct well enough to justify this approximation. 

13.1. The principal mode of the coaxial line 

In this section we shall find the fields of the principal mode of the coaxial 
line which is shown in Fig. 13-1. There are mathematically elegant ways of 
obtaining general solutions for the fields in the coaxial line, but we shall not 
go into them. We are interested in just the one mode, and this mode has a 
simple configuration, so we can use an especially simple "ad hoc" method for 
its determination. 

We must use cylindrical coordinates, in which the wave equation for Eis 

curl curl E - k2E = 0. (13.1) 

When we expand the curl curl operator, this equation becomes 

V2E - 1 (~ aE'P + Ep) + 1 (~ aE - E'P) + k2E = 0. p P2 acp P2 'P P2 acp P2 (13.2) 

Here V2 is the laplacian, 
1 a ( a) 1 a2 a2 

v2 =_Pap Pap + ri2 acp2 + az2· (13.3) 

Notice that since the z-component of the field is the same as it would be in 
Cartesian coordinates, the operations performed on it are also the same. 
We shall apply this wave equation to the space between the two perfectly 
conducting concentric cylinders, with dimensions and coordinates as shown 
in Fig. 13-1. The coordinates are so chosen that (lp, l<P, 1,), taken in this 
order, form a right-handed set. 

When we apply the boundary conditions to the cylindrical surfaces, we 
find that 

E'P = E. = Hp = 0, (13.4) 
at 

p = a and at p = b. 
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In our simple method of solving the problem, we assume that all 
components of E except EP are zero everywhere, and not just on the 
bounding surfaces. Then the field equations will lead us to the details of 

X 

r 

l<C_. ______ y 

Fig. 13-1. The geometry of the coaxial line 

the configuration for the principal mode. Because E has only a radial 
component, the divergence condition 

div E = 0 
becomes simply 

l a 
P ap (pEp) = 0. (13.5) 

We cancel the factor p and integrate: 

pEP = f(cp, z)· or E = f(cp, z)_ 
p p (13.6) 

Next, we write out the component equations of the wave equation. 
There is no z-component of E, so there is no z-component equation. For cp, 
there is only one term; it is 

whence 

~ aEP = 0 
P2 acp ' 

aEP = o 
acp . (13.7) 

By comparing this equation with Eq. (13.6) above, we see that f = f(z) 
alone: 

E = f(z)_ 
p p . 

(13.8) 

The next step is to write the p-component equation from Eq. (13.2), and 
substitute this result for EP into it. When we do these things, everything . 
cancels out except 

(13.9) 

The solution of this equation which is useful for our purposes consists of two 
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traveling waves. For our later convenience, we include in the equation for 
the solution a factor of (1/21r)✓µ/e; then we have 

f(z) = _!_ /~ (A eikz + B e-ikz). (13.10) 
21r '\Je 

When we substitute f(z) into Eq. (13.8), we have 

E = _1_ ~ (A eikz + B e-ikz). 
p 21rp '\J; (13.11) 

Although this has the form of 

Ep = P(p)<I>(c,o)Z(z), (13.12) 

[with <I>(c,o) = 1], the involved form of Eq. (13.2) made it easier to obtain this 
result indirectly, rather than by performing a formal separation of variables 
of the sort which we used in Chapter 5. 

We find the magnetic field from Maxwell's equation, 

curl E = iwµH. 

With only a p-component of E, and that component independent of c,o, it 
follows that 

curl E = 11' a:p, 
whence 

Hp= H. = -0 
and 

H = _1_ (A eikz - B e-ik•). 
I' 21rp 

Of the four Maxwell's equations, 

curl E = iwµH, 

curl H c= -iweE, 

divD = 0, 

div B = 0, 

(13.13a) 

(13.13b) 

we have already forced our solutions to satisfy those for curl E and div D. 
If we make a direct calculation we shall find that those for curl H and div B 
are also satisfied by our solutions. It is a longer task to demonstrate that 
our solutions meet the boundary conditions as well; this will be left as an 
exercise (Problem 1 of this chapter). The procedure is as follows: 

(1) From the value of the magnetic field at the surface of each conductor, 
find the surface current density, Js. 

(2) Use the continuity equation, which now takes the form of 

. aQs 
div Js +a= 0, 

to find the surface charge density. 
(3) Show that the normal displacement at the surfaces [obtained from Eq. 

(13.11)] is equal to the surface charge density. We have constructed the H 
which we used in (1) above to be consistent with D, so this completes the 
demonstration that the boundary conditions are satisfied. 
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These fields do constitute a principal mode because their configuration 
does not depend on the frequency, and both the electric and the magnetic 
field quantities are entirely transverse. Notice that the z-propagation 
factor, k = w~, is the same as it would be for a plane wave in the same 
dielectric material. This means that the wavelength and the wave speed 
are also the same. Other types of waves, which eannot be propagated 
unless the frequency exceeds a certain critical value, may also exist in the 
coaxial line. These waves are similar to those in waveguides which will be 
discussed in the following sections, and they are called the waveguide modes 
of the coaxial line. 

13.2. The transmission line equations 

The voltage across the coaxial line is just the integral of the field as given by 
Eq. (13.11). Let us suppose that the outer conductor is grounded; then 

V(z) = - iEP dp (13.14) 

=A_!_ ~log~ (eikz + §_ e-ikz). 
2,r '\j; a A 

(13.15) 

The surface current density on the inner conductor is equal to H<P evaluated 
at p = a; then the current is this density multiplied by the circumference, 
2,ra, since (from the symmetry) the current density is independent of angle. 
Finally, then, 

(13.16) 

The current in the outer conductor is the same in magnitude, but with the 
sign reversed. The characteristic impedance of the line, Zo, is defined to be 
the ratio of the voltage wave traveling in the +z-direction to the current 
wave in the same direction. From Eqs. (13.15) and (13.16), it is 

Zo = V+(z) = _ V_(z) 
l+(z) L(z) 

= _!_ ~log~- (13.17) 
2,r '\j; a 

It is now clear why we introduced an apparently unnecessary factor into 
Eq. (13.10). 

We shall rewrite the voltage and current equations in engineering nota
tion by replacing i by -j. At the same time we shall introduce the symbol 
Z0 directly into the expression for V. Then we have · 

V(z) = Azo( e-ikz + ~ eikz) (13.18) 

and 

(13.19) 
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For practical values of the ratio b/a and the common dieledric materials, 
Z0 falls between 40 and 200 ohms. Notice that for our ideal lossless line it is 
real - a pure resistance. Consideration of losses in the walls and in the 
dielectric would have given a complex characteristic impedance, but with 
good conductors and good insulating materials the imaginary part 1s 
extremely small, and it may be neglected for most purposes. 

If we differentiate the equations for voltage and current, we obtain 

and 

aV(z) = -jkZ0l(z) (13.20) 
az 

aI(z) = -jkYoV(z). 
az 

(13.21) 

Here Yo = 1/Zo is the characteristic admittance of the transmission line. 
These first-order nonhomogeneous differential equations are the trans
mission-line equations. As we shall see shortly, the coefficients on the right 
sides can be written in a number of different ways. If we differentiate the 
equations again, and rearrange the resulting relations, we find the one
dimensional Helmholtz equations for V and I: 

::2 [f] + k2 [f] = 0. (13.22) 

In Fig. 13-2 we see a circuit-theoretical representation of a device having 
continuously distributed series self-inductance and shunt capacitance. The 
coaxial line which we have been analyzing has a continuous distribution of 

dl 

I I I 
-.-dz--+ 

Fig. 13-2. A transmission line with continuously-distributed inductance 
and capacitance 

inductance and capacitance; so do a pair of parallel wires, a single wire near 
a ground plane, and other configurations. The equation for the voltage 
across the element dz is 

~:dz= -jwl dL. (13.23) 

This equation contains a negative sign because, with the usual convention, 
the voltage decreases when dz is positive. The corresponding equation for 
the current is 

a1 
az dz= -jwV dC; (13.24) 
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here the negative sign appears because the increment of current flows 
through the shunting capacitance, and hence is lost to the upper conductor. 
We shall now divide these equations by dz, and adopt the abbreviations 

L, = dL and C, = dC 
dz dz 

Then Eqs. (13.23) and (13.24) become 

~: = -jwL,l and :! = -jwC, V. 
(13.25) 
(13.26) 

These are the transmission line equations in anothei· form. That is, they 
are the same as Eqs. (13.20) and (13.21), provided that 

kZo = wL, and kY0 = wC,. 
(13.27a) 
(13.27b) 

When we eliminate first k, and then Zo and Yo between the two equations of 
Eq. (13.27), we find the relations 

Zo = /L, = __!_ (13.28) '\JC, Yo 
and 

(13.29) 

That is, the solutions of the transmission line equations represent waves of 
voltage and current which are related to each other by a characteristic 
impedance Z 0 = ✓L,/C,, which travel along the line with a propagation 
constant k = w✓Lz/C,. 

We conclude the discussion by showing that the relations of Eq. (13.28) 
and Eq. (13.29) are implicit in the results which we have already obtained 
for the coaxial line. In Chapter 8, Problem 17, we found that for the coaxial 
line 

µ b L, =-log_, 
271' a 

(13.30) 

and in Chapter 3, Problem 3, we found that the cap2,citance of the line is 

Then 

C = 27T'E. 

' b 
log -

a 

Zo = fr: = __!_ /~ log ~. Vo, 271' '\J E a 

(13:31) 

(13.32) 
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which is just the value of the characteristic impedance which we have found 

before. The product of Eqs. (13.30) and (13.31) gives 

(13.33) 

This is just the plane-wave propagation constant which we have already 
found in Sec. 13.1 to be the propagation constant for the coaxial line. 
Hence, the transmission line equations do describe the behavior of fields 
in the coaxial line. 

13.3. The transformation of impedance 

In Fig. 13-3 is a transmission line (here shown symbolically as a parallel
wire line) with a generator somewhere in the negative z-direction, and a 
terminating impedance Zt at z = L. We want to find the impedance Zin 

1· 

L ~1 GENERATOR 

~ z,.n :ill ~,, 

+ ~ 
z=O 

Fig. 13-3. 

which we would "see" if we "looked into" the line at z = 0. We define the 
ratio of the amplitudes of the waves traveling in opposite directions to be 
the reflection coefficient, (R: 

B 
(ll = -· A 

(13.34) 

Clearly, the wave in the negative direction arises from a reflection of the 
positive wave at the terminating impedance, and Ol is a measure of the 
relative amplitude and phase of the reflected wave at z = O; the reflection 
coefficient does not show directly the phase of the reflection at the load end 
of the line. At z = 0, 

V(z = 0) 
Zin = I(z = 0) 

b 
log a 1 + (R =I 1-(R - 21r 

µ 

= Zo 1 + m. 
1 - (R 

(13.35) 
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In order to determine CR, we go to the load end of the line where z = L; here 

Zi = V(z = L) 
I(z = L) 

e- ikL + CR eikL 

= Zo 'kL 'kL e- 1 - CR e1 

1 + CR e2ikL 
=Zo--_____,....,,....,. 1 - CR e2ikf: 

We solve for CR, and we find that 

(13.36) 

When we substitute this expression for CR into the relation above for Zin 

we obtain, after some straightforward but rather lengthy rearrangement, 

z. =ZZi+jZotankL_ 
in °Zo +jZitankL (13.37) 

It is often useful to consider the ratios of impedances to the characteris
tic impedance. The relative input impedance is defined as 

and the relative termination impedance by 

Zi 
Zt = Zo· 

The relative input impedance has the somewhat simpler form of 

Zt + j tan kL 
Zin=-----· 

1 + jzi tan kL 

(13.38) 

(13.39) 

(13.40) 

We may ask, what is the input admittance Yin of a line terminated in an 
admittance Y 1? The results are exactly the same as those for Zin and z1n: 

Y Y 
Yi +jYotankL 

in= 
0 Yo +jYitankL' 

and 
Yt + jtan kL 

Yin = 1 + jyi tan kL' 

where the relative admittance is defined as 

y 
y= -, 

Yo 

(13.41) 

(13.42) 

(13.43) 
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13.4. The circle diagram 

The transformation equations derived in the preceding section are difficult 
to visualize. However, by a simple trick we can put them into a form in 
which they can be visualized, and which permits simple graphical calcula
tions. We start with Eq. (13.40), and we suppose that the termination is a 
pure resistance Ri > Zo, so that Zt = r = R1/Zo > 1. Then 

r + j tan kL 
Zin = 1 + jr tan kL. (l3A4) 

1 
Next, we add and subtract 2(r + 1/r): 

1 ( 1) 1 ( 1) r + j tan kL 
Zin = 2 r + r - 2 r + r + 1 + jr tan kL' 

Further steps consist of 
(1) Writing 

t kL 
sin kL 

an = coskL' 

(2) Multiplying the numerator and denominator of the third term by 
cos kL, and 

(3) Putting the second and third terms over a common denominator. 
All this yields 

Zin=~ (r + n 
+ - ~ cos kL - j ~ sin kL - ~ cos kL - j ! sin kL + r cos kL + j sin kL 

cos kL + jr sin kL 

= ! (r + !) + ~ (r _ !) cos kL - Ir s~n kL 
2 r 2 r cos kL + Jr sm kL 

= ! (r + !) + ! (r - !) e-2i"' (13.45) 
2 r 2 r ' 

where 
tan cp = r tan kL. (13.46) 

We look upon Eq. (13.45) as an equation giving Zin as a function of cp 

(or of kL) when r is fixed. We see that the function on the right side 
represents a circle whose center is at a distance from the origin of 

(which is greater than unity), having a radius 
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(which is less than unity). The circle is shown in Fig. 13-4. As-we move 
toward the generator from the termination, the impedances which we see 
looking into the line lie on a circle described clockwise [because of the 

Fig. 13-4. 

negative sign in the exponent of Eq. (13.45)] from the point r. When we 
have gone a quarter-wave length from the termination, 

kL = :!:, 
2 

r tan kL = tan cp = oo , 

so that 

71" 
cp = -

2 

2cp = 71" and e-2;,p = -1, 

and we are at the point 

in .the z-plane. 

1 
Zin= -r 

Suppose that at a distance L' from the load resistance r we have an 
input impedance Z;n(L'). If we go still farther away from the load to a 
point at a distance L, _the input impedance is Z;n(L). It makes no difference 
to a generator connected at the latter point whether there is a load resist
ance r connected at a distance L, or a lumped impedance Z;n(L') at a 
distance L - L' from the generator. See Fig. 13-5. 

