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Harmonic Generation of Microwave Phonons by Radiation 
Pressure and by the Phonon Phonon Interaction 

PAUL H. CARR 

Abstract-Harmonic generation of microwave phonons in non
piezoelectric media due to the radiation pressure of the microwave 
electric field has been observed. The radiation pressure generation 
mechanism was established by the quantitative· agreement between 
the predicted sonic power generated and the detected power, '11'hich 
was as high as microwatts per square centinieter. The conversion of 
power from the 4.5GHz fundamental of a longitudinal wave along 
the (100) axis of MgO to the second harmonkhas been observed to 
be as large as 60 percent. This strong interaction was shown to be 
due to the nonlinearity of the elastic medium or the phonon phonon 
interaction. The coupling constant for the interaction Jrj was 
measured to be 21 ± 10 and was related to the third-order• elastic 
constant cm = - 63 ± 26 X 1012 dynes/cm2• A solution of the 
nonlinear wave ~q~ation in ~ lossy ~edium has been made. 

l. INTRODUCTION 

THE PURPOSE of this paper is to present measure
ments of two different physical processes for har-:
monically generating microwave phonons: radiation 

pressure and the phonon phonon interaction. The two 
processes differ both in magnitude and in the fact that 
the radiation pressure generation occurs at the surface 
of the medium, and the phonon phonon interaction occurs 
in the volu·me. The acoustic waves in the first part of this 
experiment are generated by placing a dielectric rod in 
the high intensity electric field of a re-entrant cavity. 
The radiation pressure on the end of the rod, which. is 
proportional to the square of the electric field, contains 
a static· term which tends to pull the rod into the cavity 
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and a time dependent term which varies . at twice the 
resonant frequency of the cavity. This term generates 
microwave phonons at the end. surface of the rod, which 
the~ decay e~ponentially as they propagate in the medium. 
In nonpiezoelectric rods, it has been shown for the first 
time that. it is possible to generate by radiation pressure 
sonic i~tensities as large as microwatts per square centi-
meter or strain amplitudes of the order of 10-s. . . 

Ha~monic generation. by means of the phonon phonon 
interaction. is. several orders of magnitude larger than 
this. In this case, a fundamental acoustic wave .is gener:. 
ated by means of a piezoelectric transducer on the end 
of the rod. This w~ve then interacts with itself due to the 
nonlinearity of the elastic medium via the phonon phonon 
interaction to produce harmonics whose amplitudes are 
proportional to" the. distance the wave has traveled. For 
the case of longitudinal waves in magnesium .oxide re
ported here, the _second harmonic becomes as. large as 
the fundaiµental in a distance of a few centimeters .. The 
coupling constant for this intei:action has been measw~d 
and related to the third-order elastic constant qf the 
medium. 

II. RADIATION PRESSURE GENERATION 

A. Experimental Procedure 

Sound waves are generated by radiatio~ pressure at 
the end surface of a nonpiezoelectric Z-cut quartz rod 
placed in the high-intensity (just below breakdown field 

7 . ' . . . . 

of 10 voJts per meter) electric field region of a re-en,trant 
type 4.5 GHz cavity shown in Fig. 1 .. This cavity is 
excited by a . 0.5 µs pulse of electromagnetic energy 
pass~d thro~gh a lp~-pass filter to eliminate ~ny har~ 
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Fig. 1. Cross-sectional view of the apparatus used for harmonic 
generation and detection of microwave phonons. The experiment 
was performed at helium temperature to reduce the attenuation 
of the phonons below the room temperature value. 

monies above 4.5 GHz that may be present in the pulsed 
microwave source. The longitudinal hypersonic sound 
waves or microwave phonons propagate to the other 
end of the rod, on which there is a vapor deposited thin 
film piezoelectric cadmium sulphide transducer [1], which 
partially reconverts the 9 GHz component of the acoustic 
energy into microwave energy in the 9 GHz re-entrant 
cavity. The resulting electromagnetic energy propagates 

I 

up the waveguide where it is detected by a superhetero-
dyne receiver having a minimum sensitivity of about 
10-~2 watts. The acoustic wave reflected from the trans
ducer returns to the generating cavity where no electro
magnetic signal is detected. This establishes that the 
generation process has no inverse and confirms that the 
rod is indeed nonpiezoelectric. 