In all the analy::,is _above we have by implication measured angles in 
radians. However, we can just as well measure them in degrees; to do so 
we need only replace 271", wherever it occurs, by 360°. To be specific, the 
phase length kL can be expressed either as 

kL = 2
: L radians 

or as 
360 

kL = T L degrees. 

This choice has already been mentioned in Sec. 11.5. It is usually more 
convenient implicitly to use radian measure when we are manipulating 
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Fig. 13-5 (a,b), A generator sees the same impedance, no matter 
whether there is a load of rat a distance L,or of Zin(L') at a distance L - L' 

equations, but it may be more convenient to use degree measure when we 
are doing numerical calculations. 

We can use diagrams like those of Figs. 13-4 and 13-5a to give us 
graphical solutions of the impedance problem. We draw a circle for each 
value of r, and designate each one, as is shown in Fig. 13-6. The procedure 
for finding the input impedance for an arbitrary termination is (1) to locate 
the terminating impedance in the circle diagram, (2) find the circle which 
passes through that value of impedance, and (3) follow this circle in the 
clockwise direction through an angle corresponding to kL. Notice that cp is 

not proportional to kL. The end-point of this path will be the input imped
ance. The circle diagram is of no value for literal analysis of transmission 
line problems, but it does permit the construction of a sort of slide rule 
which greatly facilitates numerical calculations. 

Since the same transformation equation holds for the y's as for the z's, 
the same circle diagram may also be used for relative admittances. 

As an example of the use of the diagram, let us ask for the input imped
ance of a line which is X/8 long, and which is terminated by a relative 
impedance of 

Zt = 2.85 - j0.60. 

The point which represents z1 is shown by a heavy dot in Fig. 13-6. The 
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circle which passes through Zt also passes through r = 3.0, and the value 
of cp at Zt is 5°. Since the length of the line is X/8, 

L = 360~ = 450 

X 8 . 

Fig. 13-6. The circle diagram for the transformation of relative imped
ance and relative admittance. The fine circles show contours of con
stant kL, in 10° steps 

Then, we go clockwise around the circle corresponding tor = 3.0, from the 
5° line to the line corresponding to 5° + 45° = 50°. There we find a relative 
impedance of Zin = 0.50 - j0.70. The absolute input impedance is 

Zin = Zo (0.50 - j0.70) ohms. 

For actual computational purposes it may be easier to use the reflection 
coefficient plane, which is described in two papers by P. H. Smith; see 
Electronics, Vol. 12, page 29 (1939) and Vol. 17, page 130 (1944). The 
reflection coefficient plane is also discussed in Reference 14, Sec. 1.3. 

13.5. Standing waves 

From the circle diagram, we see that the input impedance to the line has a 
1 

maximum value of r Zo, and a minimum value of ;: Zo. Furthermore, the 

maximum and the minimum values of the impedance are both resistive. 
At those positions on the line where the impedance has its maximum value 
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the voltage must also have a maximum value, and the current a minimum. 

Where the impedance has its minimum values these relations are reversed 

We can now write 

and 
V max= rZolmin 

1 
V min = - Zof max• 

r 

(13.47) 

(13.48) 

The circle diagram tells us that we must move a phase distance kL = 180°, 

or a geometrical distance L = )../2, to go from one maximum of voltage or 

current to the next one. A maximum and a minimum are separated from 

each other by 90°, or L = X/4. When the voltage and current distribution 

have alternating maxima and minima there is a standing wave on the line. 

A standing wave exists only when there is reflection from the load end of 

the line, and it is the result of interference between waves traveling in 

opposite directions along the line. But if the line has no losses the power 

flow is the same everywhere. When we equate the power flow at a point of 

maximum impedance to that at a point of minimum impedance we have 

V maxf min = V minf max, (13.49) 

(Since the impedances are resistive at these points, we may take voltage 

and current to be real.) By manipulating Eqs. (13.47), (13.48), and (13.49) 

we find that 
V max fmax -- = r = --· 
Vmin fmin 

(13.50) 

The ratio of the extreme values of the voltage can be measured easily 

by means of a small probe which slides along the axis of a transmission line. 

This ratio is called the voltage standing wave ratio, and the rather awkward 

abbreviation VSWR is used for it. From Eq. (13.50) and this definition 

we see that the 
VSWR = r = max. value of Zin. 

Zo 

We have found in Sec. 1.3.3 that the reflection coefficient is 

cR 
_ Zt - Zo _2ikL 

- Zt +zo e . 

(13.51) 

(13.52) 

Now the magnitude of cR must be independent of position along the line; 

only its phase changes as we move from one place to another. That is, 

\cRI = I;: ~;:I 
must bea constant,and we can evaluate it bywritingZ.1 =r Z0• Then we have 

icRI =·r - 1 
r+l 
VSWR - 1 

= -=v-=-sw-=R_+_i' (13.53) 
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Equations (13.51) and (13.53) show us that when r = l, then VSWR = 1 
and CR = 0. That is, when the line is terminated in its characteristic imped
ance there are no standing waves and the reflection coefficient vanishes. 

The impedance at any point along the line may be determined when the 
VSWR and the positions of the voltage maxima are known. 

In practice, many indicating devices give meter readings which are 
proportional to the square of the voltage. The ratios of the readings of such 
devices are called power standing wave ratios. They are equal simply to the 
squares of the corresponding VSWR's, and their square roots may be used 
directly in the equations above. 

13.6. The TE Modes in the rectangular waveguide 

Our next problem is to apply the wave equation 

(v'2 + k2)E = 0 

to the rectangular waveguide shown in Fig. 
13-7. We assume the walls of the guide to be 
perfectly conducting. As in our work with 
the coaxial line, we shall try to find a solution 
such that we shall have only one component 
of the electric field. The component is Ey; 
Here we shall use the formal separation 
method. First, however, observe that since, 
by hypothesis, Ex = E, = 0, the condition 

gives just 
div E = 0 

aEy = O 
ay ' 

(13.54) 

Fig. 13-7. The geometry of the 
rectangular waveguide 

so that Ey does not depend upon y, although we must still presume that it is 
a function of x and z. We substitute 

Ey = X(x)Z(z) 

into the wave equation and divide by XZ; then 

X" Z" x +z +k2 = o. (13.55) 

If we set the first term equal to -a;, the two ordinary differential equations 
are 

and 
X" + a;X = 0 

Z" + (k2 - a;)Z = 0. 

(13.56) 

(13.57) 
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The possible solutions of the x-equation are 

sin a,,x, COS axX and 

At x = 0 and at x = a, Ey is parallel to the conducting surface, and so it 
must vanish. Of the solutions above, only sin ax vanishes at x = 0, and 

that one will also vanish at x = a if we make 

n1r 
ax=-, 

a 

where n is any integer. Our x-solution is then · 

X 
. n1r = sm-x. 

a 
(13.58) 

Because we have chosen an electric field which has no x- nor z-component, 
the boundary condition that the tangential field vanish at y = 0 and at 
y = bis automatically satisfied. We have now taken care of the boundary 
conditions which are imposed by the geometry of the guide. We shall not 
specify boundary conditions in the z-direction, and we shall leave the 
z-dependence as an arbitrary sum of two exponentials. We recognize Eq. 
(13.57) as the equation of om-dimensional waves whose propagation factor 
(which we shall call hn) is 

hn = ✓k2 
- ( :r .. ~1 (13.59) 

Then the z-solutions are 

Finally, 

We obtain the magnetic field from Maxwell's equation 

curl E = iw,<.H 

Separating components gives us 

H hn . n1r (C 'h D 'h ) 
X = - - Sln - X e' nZ - e-• nZ 

wµ a 
and 

H i n1r n1r (C 'h ·+ D ·• ) z = - - - cos - X e' nZ e-,,.,.z . 
wµ a a 

().J.i:il) 

(13.62) 

(13.63) 
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Figure 13-8 shows the distribution of field lines for the guided wave. 

One must visualize this entire configuration as moving along the guide at 

the speed of the wave. 

E 

(a) 

ENO VIEW 

(b) 

TOP VIEW 

(c) 

I 
I 

I 

·t~ 
WAVE 

: MOTION 

\ 

Fig. 13-8 (a,b,c). Field lines in a rectangular waveguide. The solid 

lines represent the electric field; the broken lines, the magnetic field 
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13. 7. Characteristics of waveguide fields 
There are some particularly interesting and important properties of the 
fields in waveguides. Although they appear here for rectangular guides, 
they are characteristic of guides having arbitrary cross sections. They are: 

Modes and cutoff property. The partial field associated with a single 
value of n is called a mode. Just as with the parallel plate problem which 
we solved in Sec. 5.3, it may be necessary to use all modes in order to satisfy 
general boundary conditions. That is, the general solution is a sum over n 
of fields like those described in Eqs. (13.61), (13.62), and (13.63), with 
different values of C and D for each value of n. 

For real values of hn, these modal waves behave in some ways like plane 
waves and like the principal mode in the coaxial line. But if , 

n11' k<-, 
a 

(13.64) 

then hn is imaginary, ihn is real, and the amplitude of the nth mode is 
exponentially attenuated as it travels down the guide. This effect is not 
associated with the transformation of electromagnetic energy into heat; 
hence, we call it reactive attenuation. Compare this with the attenuations 
which we have described in Secs. 11.6, 11.8, and 12.2. In particular, if 

k < 7!:, (13.65) 
a 

then no waves are propagated. 2 In terms of the plane-wave wavelength,}-../ 
the condition for the propagation of at least one mode is I 

X 

Fig. 13-9. 

}-.. < 2a. (13.66) 

Ii the frequency is too low (wavelength too 
great) for the propagation of a given mode, we 
say that the mode is beyond cutoff. 

That mode which will propagate at the low
est frequency (longest plane-wave wavelength) 
is called the dominant mode. The TE mode with 
n = 1 is the dominant mode of the rectangular 
guide. 

Longitudinal Field. Equations (13.61), 
(13.62), and (13.63) describe waves traveling 
along the z-axis, yet there is a z-component of 
the magnetic field. In this sense these waves 

r are not transverse. But in another sense they 
are, because we can synthesize the wave which 
we developed in Sec. 13.6 from a pair of plane, 
transverse waves which travel obliquely and 

2As we stated in the introduction to this chapter, a propagated wave means one 
whose phase changes in the z-direction but whose amplitude remains ,3onstant. 
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are reflected repeatedly from the walls in the fashion illustrated in Fig. 13-9. 
This transverse-wave description is more difficult to use, but it is just as 
valid as the one found in Sec. 13.6. 

The waves of the preceding section are called TE for transverse electric 
because the electric field is entirely transverse. Alternatively, they are 
called H-waves because there is a longitudinal component of the magnetic 
field. There also exists another set of modes having a longitudinal compo
nent of the electric field, but with only transverse magnetic components. 
These are called TM- or E-waves. 

Impedance relations. Of considerable importance is the fact that the 
axial (z) factors in the transverse components of the electric and magnetic 
fields in the guide are related to each other in exactly the same way as are 
the z-factors in the voltage and current (and the transverse fields as well) in 
the coaxial line. Because of this, the ideas of characteristic impedance, 
terminating and input impedances, and so on, can be applied just as profit
ably to waveguides as to coaxial lines, This is true despite the fact that it is 
impossible to specify uniquely a "voltage" or a "current." (Clearly, f Eydy 
depends upon the value of x at which the integration is performed.) We 
can, however, define quantities V(z) and I(z), which have many of the 
functional characteristics of voltage and current, by these equations: 

and 

EY = FV(z) sin! x 
a 

Hx = GI(z) sin! x. 
a 

(13.67) 

(13.68) 

Compare the voltage equation with Eqs. (13.61) and (13.15), and the current 
equation with Eqs. (13.62) and (13.16). The constants F and Gare partly 
but not completely arbitrary, as we see from the following argument. The 
dimensions of the products FV and GI are fixed by the defining equations 
for Vand I. We can make an unequivocal measurement of the power which 
flows in the guide, and from that measurement we can determine the 
product FV(GI)*. However, not only F and G, but V and I as well are 
otherwise arbitrary in both magnitudes and dimensions. We can define a 

·· very useful characteristic impedance by the ratio 

Z _ V+(z) 
0 = I+(z) 

(13.69) 

but both its magnitude and its dimensions are arbitrary, and we may choose 
them for reasons of'coriveniehce·. A definition which is sometimes conven
ient, arid which at least does have the dimensions of impedance, is 

Zo = EY+. (13.70) 
H,+ 

' I 

The relative impedance of a given load impedance is the same, no matter 
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what definitions of Zo we use. Our discussion of impedance transformation 
and standing waves on transmission line applies equally well to guides, 
provided only that we replace kL by hL. 

Guide wavelength and phase speed. For the fields which we de
scribed in Sec. 13.6, it is clear that the phases at two points will differ by 21r 
if the axial separation of the points is 21r/hn. By definition, this separation 
is the guide wavelength, Ag; that is, 

(13.71) 

There is a different guide wavelength for each value of n. Kow 

hn = ✓ k2 
- ( :1r) 

2 

< k. 

Hence 

21r 
Ag> k = A, 

which shows that Ag is always greater than the plane wavelength. 
We may follow the method which we used in Sec. 11.5 to find the phase 

speed. It is 

w 
Vph = -

hn 

= fAg > C. 

(13.72a) 

(13.72b) 

That is, the phase speed of the guided waves is always greater than the 
phase speed of plane waves in the same dielectric material. This does not 
mean that signals can be transmitted at a speed greater than c; in the wave
guide, the product of the signal speed and the phase speed is equal to 1/ µt, 
so the signal speed is never greater than c. 

13.8. Ohmic attenuation in a waveguide: I 

The fields in an actual waveguide differ slightly from those which we have 
calculated because of losses in the dielectric and in the metal walls. It is 
rather easy to find the dielectric losses when the walls are perfectly conduct
ing because the transverse dependences of the fields are the same as those 
in the ideal dielectric. (This is because the actual and ideal fields must 
satisfy the same boundary conditions.) However, in an air-filled guide with 
walls of the metals which are most frequently used (silver, copper, or brass), 
the dielectric losses are much smaller than those in the metal, and they may 
be neglected by comparison. 

A complete calculation would involve setting up expressions for the 
fields in the metal and matching them, through the boundary conditions, 
to the fields in the dielectric. For a rectangular guide, it is impractically 
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difficult to find the exact wave function in the metal. It can be done for a 
circular guide, but the functions are very complicated, especially for those 
modes in which the fields have an angular dependence. In either case, a 
much simpler approximate calculation can be carried through by making 
use of the facts that the losses are known to be small, and that the actual 
fields differ but slightly from the ideal fields. The technique is known as a 
perturbation method. Since g/we is so extremely large in the walls of the 
guide, the perturbation method gives results which are in excellent agree
ment with experiment. We shall perform the calculation only for the lowest 
mode in a rectangular guide. 

For simplicity, we assume only one wave, traveling in the +z-direction. 
With losses, the z-dependence of all fields will be 

e(ih-{3)z 

' 
where (3 « h. It is (3, the voltage attenuation factor, which we want to find. 
We shall obtain the power flow, per unit of axial length, into the walls of the 
guide. Then we shall calculate the power flow along the axis, and its rate of 
change (z-derivative). This derivative will be proportional to (3. By 
equating the two expressions for the power lost by the guide wave, we will 
find an expression for (3. 

The ideal tangential magnetic field vanishes inside the wall but, for a 
wall having finite conductivity, a field must exist inside the metal; one 
-which is rapidly damped, like those which we found in Sec. 11.6. This field 
is matched to the ideal field (assumed unchanged) at the wall. From 
Maxwell's equations we find the tangential component of the associated 
electric field inside the metal. Its amplitude will be proportional to the skin 
depth, and hence very small. The boundary conditions tell us that there 
must be an equal tangential electric field in the dielectric at the surface of 
the metal. Its product with the tangential magnetic field then gives the 
power flow into the wall. 

Side-wall losses. In the dielectric, the ideal fields for the lowest mode 
are 

E = C sin 1TX eihz 
Y a ' (13.73) 

H h C . 1TX "h 
x = - - sin - e' •, 

wµ a 
(13.74) 

i1r 1TX-
Hz = - - - C cos - e'h

'· 
wµ a a 

(13.75) 

For the guide with lossy walls, we assume that at x = 0 the value of H, is 
the same as for the ideal case, and in addition we assume that an H, exists 
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inside the metal. We have abeady found in Sec. 11.6 that the propagation 

factor in the conducting medium is 

where 

1 + i 
0 

0 = /2 
~~ 

(13.76) 

is the skin depth. The magnetic field inside the guide is independent of y, 

so we assume that it is also independent of yin the wall. Then, for x nega

tive, 
i 1r (1 - i . ) 

H, = - wµ a C exp -0- x + ihz . (13.77) 

Note that this x-dependence gives the correct phase and amplitude for 

x < 0, and that the expressions for H, inside and outside are equal at x = 0. 

In the metal, there will be an electric field given by 

(g - iwe)E = curl H = -ly 
0!• 

i 1r 1 - i (1 - i . ) = lywµa-0-Cexp - 0-x +ihz. 

Since g » we, then 
i 1r 1 - i (1 - i ) 

Ey = wµg a -0 - C exp -0 - x + ihz . 

Now 
1 52 

-=-, 
wµg 2 

(13.78) 

so that 

Ey = ~~ (l + i) C exp (1; ix+ ihz). (13.79) 

Since i « 1, this field is extremely weak, as we anticipated, and it vanishes 
a 

completely as g -t co and o -t 0. These relations are shown in Fig. 13-10. 

By expanding the vector product EX H*, we find the component of the 

Poynting vector in the negative x-direction, at x = 0, to be 

(N)_,, = -EyH; = -i(l + i) :µ (~)2 i CC* 

= (1 - i) (1r/a)
2 ~ ICl2• (13.80) 

wµ 2 

The power per unit length flowing into the side-wall at x = 0 is 

d~z-x = ½ Re 1b ( N )_,, dy = i (1r~:)2 o ICl2 f dy 

= ! (1r/a)2,M 1012. 
4 wµ 

(13.81) 
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BOTH ZERO 

Fig. 13-10. In the dielectric, at the wall, for the ideal case (perfect con
ductor) E, and aHt!ax are zero; and they are zero inside the conductor. 
For a good conductor E, and aH,/ax are very small at the wall. In both 
the actual situation and in the perturbation calculation, E and H inside 
the conductor fall off like exp (-x/5) 
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Clearly, the same amount of power will flow into the other side-wall, at 
x = a, so that the total power input to the side-walls is 

dP±,, = ! (1r/a)2 bo \C\2. 
dz 2 wµ 

(13.82) 

Losses in the bottom and top. At the bottom of the guide both H,, 
and H, are tangential components. In the metal, we suppose these com
ponents of H to have the same x-dependence as they have inside the guide, 
and so when y < 0 they will behave like 

H h C . 7rX (1 - i "h ) ,, = - wµ sm a exp -0- y + i z , 

i1r/a 11"X (1 - i . ) 
H, = - wµ C cos a exp - 0- y + ihz . 

From Maxwell's equation for curl H, 

. { i1r/a 1 - i 11"X 
(g + iwe)E = -1,,- --C cos-

wµ o a 

+ 1 ( 
ih2 C . 1rx i(1r/a)2 C . 1rx) -- sm----- sm-

Y wµ a wµ a 

(13.83) 

(13.84) 

h 1 - i 1rx} (1 - i ) + 1, wµ -
0

- C sin a exp -
0

- y + ihz . 

They-component of Eis normal to the surface, and so it does not contribute 
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to the power flow into the metal. Again we neglect wE as compared with g, 
and we find 

11"/a 1 + i 'IT"X (1 - i . ) E,,= - wµg-5-Ccosaexp - 5-y+ihz 

7r 5 (1 + ") C 'IT"X ( 1 - i + "h ) = - - - i cos - exp -- y i z • 
a 2 a 5 

(13.85) 

At y = 0, the downward component of the complex Poynting vector is 

h2 5 'IT"X (N)_y = - - (1 - i)CC* sin2 -
wµ 2 a 

+ (7r/a)
2 ~ (1 - i) CC* cos2 'IT"X_ 

wµ 2 a (13.86) 

The power loss per unit length is 

1 1 5 ·1a( . 'IT"X 'IT"X) = --- IC\2 h2 sm2 - + (7r/a)2 cos2 - dx 2 wµ 2 o a a 

= - - - 1012 h2 + (7r/a)2 -. 1 1 5 ( )a 
2 wµ 2 2 (13.87) 

But 

where k is the plane-wave propagation factor for the dielectric, so that -

(13.88) 

When we add the equal contribution from the top of the guide, we have 

dP±Y = ! k2 a5ICl2. 
dz 4wµ 

(13.89) 

The total power lost, per unit length, in all the walls is 

= l ~ ICl2 [k2a + 2b (~) 2

] • 
4 Wi:L a 

(13.90) 
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13.9. Ohmic attenuation in a waveguide: II 

The transverse fields in the dielectric, with the attenuation factor explicitly 
included, are 

E = C sin 7rX e(ih-{J)z 
v a , (13.91a) 

Hx = .!!:... C sin 7rX e(ih-{i)z. 
wµ a 

(13.91b) 

The z-component of the complex Poynting vector is 

(N). = -EyH; = .!!:...1c12 sin2 7rX e-2fi• 
wµ a 

(13.92) 

The power flow along the axis of the guide - the useful power which flows 
toward the load - is then 

1 1b1a I h ab P = - Re (N). dx dy = - - ICl2- e-2fi•, 
2 o o 2 wµ 2 

(13.93) 

and the rate at which it changes is 

dP 1 h - = - -- ICl2 ab/1 e-2fiz. 
dz 2wµ 

(13.94) 

The negative sign appears here because the power flow diminishes as z 
increases. The power removed from the guide, -dP /dz, is just equal to that 
which flows into the walls. 

In the calculations of Sec. 13.8, we omitted the factor of e-/3z from the 
fields. Had we included it the analysis would have been more laborious, but 
because {1 is known to be small, the effect on the result would have been 
negligible, except that Eq. (13.90) would contain a factor of e-2fi•. With this 
correction, we equate the right side of Eq. (13.90) to the negative of the 
right side of Eq. (13.94): 

1 h 1 o [ (1r)2] - - 1c12 ab/1 e-2fiz = - - 1c12 k2a + 2b - e-2f!, 
2 wµ 4 wµ a 

whence 

{1 = - k2a + 2b - . -o [ (1r)
2

] o k
2a + 2b(1r/a)

2 

2hab a - 2ab [k2 - (1r/a)2]1/2 

ko a+ 2b (ii)2 
= 2ab [ l _ (:arr2 

napiers per unit length. (13.95) 

In considering the frequency dependence of the attenuation factor, one 
must remember that the frequency appears implicitly in o as well as in k. 

Accordi°'g to Eq. (13.94), the attenuation factor for power is 2(1. The 
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quantity (3 is called the voltage attenuation factor in order to distinguish 
between the two. 

The attenuation in decibels per unit length is found from the following 
considerations. Since 

/3db = 

p 
fldb = 10 log10 Po = (-2(3z) 10 log10 e, 

- ~ !ldb = 20 (3 log10 e = 8.6858 (3 decibels per unit length. (13.96) 
z 

13.10. Operating practice with lines and waveguides 

In this section we shall discuss some miscellaneous aspects of the design and 
loading of guided wave structures, and of the transmission of electromag
netic power in these and other mediums. 

Design dimensions. The dimensions of a waveguide for operation at a 
given frequency are chosen so that only one mode, and that a dominant 
mode, can propagate. This is done because it is very difficult to couple 
power into and out of two modes sim~ltaneously. In some cases the 
difference in phase speeds of two modes would also cause trouble. The 
denominator of Eq. (13.95) shows that (3 increases rapidly as we make the 
width of the guide small, so as to approach cutoff of the dominant mode 
(a ----t X/2). On the other hand, if we make the width so great that we 
approach the condition for propagation of the second mode (a ----t X), then 
small irregularities in the guide structure, such as bumps or dents in the 
walls, may couple power into the second mode. Even though the mode 
cannot propagate, we cannot couple out the power which is in it. Hence, 
we choose a = 3A/4; a 20 per cent deviation from this value will cause no 
trouble. 

As to the height of the guide, Eq. (13.95) says that the attenuation 
decreases as b increases. Also, if the guide is handling high power it is less 
likely to spark over if b is large. However, if b were as large as X/2 a 
dominant mode with the electric field in the x-direction could be propa
gated. There would be difficulties with both coupling and phase speed like 
those we have mentioned before. Hence, in practice we choose b/a = ½. 

Load impedance. We have calculated the ohmic loss in a guide only 
for the case when there is no reflected wave, so that VSWR is unity. We do 
know that the dissipation is proportional to the square of the resultant 
current due to both the outgoing and the reflected waves, so that if we take 
as reference the power dissipated per unit length when there are no standing 
waves, then with standing waves the increase in the dissipation in the 
region of a current maximum is greater than the decrease near a minimum; 
the total loss is greater when there are standing waves. Hence the optimum 
condition is a small VSWR, which means a relative load impedance which 
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is close to unity. A line or guide on which VSWR = 1 is a matched line, with 

a matched load. A matched load has the further advantage that it will 
minimize the peak electric field, and so reduce the danger of spark-over 
when the line is transmitting very high power. 

Power transmission beyond cutoff. Let us write the transmission
line voltage and current expressions in the form of 

V(z) = AZ0(e-ihz + (R eihz) 

J(z) = A(e-ihz _ <R eih•). 

(13.97) 

(13.98) 

We have already learned that these equations apply to transmission lines 
and to the transverse fields of the dominant propagating mode of a wave
guide. For these cases, both Zo and h are real. If we allow the parameters 
Zo and h to depend on the angle of incidence, we can use these equations to 

describe the fields of a wave which is incident on a plane reflecting surface. 
There are other situations which we can describe with these equations in 
which both Zo and h are imaginary. Among these are a waveguide, or a 
plasma in which the frequency is below cutoff, or a surface wave when 
total reflection has occurred. In the latter example, the magnitudes of Zo 
and h will depend on the angle of incidence in the medium having the 
higher index of refraction. 

For any case to which the equations above apply, the power transmitted 

from the generator to the load will be proportional to the real part of VI*. 

(The actual power may be this product multiplied by an integral over the 
transverse dimensions, as in Problem 12 of this chapter). In order to make 
our later remarks more clear, let us first say a little about power transfer in 
the more usual cases, when both Z0 and h are real. We form the product 
VI*: 

V(z)I*(z) = AA *Zo(l - <R<R* + <R e2ihz _ <R* e-2ih•). 

The sum of the last two terms is a pure imaginary, so that 

Re [VI*] = IA l2Zo(l - I <Rl2). 

(13.99) 

(13.100) 

Regardless of the phase of the reflection coefficient, it is obvious that when 
its magnitude is unity no power is transmitted. However, we must not 
conclude that we can transmit more power when <R is small than when it is 
large; except for the ohmic losses, which here we are neglecting, all the 
energy which is put into the system during one cycle must be absorbed by 
the load. The equation says only tliat for a given power transfer, if <R is 
small, then the field amplitude A may also be small, and conversely. 

Now let us go on to the case when Z 0 and hare imaginary. We shall 
rewrite the equations for voltage and current in a form which is explicit for 
this case. In order to determine the sign of the attenuation factor, we 
observe that a wave which propagates in the +z-direction when h is real 
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must, when his imaginary, be attenuated in the same direction. This tells 
us that 

or, more generally, 
jh = +,a. (13.101) 

We must use a modified expression for the reflection coefficient because it, 
too, contains the propagation factor. [See Eq. (13.36).] In it we replace 
- 2jkL by - 2,BL, and for simplicity we use ffio which is defined by 

Zt -Zo 
ffio = Zt +Zo 

Zt -jXo 
Zt +jXo. 

After these changes, the voltage and current equations become 

V(z) = AjXo(e-fJ• + (R0 efl<z-2Ll) 
and 

(13.102) 

(13.103) 

(13.104) 

For the product which corresponds to that in Eq. (13.99) we find 

VI*= IAl2jXo(e-2fJ• - ffioffiri e2/J(.-2L) + ffioe-2/JL - (Rt e-2/JL) 

= IAl2jX0(e-2fl• - !ffiol2 e-2tJ<2L-z) + 2 e-2/JL jlm[ffio]). · (13.105) 

The first two terms in parentheses are real, and the last term is imagi
nary, so that the net power flow is proportional to 

Re [VI*] = - IA l2Xo e-2/JL Im[ffio]. (13.106) 

From this equation we see that power can be transferred, but only if there is 
reflection from the load end. If {3L is small, an appreciable amount of power 
may be transferred with reasonable values of amplitude and load imped
ance, but when {3L is large it becomes impractically difficult to transfer 
more than a small fraction of the available power. Physically, the trans
mission of power as we have described it here is closely related to the tunnel 
effect of quantum mechanics, which we shall describe below. A medium in 
which the propagation factor and characteristic impedance are imaginary 
we call a tunnel medium. 