Figure 2 shows an oscillogram of longitudinal echoes 
generated and detected in this manner. The first pulse 
is receiver pickup from the high. intensity generating 
pulse. The time between this pulse and the first acoustic 
echo corresponds to the time that it takes for the acoustic 
wavepacket to travel from the generating surface at 
one end of the rod to the detecting transducer at the 
other .. The time between the remaining echoes, which 
corresponds to one round trip, is twice that of the first. 
This behavior establishes the fact that the waves were 
generated at the end of the rod in the 4.5 GHz cavity 
and not at the CdS transducer on the other end of the 
rod which might<'have been excited by power leakage. 
The peak power of the first echo is about a factor of 
one hundred above the noise level of the receiver and 
was found to be proportional to the square of the micro
wave power to the generating cavity. The latter observa
tion establishes the nonlinearity of the generating process. 

In the second part of the experiment, microwave 

Fig. 2. Oscillogram of longitudinal echoes generated in a nonpiezo
electric Z-cut quartz rod, 1.78cm long. The scale is 2 µsec per 
main scale division. The echoes were generated by the radiation 
pressure at one end of the rod, which was placed in a 4.5GHz 
cavity, and were detected by a CdS transducer at the other end, 
which was placed in a 9GHz cavity. The time between the first 
pulse, which is caused by pickup from the microwave generating 
pulse, and the first acoustic echo corresponds to the time that it 
takes for the acoustic wavepacket to travel the length of the rod. 

acoustic waves were generated by a pulse of electro
magnetic radiation in the 9 GHz cavity and the resulting 
acoustic echoes were detected in the same cavity. This 
procedure enabled the electromechanical conversion 
efficiency of the cavity and the transducer, which was of 
the order of 10-4

, to be measured, and also enabled it to 
be shown experimentally that the waveR were indeed 
generated at the end surface of the rod in the 4.5 GHz 
cavity and not in the volume of the rod [2]. 

B. Theoretical Considerations 

The longitudinal wave equation together with its 
source term in a nonpiezoelectric medium is 

t a
2

1;1 _ a
2

1;1 = _g_ (Taa) 
V33 at az az Caa (la) 

where the longitudinal radiation stress [3] is 

T Eo ( aKa )E2 
33 = 2 Ka - asa 3• (lb) 

He~e w is the displacement of a small macroscopic volume 
element from equilibrium along the z axis, v33 is the ve
locity of sound, c33 is the elastic constant, Ka is the di
electric constant, aKa/aSa is the longitudinal component 
of the electrostrictive constant, and E3 the component 
of the electric field along the z axis (all other components 
are negligible in the experimental configuration). Since 
the electric field in the generating cavity is varying 
sinusoidally at 4.5 GHz, the radiation stress in (1) has a 
static component which is of no interest at present, and 
a component varying at 9 GHz which generates the 
acoustic waves. Thus, phonons at 9 GHz and none at 
4.5 GHz would he generated by the radiation pressure 
mechanism in nonpiezoelectric dielectrics. 
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TABLE I 

105 

HARMONIC GENERATION IN NONPIEZOELECTRIC DIELECTRICS EXPERIMENTAL DATA 

Rod 

Z-Quartz 
1. 78 cm long 
K = 4.6 

Z-Quartz 
1.0 cm long 
K = 4,6 

a-Ruby 
2.54 cm long 
K = 9.35 

The solution of (1) is 

Velocity 
X 105 cm/sec 

6.8 ± .2 

7.2±0.1 

10.9 ± 0.1' 

Radial Unifor 
of Field 

mity 

22 ± 10 per cent 

<2 percent 

22 ± 10 perc ent 

17 ± l0per cent 

S2r = ~~!!
3 

[ K3(K3 - l) + :~J cos 2(kx - wt) (2) 

where S21 is the strain amplitude, E, is the electric field 
just inside the end surface of the rod, and p is the density 
of the medium. The ·generation was found to occur at 
the end surface of the rod in analogy to the linear piezo
electric case [4]-[5]. The term proportional to K3 (K3 - 1), 
which is called the Maxwell Faraday stress, arises out 
of the discontinuity in the dielectric constant at the end 
of the rod and will be seen to be about an order of magni
tude larger than the electrostrictive term. 