The tunnel effect is used in the construction of signal attenuators. In 
one of them, a small probe or a coupling loop is arranged to pick up power 
from a waveguide beyond cutoff. The axial position of the pickup device is 
adjustable by a rack, and a pinion gear with a dial attached to it. Because 
of the exponential dependence of the output power on distance from the 
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input end of the guide, the output in decibels is proportional to the rotation 
of the dial. 

This effect accounts for the transmission of some power through the 
plasma sheath about an object which is moving at a very high speed through 
a gas. We also see that light can be transmitted across a thin air gap 
between two glass plates even when the conditions are correct for total 
reflection inside one of them. In our example of Sec. 12.2, reflection would 
not be truly total if the second medium did not extend to infinity. 

A similar effect concerns a material particle striking a potential wall 
when the height of the wall is greater than the kinetic energy of the particle. 
Classically, the particle would rebound from the wall, but from the wave
mechanical point of view of quantum mechanics there are both reflection 
and transmission at both surfaces of the wall. Between the wall surfaces 
there are waves with an imaginary propagation factor, which corresponds 
to an imaginary particle speed and a negative kinetic energy. These 
features are shown in Fig. 13-11. The particle emerges on the far side 

IMAGINARY 
PROPAGATION 
FACTORS 

KINETIC 
ENERGY 

Fig. 13-11. The interaction of Schroedinger waves with a potential 
wall. The directional arrows on the exponentially attenuated waves 
indicate the waves on the left side of the barrier with which these waves 
are associated. They are not intended to imply electron current flow; 
in fact, no current can flow unless both these waves are present 

because the wave penetrates the wall, and so we call the phenomenon the 
tunnel effect. The propagation factor is proportional to ✓E - v,·where Eis 
the .total energy of the particle and V its potential energy. Clearly, the 
factor is imaginary when E < V. There does not seem to be any quantum 
mechanical analog of characteristic impedance. 

David Bohm gives a discussion of the tunnel effect, in both its electro
magnetic and its quantum mechanical aspects, in his book, Quantum T.heory 
(Englewood Cliffs, N. J.: Prentice-Hall, Inc., 1951). One should read 
Chapter Ll, Secs. 1 through 6. 
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PROBLEMS 
I. From the surface current density on the inner conductor of the coaxial line, 

find the surface charge density and show that Dn = Q8 • 

2. The wave equation, Eq. (13.2), holds equally well for the magnetic field. 
Assume that it has only a cp-component, and derive the complete expressions for the 
magnetic and electric fields in a coaxial line. 

3. A transmission line has two parallel hollow conductors, each of radius a, 

separated a distance 2b on centers. Refer to the results of Chapter 5, Problem 27, 
and Chapter 8, Problem 17. Neglect (a/b) 2, and show that the characteristic 
impedance of the line is 

1 ✓µ 2b Zo = - - log-, 
'If' E a 

and that the propagation factor is 

k = w..r,;;. 
4. For the electric and magnetic fields of the TEM mode of the coaxial line, 

show that Maxwell's curl equations are equivalent to a pair of transmission-line 
equations with EP replacing Y, and H"' replacing I. Compare the value of charac
teristic impedance to which this development leads with that which we found in 
Sec. 13.2. 

5. Show that for a pair of plane homogeneous waves traveling in opposite direc
tions through any homogeneous, charge-free medium, Maxwell's curl equations are 
equivalent to a pair of transmission-line equations, with E replacing V, and H 
replacing I. Discuss the implied value of characteristic impedance. 

6. A coaxial line has a characteristic impedance Zo = 50 ohms. It is terminated 
in a load of Zt = 150 + j350 ohms. Find the input impedances at½, ¼,and¾ of a 
wavelength from the termination. What is the input admittance at each of those 
points? 

7. Show that 
(a) The input impedance of a line X/2 in length is equal to its terminating 

impedance. 
(b) The input impedance of a line X/ 4 in length is proportional to its terminating 

admittance (for this reason such a line is called an impedance inverting transformer). 
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8. A line is terminated in a relative impedance of 2.0 - jl.5. How far from the 
termination must we go to obtain a maximum input impedance? The wavelength 
is 15.0 cm. Use the diagram of Fig. 13-6 to get an approximate answer. 

9. For Problem 81 find the VSWR. 

10. The VSWR is 2.1 on a transmission line whose ch2,racteristic impedance is 
60 ohms. There is a voltage minimum at a distance of 0.20}.. from the load. Use the 
circle diagram to find the termination impedance. 

11. Find an expression for the Poynting vector for the dominant mode in a 
rectangular waveguide. 

12. Find an expression for the power flow in a rectangular guide, in terms of the 
amplitude of the electric field of the outgoing wave at the center of the guide; that is, 
the coefficient C of Sec. 13.6 and later sections. Show that there is no contribution 
to the power from cross-products between waves traveling in opposite directions. 

13. Write the dominant-mode fields in a rectangular guide in sinusoidal rather 
than complex form, and calculate the Poynting vector. Compare the result with 
that of Problem 11 and show that the imaginary terms of ( N) correspond to pulsat
ing power flow. 

14. A WR-90 rectangular guide has outside dimensions of 1.0 by 0. 7 5 inches with 
walls which are 0.05 inches thick. Its termination is Z0, so that VSWR = 1. Find 
the peak value of the maximum electric field in the guide, when 10.0 kw of power is 
being transmitted at 9600 Mc. 

15. A rectangular guide is terminated by a perfectly conducting sheet normal to 
the axis. Where, with respect to the sheet, will the maxima of the electric field 
occur? Where will the maxima of the transverse magnetic field appear? • 

16. Find the energy density for the dominant mode of the rectangular guide, 

17. A rectangular guide is terminated in a perfectly conducting plane metal 
sheet, normal to the axis of the guide. Plot separately, as functions of the distance 
from the terminating sheet, the density of electric energy, the density of magnetic 
energy, and the total energy density, for points on the axis of the guide. 

18. Standard WR-42 "K-band" waveguide has outside dimensions of 0.5 by 
0.25 inches, with a wall thickness of 0.04 inches. What are the guide wavelength 
and the phase velocity for the dominant mode in such a guide filled with air (con
stants taken to be the same as for free space), at a frequency of 24,000 Mc? 

19. A long rectangular waveguide is excited from z < 0 in the lowest mode, at a 
frequency too low to be propagated. The electric field at x = a/2, z = 0 is Eo volts 
per meter (peak). Find the energy stored in the electric and magnetic fields between 
z = 0 and z = co • Show that more energy is stored in the magnetic field than in the 
electric field. 

20. A WR-284 air-filled rectangular waveguide has outside dimensions of 1 ½ by-
3 inches, with 0.08 inch walls. Find the.guide wavelength for the dominant mode 
at a frequency of 3,000 Mc. What is the phase velocity? 
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21. The second TE mode is generated in the guide of Problem 18. 
(a) In what axial distance will this mode be attenuated to 1 per cent (20 db) of 

its initial amplitude? 
(b) What would be the attenuation of the third TE mode in the same distance? 

Neglect losses in the walls. 

22. The guide of Problem 18 is terminated with a relative impedance of 
Zt = 1.5 + lj. Find the positions, measured from the termination, of the maxima 
and minima of the electric field. Where are those of the magnetic field? 

23. The guide of Problem 20 is terminated with a relative impedance of 
z1 = 1.1 + jO. Find the distances from the termination of the maxima and 
minima of the electric field, and those of the magnetic field. 

24. A WR-284 waveguide (see Problem 20) is transmitting 3 Mw at 3000 Mc. 
The load impedance perfectly matches the guide's impedance. Find the electro
magnetic momentum density at each point on a cross section of the guide. How 
many photons pass through the guide in each pulse? 

25. A WR~90 waveguide (see Problem 14) is terminated in a perfectly conduct
ing plane wall, normal to the axis of the guide, so that the VSWR is infinite. The 
electric field in the center of the guide, at a distance 'A 0/ 4 from the terminating wall, 
is 1000 v per m, and the frequency is 9800 Mc. Find the radiation pressure on the 
wall. 

26. Find the fields in a rectangular guide which has perfectly conducting walls 
but which is filled with a conducting dielectric. Show that there is both a phase and 
an amplitude change in the z-direction, and find the voltage attenuation factor. 

27; In a WR-284 waveguide (see Problem 20), the dielectric material is air, and 
the operating frequency is 3,100 Mc. The walls are silver plated. Find the attenua
tion, in db per meter, when VSWR = 1. 

28; An air-filled WR-90 aluminum guide (see Problem 14) is operated at 9850 
Mc irito a perfectly matched load. Find the attenuation, in db per meter. 



14 The Hertzian Vectors and 

Circular Waveguides 

14.1 . The electric Hertzian vector 

In this section we shall again make use of the vector potential which was 
first introduced in Sec. 8.4; some of our work will duplicate that of the 
earlier section. Our purpose is to set up a single vector quantity from which 
all the field quantities may be derived without the use of a scalar potential. 
Heinrich Hertz was the first to show that this can be done. 1 The vector 
which we shall obtain is called the Hertz (or Hertzian) vector; it is also known 
as the polarization potential. Actually it proves convenient - especially for 
waveguide analysis - to develop two such quantities, known respectively 
as the electric a,nd the magnetic H ertzian vectors. 

In this development we will have occasion to write a great many time 
derivatives. For conciseness we shall use the standard abbreviation of a dot 
(') over a symbol to represent such a derivative; thus 

aA 
at= A, 

and so on. First, we write Maxwell's equations for a charge- and current
free region of a substance which is a Class A dielectric and magnetic 
material: 

curl E = -B, 
div D = 0, 

(14.1) 

(14.2) 

curl H = D, 

div B = 0. 

(14.3) 

(14.4) 

The statement that the divergence of B vanishes means that the 
magnetic induction is the curl of some other vector. That other vector is 
the vector potential, Am, of Sec. 8.4. Then 

B = curl Am. (14.5) 

We use the subscript (m) to denote the vector potential from which we 
derive the magnetic field quantities; Am is the same vector potential which 

1H. Hertz, Annalen der Physik, 36, 1 (1888). See also two papers by Righi; Bologna 
Mem. (5), 9, 1 (1901), and Il Nuovo Cimento (5), 2, 2 (1901) for the general solution. 

327 
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we used in Chapter 8. Later in this chapter we shall introduce another 
vector potential, A., from which we shall derive electric field quantities. 
We substitute curl Am for B in Eq. (14.1), and interchange the order of 
space and time derivatives; these operations give us 

curl E = - curl Am 
or 

curl (E + Am) = 0. (14.6) 

This equation says that the vector E + Am may be derived from a scalar 
potential, which we call <Pm• That is, 

E +Am= -grad <Pm, 
or 

E = -Am - grad <Pm• (14.7) 

Next, we introduce a new vector quantity. It is called the electric 
Hertzian vector, and its symbol is II •. It is defined by the relation 

Am= µeil •. (14.8) 

It is a bit confusing, but nevertheless true, that the electric Hertzian vector 
is related to the magnetic potentials. Presently we shall justify the desig
nation "electric." Later we shall develop a magnetic Hertzian vector which 
is related to a pair of electric potentials. In terms of the Hertzian vector, 

B = µe curl ii., 

From Eqs. (14.9) and (14.10), 

(14.9) E = - grad <Pm - µeii, (14.10) 

and 

1 . 
curl H = - curl B = e curl curl n. 

µ 

D = eE = -e grad ~m - µe2IT8 • 

Substituting these into Eq. (14.3), we have 

e curl curl ii. = - e grad ~m - µe2fi .. 

After we divide bye and take out a common time derivative, this becomes 

a [ .. ] at curl curl n. + grad <Pm + µeIIe = 0. (14.11) 

In Sec. 8.6 it was shown that the scalar potential associated with the 
vector potential is partly arbitrary; we can adjust it in certain ways to suit 
our convenience. We may take the same liberties with n., and so far we 
have specified only its curl; we· are still free to adjust its divergence. We do 
this and at the same time dispose of the scalar potential by requiring that 
Am and <Pm satisfy the Lorentz condition, 

div Am + eµ~,,. = 0, (14.12) 
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which we discussed in Sec. 8.6. When we substitute iI. from Eq .. (14.8) into 
this equation, it gives us 

div rr. + ~m = 0, 
or 

it (div n. + c/>m) = 0. 

This we can integrate immediately; except for a constant term (which we 
can set equal to zero because all the calculations of fields involve differentia
tion), we now have 

c/>m = "-div n .. (14.13) 

Next, we substitute this into Eq. (14.11), which becomes 

¾t [ curl curl n. - grad div n. + µEii.] = 0. 

This may be integrated immediately to give 

curl curl n. - grad div n. + µdi. = const. 

Since the fields are all obtained by differentiating the Hertzian vector, the 
value of the constant of integration does not affect the fields, and we may as 
well take it to be zero. Therefore, our final differential equation for n. is 

curl curl n. - grad div n, + µEii. = 0. (14 .14) 

We rewrite Eqs. (14.9) and (14.10), and make use of Eq. (14.12), to find that 
the fields are given by 

B = µE curl rr.; 
E = grad div n. - µdi •. 

(14.15) 

(14.16) 

Now we shall show why this Hertzian vector has been designated "electric." 
It is because the electric polarization of the medium behaves like a source 
for the vector.2 If we write the displacement explicitly as 

D = eoE + P, 

then n. satisfies the nonhomogeneous wave equation 
1 

curl curl n. - grad div n. + µe0ii. = - - P. 
Eo 

(14.17) 

Notice that this equation contains eo, and not e, because the polarization 
is no longer implicit in the displacement. Here P is the source of n., just as 
in Poisson's equation, 

1 
'\12¢ = - -Qv, 

Eo 

the charge density Qv is the source of the potential cj,. 

2J. A. Stratton (Reference 9), Sec. 1.11. 
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Examination of Eqs. (14.15) and (14.16) shows that if u. has only a 
z-component, then B, = µH, = 0, but E, ~ 0. As we shall apply it to 
waveguides, an electric Hertzian vector having only a z-compqnent will give 
only E or TM modes. 

14.2. The magnetic Hertzian vector 

In a charge-free region such as we have been considering, the divergence of 
the electric displacement vanishes so that D also may be derived from a curl. 
If we call its vector potential A,, then 

D = curl A •. 

When we substitute this equation into Eq. (14.3), we find that 

curl H = - curl A. 
or 

curl (H + A.) = 0. 

(14.18) 

(14.19) 

This says that the vector H + A. does have sources, so the vector must be 
derivable from a scalar potential which we call ef,.: 

H +A.= -grad ef,. 
or 

H = -A. - grad ef, •• (14.20) 

Following the procedure of Sec. 14.1, we define the magnetic Hertzian 
vector by the equation 

Then 
D = - µE curl ilm, 

and 
H = - grad ef,. - µdim. 

From the last two equations, we can easily calculate 

and 

1 .. 
curl E = - curl D = - µ curl curl Um 

€ 

B = µH = - µ grad ef>e - µ2Eilm. 

Substituting these into Eq. (14.1) gives us 

- µ curl curl ilm = µ grad ¢. + µ 2Eilm. 

(14.21) 

(14.22) 

(14.23) 

(14.24) 

Transfer both members of this equation to the same side, divide by µ and 
take out the time derivative which is common to each term: 

:t [ curl curl Um + grad q,. + µEllm] = 0. (14.25) 
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We handle this equation just as we did Eq. (14.11) for the electric 
Hertzian vector. First, we adjust the divergence of Um by applying the 
Lorentz condition to A, and cf>,; this gives us 

cf>,= -div Um, (14.26) 

Next, we substitute this into the preceding equation, integrate with respect 
to time, and set the constant of integration equal to zero because its value 
does not affect the fields. Finally, we obtain as the differential equation 
for Um 

curl curl Um - grad div Um+ µeiim = 0. (14.27) 

This is identical with Eq. (14.3), the equation for u .. The fields are found 
from 

D = -µe curl ilm 
and 

H = grad div Um - µeiim, 

(14.28) 

(14.29) 

The magnetic Hertzian vector has as its sourees the magnetization 
(magnetic polarization) of the medium.3 If we separate B into 

B = µo(H + M), 

then Um satisfies the nonhomogeneous equation 

curl curl Um - grad div Um + µoEilm = - M, (14.30) 

in which the magnetization, M, appears as the source of Um, Tihis equation 
resembles the corresponding electric equation Eq. (14.17) in that it contains 
µ0 and not µ, since the magnetization is no longer implicit in B. 

Although U, and Um satisfy the same homogeneous equation, the 
non-homogeneous equations Eqs. (14.17) and (14.20) show that there is a 
very real and important physical difference between the two Hertzian 
vectors. 

In a direct parallel with the results of the preceding section, we find that 
if Um has only a z-component, then D, = E, = 0, while H, -.6- 0. 

The restriction made in Sec. 14.1 to a current-free region simplified these 
developments somewhat, but it was not necessary. In a concluding region 
which obeys Ohm's law, and for harmonic time dependence, 

curl H = J + D = (g + iwe)E. 

All the results obtained above are valid if 

or 

a . . 1 db g+. - at = iw IS rep ace y-; iw 

e is replaced by e - i g 
k2 = w2µe is replaced by w2µe - iwµg. 

8See Stratton (Reference 9), Sec. 1.11. 

(14.31a) 

(14.31b) 

(14.31c) 
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14.3. The Hertzian vector in cylindrical coordinates 

Let us now obtain solutions to Eqs. (14.14) and (14.27) in a systern of 
cylindrical coordinates. We suppose that the Hertzian vector has only a 
z-component. Since a z-component is a Cartesian component, it is also a 
true scalar, which we represent by the symbol y;. We do not yet state 
whether y; represents an electric or a magnetic vector; in either case, the 
wave equation reduces to 

(v'2 + k2)y; = 0, (14.32) 

and we can obtain a solution in general terms which will apply to either 
Hertzian vector. Later we can specialize and find the fields. The boundary 
conditions on the fields will determine the details in which the two cases 
differ. 

Expanding Eq. (14.32) gives us 

~ ~ (/
1f) + .!. a

2

f + a
2

f + k2f = o. (14.33) 
P ap ap p2 acp2 az2 

The variables can be separated by using 

f (p, cp, z) = P(p )ii>( cp )Z (z). 

Substituting this into Eq. (14.33) and dividing by Pil>Z leads to 

_!_ !I:._ (pP') +__!.__ii>" + _! Z" + k2 = 0, 
pP dp p2il> Z 

(14.34) 

(14.35) 

where primes have been used to indicate derivatives. Following our usual 
procedure in separating coordinates, we observe that the third term in this 
equation is independent of p and of cp, and that the other terins are inde
pendent of z. Hence, the third term must be a constant, which we call -h2: 

Z" z= -h2 

or 
Z" + h2Z = 0. 

We now know well that the useful solution of the z-equation is 
z = A eihz + B e-ihz, 

(14.36) 

(14.37) 

We substitute -h2 for the z-term of Eq. (14.35), we multiply by p2 and 
we obtain 

it (pP') +¾ii>" + (k2 - h2)p2 = 0. (14.38) 

By the same reasoning which we used before, we find that the cp-term is a 
constant; let us call it -n2• Then, 

<I>"+ n2il> = 0, 
and 

ii> = sin ncp or ii> = cos ncp. (14.39) 
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We shall confine ourselves to situations in which the fields must be single
valued in cp, which in turn means that n must be an integer. 

The next step is to substitute -n2 for the cp-term in Eq. (14.38) and 
multiply by P. We then have as the ordinary differential equation for P(p), 

pt (pP') + [(k2 
- h2)p2 - n2]P = 0. (14.40a) 

We expand the derivative and obtain 

P2p11 + pP' + [(k2 - h2)p2 - n2]p = 0. 

In order to simplify this equation, let 

k2 - h2 = r,2, 

and change variables by taking 

Then 
V = 7/P, 

d2 d2 - = 7/2_, 
dp2 dv2 

Equation (14.40b) now takes the form of 

d2P dP 
v2 - +- + (v2 - n2)P(v) = 0 

dv2 dv ' 
or 

d
2
P +~dP + (i _ n2)p = O. 

dv2 v dv v2 

(14.40b) 

(14.41) 

(14.42) 

(14.43) 

(14.44) 

This differential equation is Bessel's equation, and its solutions are called 
cylinder functi,ns or Bessel functions. They are of very great importance in 
mathematical physics. There are three different kinds, each characterized 
by their singularities and by their behavior for large values of their argu
ments. The symbol Zn(v) is used generically to denote any of them. The 
symbol comes from the German word Zylinder; we no longer need refer 
explicitly to the solution of the z-differential equation, so there will be no 
confusion of notation. In the new notation 

P(v) = Zn(v). (14.45) 

The subscript n is the order of the cylinder function. 
The Bessel function of the first kind, J n(v), is usually called just Bessel 

function. It is finite at the origin and oscillates with a decreasing amplitude. 
Its period is ar, first variable and greater than 21r, but it decreases to 21r for 
large values of the argument. For 

\v\»l, \v\»n, Jn(v)"-' ✓!cos(v- 2n 4+ 1 1r). (14.46) 

The formula cf Eq. (14.46), and those of Eqs. (14.48), (14.51) and (14.52) 
below, are called asymptotic expressions. The behavior of the J's is much 
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like that of a standing wave, with an amplitude which diminishes for large 
values of the argument. 

The Bessel function of the second kind, Nn(v), is also known as the 
Neumann function. It diverges at the origin; 

No(v)"' - ~log~} 
'Tr "(V 

for Iv I« 1. 
Nn(v)"' - (n ~ l)!(~r 

(14.47) 

Here 'Y = 1.78107 .... For moderate and large values of the argument, 
the N's resemble the J's, except for a phase difference. When 

Iv I» 1, Iv I» n, N n(v) "' ✓ :v sin (v - 2n: 1 1r} (11.48) 

The Bessel functions of the third kind, the Hankel functions, are defined 
by 

(14.49) 
and 

(14.50) 

Clearly, the Hankel functions diverge like the Neumann functions at the 
origin. By combining Eq. (14.46) with Eq. (14.48) we find that for large 
values of the argument, 

and 

H<!l(v) "' ✓ ! ei(v-
2n:1.,,.) (14.51) 

I 2 ·c 2n+l ) H<;,l(v) "''\j;;/' v--4-.,,. · (14.52) 

That is, for large values of the argument, H<n behaves like an outgoing 
wave, and H<2l like an incoming wave. Equations (14.49) and (14.50) show 
that for a real argument (of any magnitude), H<2i is the conjugate of HCll 
and conversely. This means that if we should use the time-dependence 
exp (jwt) instead of exp ( -iwt), the outgoing and incoming wave properties 
of the two Hankel functions would be interchanged. 

Extensive formulas, graphs and tables of cylinder functions of all three 
kinds appear in Jahnke and Emde, (Reference 23). Many of the formulas 
involving Bessel functions may also be found in Stratton, (Reference 4), 
Sec. 6.5. 

Because the electromagnetic fields are everywhere finite, in physical 
problems we use only the Bessel functions (J's) for regions containing the 
origin. In regions which extend to infinity, only the H<1l's are used. For a 
region which neither includes the origin nor extends to infinity, the most 
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general solution is made up of a combination of Bessel and Neumann 
functions, or, what is completely equivalent to that, a combination of 
incoming and outgoing Hankel functions. Thus, if we were to set up the 
exact wave functions for a coaxial line (considering the finite conductivity 
of the metal), we would useJ's within the inner conductor, and J's and N's 
in the dielectric. Since the skin depth is so exceedingly small, the outer 
conductor reacts to the waves as if it were infinitely thick, and there we 
would use a Hankel function. The matching of the fields at the boundaries 
would determine the values of 'II and, hence, of h. 

14.4. The TE modes in the circular waveguide . 

We shall now apply our results concerning the Hertzian vector to the 
H-mode fields within a waveguide of circular cross section having perfectly 
conducting walls. Since the region includes the origin, we use only Bessel 
functions of tihe first kind, the J's. The choice between sin ncp and cos ncp is 
merely one of a reference direction; we shall use the sine. As usual, we shall 
assume a harmonic time dependence. Then 

We have included a factor of ( -i/ wµ'II) in this equation simply to make some 
equations which we shall write later have more convenient forms. 

We obtain the fields from Eqs. (14.28) and (14.29), which we may write 
as 

E = ~ D = iwµ curl (l,y;) 
E 

H = grad div (l,y;) + w2µEl,y;. 

When we expand the equation for E, we find 

(14.54) 

(14.55) 

E. = iwµ ! ay; = !!:_ J n ('l!P) cos ncp (C eihz + D e-ihz) (14.56) 
. p~ ~ ' 

E"' = -iwµ !! = -J~('IIP) sin ncp (C eihz + D e-ih•), (14.57) 

E, = 0. (14.58) 

The symbol J ~ ('l!P) in the E"'-equation means the derivative of the Bessel 
function with respect to its entire argument: 
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We turn now to the magnetic field. Since 

grad div (l,it,) = grad~~ 

= grad [}!_J n (rJp) sin n<,0 (C eihz - D e-ih•)]. (14.59) WµT] .. 

Then 
a2it, h H - = - Jn' (rJp) sin n,n (C eihz - D e-ihz) 

p - ap az wµ .,.. 

· 1 a2it, h n . . H,p = - -- = - - J n (rJp) cos n<,0 (C e•hz - D e-,hz) 
p 8<,0 8z. wµ 1/P 

azit, 
H, = w2µef + az2 

-i(k2 - h2) -
1-J n(rJp) sin n<,0 (C eihz + D e-ihz) 

wµT] 

= -i .!!_ J n (rJp) sin ncp (C eihz + D e-ihz). 
wµ 

(14.60) 

(14.61) 

(14.62) 

Here we have used the relation among 1/, k and h which is given in Eq. 
(14.41). 

The <,0-component of the electric field is the tangential component at the 
wall; hence, it must vanish on the wall. If the radius of the guide· is a, this 
means that 

J~(u') = 0, 
where 

(14.63) 

(14.64) 

The prime is used to show that u is the root of the derivative of J, not of J 
itself. There is a denumerable infinity of roots for each value of n, because 
J~ is a function which oscillates about zero. If we denote the pth root by 
u~P, then the allowed values of 1/ are 

U~p 1/np = _, 
a 

(14.65) 

and 
(14.66) 

We have completely determined the wave functions for the circular cylin
der. 

Since the order n of the Bessel function also appears in the factor sin n<,0, 
the first "quantum number" in the mode designation (np) indicates the 
number of azimuthal nodal planes of the field. The second, being the num
ber of the root of J' = 0, is the number of radial nodes of the field. For 
example, for the (3, 2) mode 

E"' "'J ~ (u; 2p/ a) sin 3<,0. 
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This field vanishes .on the three planes defined by the following pairs of 
azimuthal angles: zero and 1r, 1r/3 and 41r/3, 21r/3 and 51r/3. Radially, it 
vanishes not only when p = a, but when 

!!_=U3~<l 
a· U32 

as well. 
There do not appear to be available published tables of the roots of J~, 

except for n = 0. A few values are given in Table 3. 

TABLE 34 . 

Roots of J,, ( un'p) = 0 

n= 0 1 2 3 4 

p = 1 3.832 1.841 3.054 4.201 5.318 
2 7.016 5.331 6.706 8.015 9.282 
3 10.173 8.536 9.969 11.346 12.682 
4 13.324 11.706 13.170 14.586 15.964 

Examination of the equations derived in this section shows that the 
fields in the circular guide have all the general properties - cutoff, disper
sion, and such - of those in the rectangular guide. In fact, the only real 
difference between them is in the detailed dependence upon the transverse 
spatial coordinates. 

In particular, the z-factors of the transverse electric and magnetic fields 
are related to each other just as are those of the voltage and current of the 
transmission line (see Sec. 13.2). As in the rectangular guide, this means 
that we can again use the impedance concept and "transmission line point 
of view." 

14.5. Operction of circular waveguides 

In the circular guide the TE11 mode is dominant, and in this mode a 
diametral plane of the guide is a symmetry plane. In a mechanically 
perfect guide all diametral planes are equivalent, so there might be an 
infinite number of waves having the same frequency and propagation 
characteristics, differing only in the azimuthal orientation of the field 
configuration. For this reason we describe the dominant mode as infinitely 
degenerate. Because of the degeneracy, slight departures from perfection 
in an actual guide will couple power from a wave having one symmetry 
plane to wave~ having other symmetry planes. In practice, this means that 
random small mechanical imperfections in the walls of the guide will cause 
unpredictable rotations about the guide axis of the diametral electric field: 
These rotations make it very difficult to couple power in and out of the 

4These roots were kindly supplied by L. P. L. W. 
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guide. In general, the higher modes are unsatisfactory for power trans
mission for the same reasons; mechanical imperfections will couple power 
unpredictably to lower modes. Hence the circular guides are not as 
generally useful as the rectangular guides. 

The circularly symmetric TM01 mode i~ used when a guide must rotate 
with respect to another as in the feed to a scanning radar antenna. 

Some promising research is underway in the use of families of very 
high-order modes in circular guides for point-to-point communication. The 
attenuation of the high-order modes is not great, and their frequencies, for 
reasonable guide dimensions, are high. If the difficulties of coupling and 
power generation can be overcome, one may achieve a favorable balance 
between power and amplification on the one hand, and information han
dling rate on the other. 