To the knowledge of the author the electrostrictive 
constant has not been measured at microwave frequencies. 
It can, however, be related to photoelastic strain constant 
p, which has been measured at optical frequencies, by 
the following equation 

C. Discussion 

OK3 _ 2 

S 
- -K3p33. a 3 

(3) 

Additional experimental confirmation of the fact that 
the radiation pressure produces phonons at twice the 
resonant frequency of the generating cavity and none 
at the resonant frequency was made by inserting a Z 
cut quartz rod between a generating cavity at 9 GHz 
and a detecting cavity at 9 GHz. When the generating 
cavity was excited, no phonons were detected by the. 
CdS transducer in the detecting cavity. 

A summary of the quantitative measurements is pre
sented 'in Table I. The measured strain amplitude was 
computed from the magnitude of the detected acoustic 
power P 21 by means of the formula S21 = (2P 21) 

112 (pv 3 A )-112 

where A is the area of the rod. The· intensity of the 
acoustic power was of the order of a microwatt per square 
centimeter. The calculated strain was computed from (2), 
with E~ being measured by means of a perturbation 
techmque [6]. This techmque consists of measurmg the 
decrease in frequency of the re-entrant cavity when the 
dielectric rod is moved into the cavity by a small amount. 
Perturbation theory relates the change in frequency to 
E~. The value of the electrostrictive constant for quartz 

Calculated Measured 
Strain X 10-s Strain X 10-s Smea,/Scalc 

2.0 ± 0.5 1.4 ± 0.2 0.7 ± 0.3 

0.26 ± 0.07. 0.24 ± 0.03 0.9 ± 0.3 

2.1 ± 0.6 1.4 ± 0.2 0.7±0.3 

0.87 ± 0.2 1.0 ± 0.1 1.1 ± 0.3 

used in the calculated strain was found from (3), using 
the value of p33 = 0.098 measured at optical frequencies 
and the microwave value of K listed in Table I [7]. The 
actual value of p33 at microwave frequencies is not known 
and might possibly be a bit greater than at optical fre
quencies due to ionic polarization, which causes the di
electric constant at microwave frequencies to be about a 
factor two greater than at optical frequencies. However, 
(2) is relatively insensitive to this possible increase, as 
the term Ka (K3 - 1) is about an order of magnitude 
larg;er than the value of iJK3/oS3 which was used. The 
experimental accuracy is not sufficient to reveal this 
possible increase. To the knowledge of the author p33 

has not been measured for ruby (0.01 percent Cr doped 
AI20 3 ), and it was taken to be zero in calculating the 
strain, which agrees with the measured strain to within 
the experimental accuracy. 

The expected agreement between the calculated strain 
and the measured strain is based upon a theoretical as
sumption that the electric field is radially urvform across 
the end face of the rod. This is because the acoustic 
power generated P2, a: J E: dA while the perturbation 
technique measures J E! dfl. The two can be most simply 
related if the electric field is uniform. The validity of 
this assumption was experimentally checked by a pertur
bation technique in which a thin sapphire disk was moved 
radially across the end of the dielectric rod and the re
sulting frequency change related to the uniformity of 
the field. Measurements on the 1.78 cm Z cut rod shown 
in Table I were made in a cavity, having a 30 mil gap, 
in which the uniformity was established to be 22 percent 
by the perturbation technique, and then in another 
cavity, having a 140 mil gap, in which the uniformity 
was < 2 percent. To within the experimental accuracy, 
there is no difference between the results obtained with 
the two different cavitites. The uniformity of the electric 
field in the experiment is therefore sufficient to warrant 
tlie theoretical assumption made in the interpretation of 
the data. 

The rods used in these measurements were oriented 
with optical and X-ray techniques to within one half 
degree of arc or better before fabrication of the ends, 
which were optically flat to one tenth of a wavelength of 
sodium light and parallel to within 4 seconds of arc. 
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The oriented Z cut rods were obtained from the Valpey 
Crystal Company and the ruby rod from Adolf Meller 
and Company. The measured longitudinal velocities 
agree with those published by other workers. The spread 
between the two different samples of Z cut quartz is less 
than that of the value of 6.3 X 105 cm/s, as reported by 
Bommel and Dransfeld [5], and the value of 7.2 X 105 

cm/s, as later reported by Nava, et al. [8]. Velocity 
variations of at least 5 percent for different quartz speci
mens 'have been observed by Stewart and Stewart [9]. 