4. Stratton. Chaps. 1, 6. 

REFERENCES 
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PROBLEMS 
1. ·starting with D = EoE + P, derive Eq. (14.17). 

2. Starting with B = µo(H + M), derive Eq. (14.30). 

3. Compare values of the roots ofJ0(u) = 0 with those which would be obtained 
using the asymptotic expression in Eq. (14.46). There are tables of the roots of 
Bessel functions in Jahnke and Emde (Reference 23). 

4. Derive expressions for the E-mode fields in a circular guide with a perfectly 
conducting wall. Roots of the Bessel functions may be found in Jahnke and Emde 
(Reference 23). 

5. Find expressions for the exact fields of the Eon modes in a circular guide 
having a wall of finite conductivity. 

6. Calculate the attenuation factor for the Eo1 mode in a circular guide having a 
wall which is a good conductor. Use the perturbation method. The skin depth is so 
small that one may treat the fields in the wall like plane-wave fields. 

7. Use the Hertzian vector to find the H-mode fields in a rectangular guide. 

8. Use the Hertzian vector to find the E-mode fields in a rectangular guide. 

9. Use the Hertzian vector to find expressions for the waveguide mode fields in 
a coaxial line. 

10. From the exact fields found in Problem 5 for the E01 mode, calculate the 
attenuation factor. For a wall of good conductivity, the asymptotic expressions for 
the Hankel functions are sufficiently accurate. Compare the result with that 
obtained by the perturbation method (Problem 6). 
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11. A circular waveguide has the same internal cross-sectional area as a WR-284 
rectangular guide (see-Chapter 13, Problem 20). The two guides are carrying equal 
powers at 300(, Mc, with VSWR = 1. Compare the maximum values of the electric 
fields. Which guide could carry the greatest power without internal sparking? 

12. A round guide has an outside diameter of 3.00 inches and a wall thickness of 
0.065 inches, it is operating at 2900 Mc, in the TEn mode. The guide is terminated 
in its own characteristic impedance, and the power being transmitted is 1.0 kw. 
Find the amplitude of the electric field on the median pla:ie. Find the total energy 
density and the Poynting vector at each point on a plane normal to the axis of the 
guide. 

13. For the waveguide described in Problem 12, find the cut-off frequency of the 
TM04 mode. I: the operating frequency is 10 per cent higher than cutoff, what is the 
phase speed of the TMo4 wave? 
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A 1. Some vector formulas 

Below are some of the more important formulas of vector analysis. 

The scalar triple product 

(ahc) = a•h X c = a X h•c = c•a X h = h•c X a etc. 

= - h X a•c = - h·a X c etc. 

The vector triple product 

a X (h X c) = h(a•c) - c(a•h). 

Among the formulas containing the v' operator are 

v'(c/4) = c/Jv't/; + t/;v'c/J. 

v'·(t/;A) = A·v't/; + t/;v'·A. 

v' X (t/;A) = (v't/;) X A + t/;v' X A. 

v'(A·B) = (A·v')B + (B·v')A +AX (v' X B) +BX (v' X A). 

(A.1) 

(A.2) 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

v'·(A X B) = B·v' x A - A·v' X B. (A.7) 

v' x (AX B) = Av'·B - Bv'•A + (B•v')A - (A·v')B. (A.8) 

v' X (v' X A) = v'v'·A - v'·v'A. (A.9) 

v' X (v't/;) = 0. (A.10) 

v'·v' X A = 0. (A.11) 

340 
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A2. The vector operators in the common coordinate systems 

In Cartesian coordinates, 
a a a 

V = Ix ax + ly ay + I, az· 

. a2 a2 a2 
V•V = V2 = -+- +-· ax2 ay2 az2 

In the cylindrical coordinates shown in Fig. A-1, 

z 

lrp 

'I' ',~ ---y 

X 

Fig. A-1. 

Vi/; = I af + I 1 af + I af. p ap 'Pp acp z az 
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(A.12) 

(A.13) 

(A.14) 

V•A = 1 ~ (pAp) + ! aA'P + aA._ (A.15) 
p ap p acp az 

v x A = 1 ( ! aA. _ aA'P) + 1 (aAP _ aA.) 
p p acp az 'P az ap 

(
1 a 1 aAP) + 1, - - (pA ) - - - · (A.16) Pap 'P P acp 

v2f = ! ~(P af) + !_ a2f + iN_ 
p ap ap p2 acp2 az2 (A.17) 

,l 

y 

X 

Fig. A-2. 
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The following is a definition, necessary in all coordinates except Carte
sian: 

v'·v'A = -v' X (v' X A)+ v' v'·A. 

In the spherical coordinates shown in Fig. A-2, 

a..;,, 1a..;,, 1 a..;,, 
Vif; = Ir-a + le-a0 + l.o-· - 0 -a · r r rsm 'P 

_ 1 a 2 1 a . 1 aA'P 
V,A - 2 a- (r Ar) + -. -

0 a-0 (Ae sm 0) + -. -
0 -a-· r r rsm rsm 'P 

1 (a . . aAe) V X A = lr r sin 0 aiJ (A;, sm 0) - acp 

+le!(~ aAr - i (rA )) 
r sm 0 a'P ar ;o 

+ 1 ! (i (rAe) - aAr)· ;or ar a0 

V2,J, = !_ i (r2 a..;,,) + _1 _ i (sin 0 a..;,,) + _1_ a2..;,,_ 
r2 ar ar r2 sin 0 a0 a0 . r2 sin2 0 o<p2 

A3. Some fundamental constants of physics 

TABLE 4 
Some useful fundamental physical constants 

. (A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 

Quantity Symbol Numerical Value and Dimensions 

Speed of light C 2.998 X 108 ~ 3 X 108 m per sec 
Planck's constant h 6.62 X 10-34 joule-sec 
Charge of the electron e 1.60 X 10-19 coulomb 
Ma3s of the electron m 9.11 X 10-31 kgm 
Ma3s of the proton M 1.67 X 10- 27 kgm 
Electric permittivity of 

free space Et) 10-9/36 farads perm 
Magnetic permeability of 

free space µo 4 X 10-7 webers per amp-m 
Avogadro's number A 6.025 X 1026 molecules per kg-mole 
Boltzmann's constant k 1.38 X 10- 23 joules per degree K 
Joule's mechanical (and 

electrical) equivalent of heat J 4.186 joules per calorie 

A4. Other miscellaneous constants 

These lists are far from being exhaustive. The numbers are intended only 
to give the student some feeling for the range of magnitudes which may be 
encountered in nature, and to enable him to work the assigned problems. 
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TABLE 5 
The dieletric constants Ke of a few common substances 

Material 

Paper 
Glass 
Fused quartz 
Air, std. conditions 

TABLE 6 

Dielectric constant 

2.0-2.5 
about 6 

5 
1.00059 

The electrical conductivities of a few common substances 

Substance 

Fused quartz 
Glass. 
Silver (pure) 
Copper 
Aluminum 
Gold 

TABLE 7 

Conductivity, mhos per meter 

2 X 10- 11 

1 X 10-12 

6.14 X 107 

5.8 X 107 

3.5 X 107 

4.1 X 107 
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The densities and atomic weights of a few gases, at standard conditions: a 
pressure of 0.76 meters of mercury, and a temperature of zero 

degrees Centigrade. 

Gas Density, Grams per Liter Atomic Weight 

Hydrogen H2 0.08987 1.0080 
Helium He 0.1785 4.003 
Nitrogen N2 1.2506 14.008 
Oxygen 02 1.4290 16.000 
Neon Ne 0.90035 20.183 
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Index 

A 

Abampere, 222 
Ac circuits: I 

complex numbers, 235-238 
generator, 228-230 
i and j, 241 i 
instantaneous power, 239 
power, 238-240 
reactive power, 240 
regions of capacitance and of resistance, 

231 
series circuit, reactive, 230-233 
steady-state and transient solutions, 

232 
vectors, 234-235 

Active regions, 282 
Alternating current, 228 and following 

(see also Ac circuits) 
Ampere, 17 

definition, from force between wires, 
143-145 

electrical quantity, reference in system 
of units, 18 

unit of current, 114 
Ampere's law, 145-148 

comparison with Gauss' law for electric 
field, 147 

corresponding point statement, 153 
Amperian current, 203-206 
Analogs: 

dielectric and magnetic materials, 209 
magnetic and electric quantities, 207 

Angle: 
multiple-valued, plane and solid, 186 
plane, 29-33 
solid, 29-33, 183-187 

Angular momentum, 202 
Armature, generator, 228 
Area, as vector, 32 

Asymptotic expressions, cylinder func-
tions, 333-334 

Atomic lattice,. and electrons, 50 
Atomic weights of gases, Table 7, 343 
Atoms, 50-51 
Attenuation: 

dissipative (ohmic): 
in metals, 261 
in waveguides, 314-320 

reactive: 
in plasma, 266 
in waveguide, 312 

Attenuation factor: 
circular waveguide, 338 
plane wave, 260, 266 
rectangular waveguide, 312, 315, 319 

B 

Bessel functions, 333-334 
Bessel's equation, 333 
Betatron, 172, 194 
Binding force on electron, 263 
Biology and mathematics, 2 
Biot-Savart law, 138 
Bohm, David, 323 
Bound charge, 71 and following: 

surface density, 82 
volume density, 72-75, 77 

Boundary conditions: 
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determine form of solution, 100 
dielectric interface, 79-83 
dynamic, 262-263 
electric displacement, 79-81, 94 
electric field, 79-83, 94 

at a conductor, 52 
electric potential, 93 
magnetic field quantities, 214-217, 262-

263 
in time, 95 
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Brewster angle, 292 

C 

Capacitance, 55-56 
concentric cylinders, 62 
concentric spheres, 61 
with dielectric material, 70, 77, 91 
parallel cylinders, 113 
parallel plate, 57-58 
region, ac circuit, 231 
two conductors, 56 
unit of, 55, 88 

Capacitance coefficients, 56 
Capacitive reactance, 233 

sign convention, 241 
Capacitor, 50, 55-58 

axial force, cylindrical, 64 
displacement current, 247 
energy to charge, 58-59 
force density, 59-61, 63 
parallel plate, 56, 57-58 
torque, 63 

Cardiac, 123 
Cavendish ice bucket experiment, 43-46 
Centimeter of capacitance, 88 
Characteristic admittance, 259, 300 
Characteristic impedance,. 259, · 299-302 

imaginary, 321, 322 
waveguide, 313 

Charge (see also Electric charge and Mag
netic charge) 

free, 50 
Charging current, 229 
Chemical energy, 279-283 
Chemical radicals, 51 
Circle diagram, 304-307 
Circuits (see Ac circuits, and De circuits) 
Circular waveguide, 327 and following 
Class A dielectric materials, definition, 73 
Class A magnetic materials, definition, 208 
Coaxial line: 

characteristic impedance, 299-302 
principal mode, 296-299 
self-inductance, 199, 225 
waveguide modes, 299 

Commutative law, for vector product, 132 
Compass needle, and direction of magnetic 

field quantity, 130 
Complex numbers in circuit analysis, 

235-238 
Complex Poynting vector, 283 
Condenser, 56 

Index 

Conducting medium, wave propagation, 
259-261 

Conduction current, 246 
Conductivity, 118 

imaginary, in plasma, 265 
tensor, 119 

Conductor: 
branched; Kirchhoff's law, 123 
definition, 50 
force on charged surface, 59-61 
and insulators, 50-51 
internal and surface fields, 51, 261, 317 
multiple surfaces, 51 
principal, 57 
static charge on a surface, 51 

Conservation: 
electric charge, 122-124, 154-155, 245 
matter, 245 

Conservative field, 20-21 
and Kirchhoff's law for voltages, 125 
and potential, 21 

Constant of separation, ·[18 
Continuity equation: 

charge and current: 
dynamic, 245 
static, 122-124, 154-155 

matter, 245 
perfect conductor, surface, 271 

Coordinate systems: 
cyclic order, 133 
right- and left-handed, 133 
vector operators, in sundry, 341-342 

Coulomb, Charles Augustin; experiments, 
16 

Coulomb, unit of charge, 6 
magnitude, 18 

Coulomb's law, 16, 137 
constant factor in, 18, 19 
as experimental result, 16, 35 
geometry of space, 35-36 
ice bucket experiment, 43-46 

Critical frequency, plasma, 264 
Crystalline materials, 77, 119, 213 
Curl: 

sundry coordinate systems, 341-342 
derivation, 148-152 
divergence of, 154-15,5 
of a gradient, 160 
of magnetic induction, 153-154 

Curl curl, expansion, 175, 196 
Current, 114-117 

ampere, unit of, 114, 143-145 
amperian (see Amperian current) 
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Current (cont.) 

continuity equation 
de, 122-124, 154-155 
dynamic, 245 

density (see Current density) 
direct (de), definition, 117 
magnetic (see Magnetic current) 
measurement: 

electrolytic effects, 117 
magnetic effects, 117, 143-145 

vector character, 115 
Current density, 114-117, 244-248, 265, 

267 
alternative expressions, 116 
displacement, 244-248 
surface, 116, 159, 214-217, 263, 287, 

298,324 
Current, electric, 114 (see also Current) 
Current element, 130 

alternative expressions for, 134 
magnetic force on, 134-137 
magnetic induction from, 137-139 

Current loop, 139-143, 187-189 
and magnetic sheet, 225 

Current, magnetic (see Magnetic current) 
Cutoff, waveguide modes, 312 
Cyclotron, 136 
Cylinder: 

dielectric, in electrostatic field, 101-105, 
111, 112 

magnetized, 225, 227 
metal, in electrostatic field, 111 
rectangular, potential distribution, 110 

Cylinder functions, 333 
Cylindrical coordinates: 

Hertzian vector, 332-335 
and vector operators, 341 
wave equation, 296 

D 

De (see Direct current) 
circuits, 119-122 

Degenerate modes, circular waveguide, 
337 

Del operator: 
curl, 151 
divergence, 41 
gradient, 24 

v' • v' operator, 42-43, 175, 342 
Demagnetization by poles, 222 
Densities of gases, Table 7, 343 

Diamagnetism, 202, 209-210 
Dielectric constant, 74 

discontinuity at a boundary, 82 
hydrogen, 90 
Table 5,343 
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Dielectric cylinder in uniform field, 101-
105 

Dielectric material, 65 
artificial, 110, 113 
boundary conditions, 79-83 
in a capacitor, 70, 83-86 
Class A, 73, 75 
displacement of charges in, 70-71 
energy density, 86-87 
general behavior, 75-78 
magnetic anaiogs, 209 
polar and non-polar molecules, 70, 76 
polarization, 70-73 

Dielectric parameters, 73-75 
Differential equations: 

ordinary, 96 
from partial differential equations, 98 

partial, 95, 96 
Differential equations, solutions, 94-98 

with boundary conditions, 94 
sum, for generality, 100 
typical, 95 

Differential, scalar, in three dimensions, 25 
Diffusion of charge, 50 
Diffusion equation, 270 
Dimensions of electrical quantities, lff'-19 
Dipole (see Electric dipole and Magnetic 

dipole) 
Direct current, 114-117 

continuity, 122-124, 154-155 
definition, 117 

Directional derivative, 25, 69 
Disc, charged, potential from, 47 
Dispersive medium 

plasma, 266 
waveguide, 314 

Displacement of charge, 65-67, 70-73, 
263-264 

restoring force, 75-76 
Displacement current, 244-248 

magnetic, 248 
magnetic field from electric, 246, 248-

251 
neglect, effect on wave equation, 270 

Displacement, electric (see Electric dis
placement) 

Displacement in electromagnetic wave, 
258 
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Divergence: 
of a curl, 154-155, 160 
definition, 41 
of field, 39-42 
geometrical interpretation, 41 
of magnetic induction, 139 

Divergence operator, 39-42 
sundry coordinate systems, 341-342 
and curl, 151 
and gradient, 41 

Divergence theorem, 39-42 
Dominant mode, waveguide, 312 

E 

E-wave, 295 
Edge effect, 56-57 
Elastic binding force, 263 
Electric charge: 

accumulation: 
ac circuit, 229 
de circuit, 120 

bound (see Bound charge) 
conservation, 6, 122-124, 154-155, 245 
creation and destruction, 6 
dimensions, 16 
distributed, field and potential from, 26 
divisibility, 8 
divisions into elements, 16 
electric force on, 7 
equilibrium distribution, 50 
force between two, 5, 16 
linear addition of effects, 6 
linear density, 7 
magnetic force on, 130-132, 135, 164 
motion in a conductor, 114, 127, 280 
motion in a magnetic field, 157 
natural distribution, 38 
pair production, 6 
point, 16, 130 
quantity, 5, 18, 143-145 
quantum, 6, 8 
sign, 5 
surface density, 6, 52, 80, 263, 298 
units, 16 

electrification experiments, 6 
test, 7-8, 130-132 
volume density, 6, 26, 93 

Electric conductivities, Table 6, 343 
Electric current (see Current) 
Electric dipole, 65-67 

Electric dipole (cont.) 

external effect, 70 
field, 67-68 
force in nonuniform field, 69-70 
linear, 105, 111 
moment: 

definition, 67 
of non-polar molecule, 73 
volume density, 72 

Index 

permanent moment of molecule, 70 
potential, 67 
torque, 69-70 

Electric displacement, 74, 78-79 
boundary conditions, 79-83; 94, 262-

263 
in capacitor, 83-86 
definition, 74, 206 
divergence: 

generality of expression for, 79 
in nonhomogeneous medium, 77 

flux, 78, 90 
Gauss' law for, 78 
refraction at a dielectric interface, 82, 

90 
Electric field, 7-10, 19-20, 24-29, 74, 164, 

166, 167 (see also Field) 
boundary conditions, 83, 94, 262-263 
in capacitor, 83-86 
about a conductor, 51, 60 
conservative nature, 20-21 
definition, 7, 206 

accurate, 8 
within polarized dielectric, 74 

distributed charge, 26-29 
divergence of, 39-42 

in nonhomogeneous medium, 90 
energy, 58-59, 86-87, 282 
in a fluid, 74 
flux from a point charge through a 

closed surface, 33-34 
force on a charge, 7 
Gauss' law, 33-34 
gradient of potential, 24-26 
graphical representation, 10-12 
induced, not derivable from a potential, 

166 
induced, 162-167 
intensity, 14 
internal and surface, conductor, 51-53 
line integral, and conservative prop-

erty, 20-21 
measurement with pith-ball, 8 
modification of space, 7, 8 
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Electric field (cont.) 
non uniform, force on a dipole, 70 
from point charge, 19-20 
refraction at a dielectric interface, 82, 90 
reversal in a material dielectric, 85 
several sources, 15 
spherical charge, 26-29 
strength, 14 
symmetry, 37-39 
units, 8, 14 
waveguide configuration, rectangular, 

311 
Electric Hertzian vector, 327-330 
Electric permittivity (see Permittivity, 

electric.) 
Electric polarization (see Polarization) 

source of electric Hertzian vector, 329 
Electric potential, 11, 12-16, 19-20, 24-26 

boundary conditions on, 93 
continuous, 93 
definition, accµrate, 14 
dielectric cylinder, 101-105 
distributed charge, 26-29 
and Hertzian vector, 328-331 
laplacian, 42-43 
in metal box, 111 
multipole, 67 
and non-conservative field, 182-187 
in nonhomogeneous dielectric, 91 
between parallel plates, 99-101 
point charge as cause, 19-20 
reference level, 13, 20 

cylindrical charge, 39 
several sources, 15 
single-valuedness, 103 
spherical charge, 26-29 
about split metal cylinder, 111 
units, 13 

Electric susceptibility: 
definition, 73 
discontinuity at a boundary, 82 
plasma, 264 

Electricity, two kinds, 5 
Electrification experiments, 5 
Electrolyte, conduction, 51 
Electrolytic cell, 120 

for measurement of current, 117 
Electromagnetic field, 3 
Electromagnetic units (see Emu) 
Electromotive force (see Emf) 
Electron: 

collisions, 127, 263 
environment, wave propagation, 263 

349 

Electron (cont.) 

flow, in conductor, 114, 127 
mass and radius, and electrostatic en

ergy, 63 
Electrostatic energy, 58-59,. 86-87 
Electrostatic problems, 93 and following 

choice of coordinates, 95 
matching solutions in two regions, 101 
types, 94-95 

Electrostatic units (see Esu) 
Emf, 119-122 

induced (see Induced emf) 
line integral of electric field, 121 
location, in electrolytic cell, 122 
and power, 121 

Emu, 17, 222-225, 268-269 
ratio to esu, (c), 269 

Energy: 
brick pile, 62 
capacitor, necessary to charge, 58-59 
chemical, in electrolytic cell, 122 
electric field, 58-59, 86-87, 282-283 
exchanges, with field, 279-283 
field, dynamic relations, 279-283 
heat in a resistor, 127 
in inductor, 192 
magnetic field, 192-194, 209, 282-283 
sphere, charged, 62, 63 
stored in reactance, 242 
transfer mechanism, in a resistor, 127, 

280 
transport by wave, 283, 292 

Energy density: 
in radar pulse, 292 
relativistic fluid, 289 

Equations of electromagnetics, ration
alized and unrationalized, 36 

Equipotential surface, 25 
Esu, 17 

equations, 87-89 
ratio to emu (c), 269 

Euclidean space (see Space) 
Examples, ideal and limiting, 2 
Experiment: 

Coulomb, 16 
electrification, 5 
of Faraday, induced emf, 161, 163 
ice bucket, 43-46 
and theory, 1 

Explosion, flow lines from; 34 
Exponential function, advantages in cir

cuit analysis, 238 
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F 

Farad of capacitance, definition, 55 
Faraday, Michael, 3, 34 

experiment, 161, 163 
Faraday's law of induction, 163-165 
Ferromagnetism, 210-213 
Field, 2, 7, 130 (see also Electric field and 

Magnetic field) 
conservative, 20-21 
divergence, 39-42 
electromagnetic, 3 
flux, 33 
graphical representations, 10-12 
gravitational, 1, 12 
homogeneous, definition, 9 
lines, 12 
and momentum in fluid flow, 34 
non-conservative, and scalar potential, 

182 
having properties of matter, 3 
scalar, 14 
symmetry, 37 
tensor, 14 
uniform, definition, 9 
vector, 14 

Field point, 14 
Flow lines, molecules from an explosion, 34 
Fluid flow, 12 

relativistic speed, 288 
Flux of field: 

definition, 33 
through segment of sphere, 47 
per unit area, 34 

Forbidden surface, 182, 186 
Force: 

between current loops, 144, 158 
between current-carrying wires, 143-145 
distance dependence, 1/ p 2, 16, 137, 219 
between electric charges, 5, 7 
on electric dipole, 69-70 
Lorentz, 137 
on magnetic dipole, 139-143 
magnetic (see Magnetic force) 
surface density, 59-61, 85, 91, 290 
Van de Graaff generator belt, 121 

Fourier series, 101 
Franklin, Benjamin, 5 
Free electrons, 50 
Fringing fields, 56-57 
Fundamental constants, Table 4, 342 

Index 

G 

Gaseous conduction, 51 
Gauge transformations, 180-182 
Gauss, unit of magnetic induction, 223 
Gauss' law, 33-35 

applications, 36-39, 51-53, 79-83, 217 
for electric displacement (most general 

form), 79 
for electric polarization, 73 

Gaussian surface, 34 
within conductor, 51 
use of, 37 

Gaussian units, 225, 268-269 
Giorgi system of units, 17 
Glue, non-electrical, 8 
Gradient, 24-26 

directional derivative, 25 
electric potential, 24-26 
of solid angle, 183 

Graphical representation of a field, 10-12 
Gravitational field, 2, 12, 14 

and potential, 38 
Guard cylinder, 57 
Guard ring, 57 
Guided waves, 295, 312 

H 

H-wave, 295 (see also TE modes) 
Hankel function, 334 
Heat generation in a co:iductor, 51, 280-

281 
Helium atom, 22 
Helmholtz equation, 254 
Henry, Joseph, 190 
Henry of inductance, definition, 190 
Hertzian vector: 

cylindrical coordinates, 332-335 
electric, 327-330 
magnetic, 327, 330-331 

circular waveguide, 335-337 
Hydrogen: 

atom, 22 
dielectric constant, 90 
polarizability, 90 

Hypotheses and theorieE, 1 
Hysteresis, 211 

absorbed energy, 213 

i and j, distinction between, 241 
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Ice bucket experiment, 43-46 
Images, theory of, 105-110 

in metal sphere, 107-110 
Impedance, 233 

circle diagram, 304-307 
relative, 303 (see also Relative im-

pedance) 
transformation, 302-303 
triangle, 235 
in waveguide, 313 

Improper integral (self-inductance), 190 
Index of refraction, 257 

relation to permittivity and permea
bility, 275 

plasma, 265 
relative, 275 

Induced emf, 161-173 
due to changing circuit and flux, 162-

166 
examples, 167-173 
motional, 164 

Inductance (see Mutual and Self-induct
ance) 

calculation based on flux, 191 
as geometrical factor, 190 

Inductive reactance, 233 
sign convention, i and j, 241 

Inductor, 189-191 
magnetic material, effect of, 201-203 
solenoid, 193, 226 
toroid, 200 

Insulator and conductor, 50-51 
Integral statement paired with point 

statement, 42, 73, 78, 153-154, 252 
Intensity, 14, 284 
Inverse square law, 16, 36, 43, 219 

for magnetic induction, 137 
Ions, in electric conduction, 51 

J 
j and i, distinction between, 241 
Jeans, Sir James, ice bucket experiment, 

43-46 

K 

Kirchhoff's laws, 122-126, 230 
Kronecker delta, 101 

L 

Laplace's equation, 93, 95 
electrical potential, 42-43 
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Laplace's equar,ion (cont.) 
separation in spherical coordinates, 110 
solution in cylindrical coordinates, 103 
unique solution, 54 

Laplacian operator, 42-43 
sundry coordinates, 341-342 

Lawton, W. E. (see Plimpton, S. J.) 
Laws in physics, 1 
Legendre functions, 220 
Lenz's law, 163 
Lightning rod, 61 
Limiting examples, 2 
Line charge, finite length, 47 
Line integral of field, 20-21 
Linear dipole, 105, 111 
Lines of force, :34 
Longitudinal field component in electro

magnetic wave, 259, 295, 312 
Lorentz condition, 182 
Lorentz force, 137 

M 

Maclaurin's series, 76 
Macroscopic and microscopic physics, 51, 

265 
Magnetic charge, 173-174, 195 

energy of, 200 
Magnetic current: 

conduction, 173-17 4 
displacement, 248 

Magnetic dipole: 
energy, 200 
interaction with induction, 139-143 
moment: 

definition, 141, 142, 268 
from a rectangular loop, 179 
per unit volume, 203, 204 

Magnetic displacement current, 248 
Magnetic domains, 213 
Magnetic field, 14, 130-131, 206-207 

boundary conditions, 214-217, 262-263 
definition, 20,7 
from displacement current, 248-251 
energy, 192-194, 200, 209, 279-283 
about magnetized sphere, 219-222 
and motion of charged particle, 157 
from moving charge, 248-251 
rectangular waveguide configuration, 

311 
Magnetic flux, 161 

linkage with a circuit, 166 
time dependences, 165-166 
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Magnetic flux density, 131 (see also Mag
netic induction) 

Magnetic force: 
on a charge within a conductor, 135 
on a current element, 134-137 
between currents, 6, 143-145, 158 
on a moving charge, 130-132 

Magnetic Hertzian vector, 330-331, 335-
337 

Magnetic induction, 131 
from a circuit, 138 
about a coaxial line, 159 
curl, 153 
about a current sheet, 159 
definition, 131, 206 
from a direct current element, 137-139 
discontinuity of lines, 139 
divergence, 139 
within a solenoid, 148 
source-free, 138 
within a toroid, 159 
from vector potential, 174-177 
about a wire, 146-147 

Magnetic material: 
analogs with dielectric material, 209 
Class A, 208 
diamagnetism, 202, 209 
effect on inductance, 201-203 
ferromagnetism, 210-213 
non-isotropy, 213 
paramagnetism, 201 

model, 209 
Magnetic moment: 

definition, 141, 142, 268 
elementary particles, 201 
of neon, 225 
rotating sphere of charge, 157 

Magnetic parameters, 207-209 
Magnetic permeability, analog of 1/•, 

138 
definition, 208 
of free space, 138 

Magnetic polarization (see also Magnet
ization) 

and Magnetic Hertzian vector, 331 
Magnetic pole or charge, 173, 217-219 

pair production, 174 
Magnetic potential, scalar, 182-187 

defined from conduction and amperian 
current densities, 217 

Magnetic sheet and current loop, 225 
Magnetic susceptibility, 208 

of hydrogen, 225 

Magnetization, 203-206, 331 
and amperian current, 206 
discontinuity, on sphere, 222 
electric polarization, analog, 206 