The observed quantitative agreement between the 
predicted and measured value of the strain amplitude 
verifies that radiation pressure is the physical process 
generating the phonons. 

III. PHONON PHONON INTERACTION 

A. Experimental Procedure 

In order to study the phonon phonon interaction with 
the apparatus shown in Fig. 1 it is necessary to generate 
phonons at the fundamental frequency of 4.5 GHz. This 
was done by adding a CdS transducer to the end of the 
rod in the 4.5 GHz cavity in the case of nonpiezoelectric 
magnesium oxide. For piezoelectric quartz, this was not 
necessary. Echoes generated and detected in the 4.5 GHz 
cavity were used to measure the electromechanical con
version coefficient of the transducer cavity assembly, 
which was of the order of 10-4

• The acoustic power 
generated at the fundamental was computed from the 
measured value of this constant and from the measured 
value of the electromagnetic power. The second harmonic 
generated by the phonon phonon interaction as the 
fundamental interacts with itself through the nonlinearity 
of the elastic medium is orders of magnitude larger than 
that produced by the radiation pressure. 

B. Theoretical Considerations 

The nonlinear wave equation of a longitudinal wave 
propagating along the (100) axis of a cubic crystal or 
along the X axis of quartz is 

a
2
u _ 2 a

2
u _ (3C11 + C111) au. a

2
u 

at2 V ax2 
- , p ax ax2 (4) 

where cu is the second order of linear elastic constant 
and Cm is the third order or nonlinear elastic constant. 
The thermodynamic definition of the elastic constants 
has been used [10]. c11 occurs in the nonlinear term, since 
an elastic continuum is linear only for small displace
ments. Equation (4) is solved by perturbation theory or 
iteration in which the assumed solution is the sum of a 
large term, which is the solution of the homogeneous 
equation, plus a small trial solution. The solution of the 
homogeneous equation thus acts as a source term on the 
right hand side of (4) for the trial solution on the left. 
The solution for the fundamental plus the second har-
monic is 

u = u0 sin (kx - wt) - f S2x cos 2(kx -:- wt) (5a) 
I.;-, 

TABLE II 
STABILIZATION DISTANCE X8 FOR THE 2ND HARMONIC 

where 

n 

0 
1 
2 
3 
4 

x, 

0,6911 
0,5011 
0.3511 
0,2311 
0.1511. 

f = 3 + C111/Cu 

S = kuo. 

(5b) 

(5c) 

Acoustic waves do not propagate in lossless media, so 
the present solution must be generalized. When dissipa
tive terms are added to the equation whose solution gives 
the second harmonic amplitude A 21, one finds that 

f 2[e-z/l 0 
_ e-2z/l,] 

l1 ~ 2l2; A21 = 8 s l;I - 2l~I 

l 2l A _ £ S2[ -2z/l,] 
I = 2; 2/ - - 8 xe • 

(6a) 

(6b) 

Here l1 is the mean free path at the fundamental fre
quency and l2 is the mean free path at the harmonic 
frequency. The second harmonic amplitude first increases 
linearly with the distance, for distances small compared 
to t~e mean free path, then comes to a maximum at the 
stabilization distance which is of the order of the mean 
free path, (see Table II), and finally decays exponentially 
for distances large compared to the mean free path. In 
the microwave frequency region, one measures the acoustic 
power at the fundamental P I and that at the second 
harmonic P 21 • Equation (6) expressed in these terms is 

_ 1r2r2j2P} [e-z/l, _ e-2z/l,]2 
p2/ - 2pAv5 l;1 - 2l~1 . (7) 

Since the second harmonic power is proportional to the 
square of the frequency, it is apparent that, for a given 
amount of power at the fundamental, the second har
monic is much larger at microwave frequencies than at 
ultrasonic frequencies. 