Index 

Magnetized materials, 130, 201, 209-213 
Magnetized sphere, 219-222, 227 
Mass points, 16 
Matched line, and matched load, 321 
Matching of solutions, two regions, 101-

105 
Mathematical explanation of linearities, 75 
Mathemathics and physical theories, 1 
Maxwell's equations, 78, 139, 167, 246, 

251-252, 298 
point and regional forms, 252 

Maxwell's experiment to test Coulomb's 
law, 46 

Measurement in principle, 6, 8, 9, 74 
Metal box, potential, 111 
Metal plates, potential, partly filled with 

dielectric, 112, 113 
Metallic medium, propagation of waves, 

259-261 
Method of images, 105-110 
Microscopic and macroscopic physics, 51, 

265 
Mks units, 17-18, 87-89, 222-225, 268-269 
Models: 

diamagnetic material, 209 
non-isotropic dielectric, 77 
paramagnetic material, 209 

Modes, waveguide, 295; 312 
Modification of space, electric field as, 7 
Molecule, polarization, 65, 70-73 
Momentum density, electromagnetic field, 

288-291 
Momentum of field, 145 
Monopole, 67 
Multiple charge problem, and images, 105 
Multipole, 67 
Mutual inductance, 189-191 

equation, 190 
plane loops, 198 

N 

Neumann function, 334 
Newton, unit of force, 7, 17 
Newton's third law, apparent violation, 

145 
Non-conservative field, and potential, 21 
Non-electrical force (see Force, non-elec

tromagnetic) 
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Non-electrical mover, 13 
N onhomogeneity: 

dielectric material, 77 
magnetic material, 213 

N onhomogeneous wave, 279 
Nonhomogeneous wave equation, 329, 331 
Non-isotropy: 

conductor, 119 
dielectric material, 77 
magnetic material, 213 

Non-polar molecules, 70 
Normal to surface, vector character, 32 

0 

Octopole, 67 
Oersted, emu of magnetic field, 223 
Ohm, 17, 117 
Ohm's law: 

ac circuit, 233 
de circuit, 117 
departure from, 117 
non-isotropic materials, 119 
point form, 117-119, 230 
regional form, de, 117-119 

Operating practice, guided waves, 
323, 337-338 

Operator, scalar, 25 
Operator, vector: 

curl, 148-152 
divergence, 39-42 
gradient, 24-26 

Ordinary derivative, 102 
Orthogonal functions, 101 

p 

Pair production: 
electric charges, 6 
magnetic poles, 17 4 

Parallel plates, potential, 99-101 
Paramagnetic model, 209 
Paramagnetism, 201, 209-210 
Partial differential equations, 95 
Passive regions, 282 
Peanut, 153 
Permeability: 

definition, 208 
differential, 211 
of oxygen, 227 
relative, 208 

Permittivity: 
definition, 74 
dimensions, 18 

320-

Permittivity (cont.) 
of free space, 18 
at optical frequencies, 275 
in plasma, 264 

353 

Perturbation m~thod of calculation, 315 
Phase angle: 

definition, 233 
plane waves in various mediums, 266-

268 
Phase speed, 257 

in plasma, 266 
in waveguide, 314 

Phase velocity, 257 
Phasors, 235-238 
Pillbox, Gaussian surface, 51 
Pith-ball: 

electrification experiments, 5 
to measure electric field, 8 

Plane angles, 29-33, 186-187 
Plane wave: 

characteristics, 255 
energy transport, 284 
intensity, 14, 284 
in perfect dielectric, 254-259 
phase relations, various mediums, 266-

268 
reflection and refraction, 273-279, 292 
total reflection, 278 
relations among E, H, and k, 257-258 
transverse properties, 258 

Plasma, wave propagation in, 263-266, 272 
Poynting vecr,or, 292 

Plimpton, S. J. and Lawton, W. E., ice 
bucket experiment, 46 

Point charge, 16, 130 
compactness, 130 
curl of field from, 159 
electric field a.nd potential from, 19-20 
force exerted on another point charge, 

19 
Point statement, 42, 119, 167, 252 

Ampere's law,. 153-154 
Faraday's law, 164-165 
paired with integral statement, 42, 73, 

78, 153-154, 252 
Poisson's equation: 

electric potemial, 43, 329 
vector potential, 176 

Polar molecule, 70, 76 
potential energy in a field, 90 

Polarizability: 
metal sphere, 110 
molecule, 73 
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Polarization: 
applications, 65 
boundary conditions, 82 
in capacitor, 83-86 
definition, 72 
dielectric material, 70-73 
and charge density, 206 
divergence, 73 
Gauss' law, 73 
macroscopic matter, 65 
magnetic (see Magnetization) 
molecule, 65 
of waves, 276, 292 

Polarization potential (see Hertzian vec
tor) 

Position vector, 10 
Potential (see also Electric potential and 

Magnetic potential) 
for computation, 174 
and field, 14, 174-177 
gauge transformations, 180-182 
gradient, 24 
scalar: 

and Hertzian vector, 328-331 
and non-conservative field, 182-187 

vector, 174-177 (see also Vector po-
tential) 

Potential energy, 13 
Potential wall, 323 
Power: 

ac circuit, 238-240 
de circuit, 126-127 
per unit volume, resistor, 129 
waveguide, 313 

Power series, 97 
Power transmission, 3, 14, 279-286, 313, 

320-323 
Power per unit area, in a wave, 14, 282, 

284 
Poynting's theorem, 279-283 

examples of use, 284-286 
Poynting vector, 282, 292 

complex, 283 
about cylindrical conductor, 285 
in plasma, 292 
pulsation of instantaneous value, 293, 

325 
Practical units, 17 
Precession of electron orbits, 202 
Principal mode, 295 

coaxial line, 296-299 
Propagated wave, definition, 296 

Index 

Propagation: 
in conducting medium, 259-261 
in electron environment, 263-266 
guidedwave,295-296,312-314,320-323 
plane wave, 254-259 

Propagation factor, 255 
degrees and radians, 305 
conducting medium, 260-261 
imaginary, 321, 322 
transmission line, 301 
waveguide, 310 

Propagation vector, 255 

Q 

Quadrupole, 67 
Quantity of charge, 5-7 
Quantization of field, 291 
Quantum: 

electric charge, 6 
magnetic pole, 174 

Quantum mechanical binding, 263 
Quan'tum mechanics: 

calculation with, 202 
tunnel effect, 323 

Quartz, relaxation time, 50 

R 

Radar pulse, 292, 294 
Radian, angular unit, 29 
Radiation pressure, 286-288 

on antenna, 293 
and quantization of field, 291 

Radiation propulsion, 294 
Radicals, chemical, 51 
Range of forces, 1 
Rationalization of equations, 36 
Reactance, 233 

series circuit, 230-233. 
signs, with i and j, 241 

Reactance triangle, 233 
Reactive power, 238-240, 293 
Recursion formula, 97 
References, reading, 343 
Reflection coefficient, 302 
Reflection coefficient plane, 307 
Reflection of plane waves, 273-279 
Refraction: 

field lines at a dielectric interface, 83 
index, 257, 275 
plane waves, 273-279 
polarized waves, 276, 292 
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Relative impedance, 303 
Relativistic speed, 137 

fluid, 288 
Relaxation time, 50 
Resistance, 117 

region, ac circuit, 231 
Resistivity, 118 
Right-hand rule, 140-142 
Roots of J~, Table 3, 337 

s 
Scalar field, 14 
Scalar magnetic potential, 182-189 
Scalar potential, 180-182 

and electric Hertzian vector, 328 
and magnetic Hertzian vector, 330 

Scalar product of vectors, 14-16 
Scalar triple product, 161, 194, 340 
Schroedinger waves, 323 
Sea water, relaxation time, 50 
Self-inductance, 189-191 

coaxial line, 199, 225, 226 
energy definition, 193 
improper integral, 190 
open transmission line, 191-192 
solenoid, 193, 226 
toroid, 200 

Semi-conductors, 117 
Separation constant, 98 
Separation of coordinates, 96-98 
Sex, 263 
Sign of charge, 5 
Simple harmonic motion, 236 
Single crystal, and domains, 213 
Skin depth: 

conductor, 261 
plasma, 266 

Snell's law for refraction, 275 
Solenoid: 

induction within, 148 
poles, 217-219 

' self-inductance, 193, 226 
Solid angle, 29-33, 183-187 

gradient of, 183 
Space: 

Euclidean, and Coulomb's law, 16, 
35-36 

factor of 41r, 36 
modification of, electric field, 7 

Space ship, 294 
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Source, 42, 138 
in nonhomogeneous wave equation, 329, 

331 
Spark gap, 61 
Speed of light, ]8, 223, 314 
Sphere: 

charged: 
concentric pair, 62 
field inside, 44 
force between halves, 112 
potential and field, 26, 46, 48, 62 
spinning, magnetic moment and an-

gular momentum, 157 
capacitance, 56, 61, 62 
of magnetic charge, 195 

energy, 200 
magnetized, 219-222 
metal: 

images in, 107-110 
polarizability, 110 
in uniform electric field, 109 

Standing wave ratio: 
power, 309 
voltage (VSWR), 308, 320-321 

Standing waves, 307-309, 320-321 
Statcoulomb, 17, 87 
Statvolt, 87 
Steady current, 117 
Steady-state solution, ac circuit, 232 
Steradian, unit of solid angle, 32 
Stokes' theorem, 152-153 
Storage battery, 122 
Superficial wave., 279 
Surface, force on, 59-61, 85, 91, 290 
Surface charge, 51 

induced, 107 
Surface current density (see Current den

sity, surface) 
Surface integral: 

field, 33 
transformation to volume integral, 41 

Surface wave, 279 
Susceptibility: 

electric, definition, 73 
magnetic, definition, 208 

Symmetry: 
charge distribution, 39 
dielectric cylinder, 102 
dipole, 67 
electric field, 35-39 
of force between current loops, 144 
of magnetic forces, 145 
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Symmetry (cont.) 

of magnetic induction about open trans
mission line, 191 

parallel-plate problem, 99 

T 
TE modes (TE-waves), 295, 313 

circular waveguide, 335-337 
degenerate, 337 
rectangular waveguide, 309-311 

TEM-wave, 295 
Temperature as scalar field, 14 
Temperature variations: 

electric susceptibility, 76 
magnetic susceptibility, 210 

Tensor, 14 
Test charge, 7, 13, 131-132 

vanishingly small, 14, 130 
Theories in physics, 1 
Theory of images, 105-107 
Thermal motions, charges in conductor, 

114 
Time dependence, 273, 274, 299 

ac circuits, 232, 236, 241 
implicit, 253 

TM-wave, 295, 313 
Toroid, self-inductance, 200 
Torque: 

on electric dipole, 69-70 
on magnetic dipole, 139-143 
as vector product, 132 

Torsion balance, 16 
Total current density, 246 
Total reflection, 278 
Transformation: 

line to surface integral (Stokes' theo
rem), 152-153 

surface to volume integral (divergence 
theorem), 39-42 

Transient solution, ac circuit, 232 
Transmission line: 

circle diagram, 304-307 
coaxial: 

capacitance, 62 
principal mode, 296-299 
self-inductance, 199, 225, 226 

distributed constants, 300. 
equations, 299-302 
impedance transformation, 302-307 
operating practice, 320-323 
parallel wire: 

capacitance, 113 
self-inductance, 191-192 

Transmission line (cont.) 

standing waves, 307-309 
Transmitted wave, 273 

Index 

Transverse wave properties, 257-259, 295, 
312-313 

Tunnel effect, 322-323 

u 
Undetermined coefficients, in solutions of 

differential equations, 95 
Uniform motion, equation, 7 
Uniqueness, 53-55, 105 
Unit vector, 9 

scalar product, 15 
vector product, 133 

Units: 
emu, 222-225 
esu, 87-89 
Gaussian, 268-269 
mks, 16-19 
practical, 17 

Unmeasurable quantity, used for defini
tion, 74 

Unrationalized equations, 36 

V 

Van de Graaff generator, 120-122, 129 
Vector: 

abbreviated notation, 156 
ac circuit, 234-235 
addition, 9 
Cartesian components, 9, 10 
dimensions, 12 
drawing of, 12 
line integral, 15 
multiplication by a scalar, 7 
product of: 

scalar, 14-16 
scalar triple, 161, 194, 340 
vector, 131-134 
vector triple, 144, 340 

time and space, 235, 253 
unit, 9 

Vector equations, 7-10 
Vector field, 14 
Vector formulas, 340 
Vector operators, sundry coordinate· sys

tems, 341-342 
Vector potential, 174-177, 327, 330 

example, 177-179 
Velocity as vector produd, 132 
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Volt, 13, 17, 117 
Voltage triangle, 235 
Volume integral, transformation to sur

face integral, 39-42 
VSWR (voltage standing wave ratio), 308 

operating practice, 320-321 

w 
Wave admittance, 259 
Wave equation, 252-254 

complex e or µ, 270 
cylindrical coordinates, 296 
and displacement current, 270 
Gaussian units, 269 
grad e ,6- 0, 270 
for Hertzian vectors, 329, 331 
nonhomogeneous, 329, 331 

Wave impedance, 259, 287 
Wave mechanics, 323 
Wave velocity, 256 
Waveguide: 

attenuation: 
ohmic, 314-320 
reactive, 312 

characteristics of fields, 312-314 

Waveguide (cont.) 
circular, 327 and following 

lossy walls, 338 
TE modes, 335 

conducting dielectric, 314, 326 
current, 313 
impedance relations, 313 
modes, 295, 299, 312, 337 
operating practice, 320-323 

circular guide, 337 
phase speed, 314 
rectangular, 309 and following 

field configuration, 311 
TE modes, 309-311 

voltage, 313 
wall losses, 315-320 
wavelength, 314 

Wavelength: 
definition, 255 
plane-wave, 295 
waveguide, ;314 
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Webers per square meter, unit of mag
netic induction, 131 

Work (see also Energy): 
against electric force, 13 
per unit charge, 13 
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Electromagnetic Constants ,of Free Space 

107 10---9 
Eo = 4,rc2 ~ 36,r farads per meter 

1 c2 
- = - ~ 9 X 109 meters per farad 
41reo 107 

,µo = 41r X 10-7 webers per ampere-meter (exact value) 

4; = 10-7 webers per ampere-meter (exact value) 

1 
4 

~ = c = 2. 998 X 108 ~ 3 X 108 meters per second 
vµoeo 

Constants of the Electron 

Charge, e = - l.60 X 10-19 coulomb 

Mass, m = 9.11 X 10-31 kilogram 

/·· 

'· 