C. Discussion 

The harmonic generation of longitudinal waves· propa
gating along the (100) axis of magnesium oxide is shown 
in Fig. 3. Here, the acoustic power of the fundamental, 
which is generated and detected in the 4.5 GHz cavity, and 
the acoustic power of the second harmonic-, which is de
tected in the 9 GHz cavity, are plotted as a function of 
the microwave power to the 4.5 GHz cavity. The increase 
of the detected acoustic power at the fundamental and at 
the second harmonic is proportional to the power and to 
the square of the power to the generating cavity, respec
tively, when the second harmonic is smaller than the 
fundamental, in agreement with the perturbation solution 

l' 
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Fig. 3. Harmonic generation of longitudinal waves along the (100) 
axis of MgO. The acoustic power of the fundamental, generated 
and detected in a 4.5GHz cavity, and the acoustic power of the 
second harmonic, detected in the 9GHz cavity, are plotted as a 
function of the microwave power to the 4.5GHz generating 
cavity. 60 percent of the acoustic power generated at the funda
mental .is converted into the second harmonic at an acoustic 
power level of about 10m W. The smaller second harmonic in X-cut 
quartz is shown for comparison. 
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Fig. 4. Plot of the power of the second harmonic at 9.06GHz in 
MgO as a function of the magnetic field applied perpendicular 
to the rod axis. At a field of 490 oersteds, the splitting of para
magnetic Fe2+ impurities in the MgO corresponds to the funda
mental frequency of 4.53GHz. The suppression of the second 
harmonic by -20dB, caused by the dispersion of the spin phonon 
interaction, shows that the phonon phonon interaction causes the 
harmonic generation. 

TABLE III 
EXPERIMENTAL RESULTS FOR THE PHONON PHONON INTERACTION 

Other measurements 
Sample Jrl* cu X 1011 dynes/cm2 cm X 1011 dynes/cm2** of C111*** 

X-Quartz 
longitudinal ~0.5 8.7 ± 0.6 -26 ± 5 -21.0 ± 0.7 
waves McSkirnin [14] 

AG-Quartz 
transverse 0.04 ± 0.02 
waves 

(100) Magnesium 
Oxide 21 ± 10 26 ± 2 -630 ± 260 -489.5 ± 15 
Longitudinal 
Waves 

Bogardus (15] 

* r = 3 + cm/cu 
** Measured at 1.5°K 
*** Measured at 300°K 

of the nonlinear equation. In this region, the value of 
JrJ = 21 ± 10 listed in Table III was computed from 
(7). At a strain amplitude of about 10-6

, the interaction 
is so large that the fundamental and the second harmonic 
are of the same magnitude. As much as 60 percent of the 
acoustic energy generated at the fundamental is converted 
into the second harmonic. This interaction is large· enough. 
to be of technological significance in harmonically gen
erating higher frequencies. 

It will now be shown that this strong interaction occurs 
in the volume of the rod due to the phonon phonon 
interaction. One way of doing this would be to observe 
the build up of the second harmonic predicted by (7). 
This buildup ~as been observed by Gedroits and Krasil'ni
kov (11] and Hikata et al. (12] at ultrasonic frequencies 
in cases where. the stabilization distance or mean free 
path was much less than the length of the sample. The 
buildup for transverse waves in AC-cut quartz has been 
observed in the present experiment. The dominant non
linearity in piezoelectric X-cut quartz was a surface 
generation nonlinearity [2], which was much larger than 

the radiation pressure, and this set an upper limit on the 
value of JrJ ~ 0.5.1 In several magnesium oxide rods 
investigated,2 the mean free path of the phonons was of 
the same magnitude as the sample length. Thus, the 
buildup was not observed, so another method was used 
to show that the interaction occurred in the volume. 

The magnesium oxide rods used in this experiment 
contained paramagnetic Fe2

+ impurities (nominal con
centration 0.03 percent) which, when the splitting of the 
paramagnetic ground state levels was adjusted by an 
external magnetic field to be equal to the frequency of 

1 This surface nonlinearity was established by the observation 
that the second harmonic of longitudinal waves did not increase 
upon successive reflections [2], as was observed for a volume effect 
in initial megacycle harmonic generation experiments (11], (12]. 
Recently Breazeale (18] has reported megacycle harmonic generation 
experiments in which the second harmonic of longitudinal waves 
produced in the volume did not increase upon successive reflections 
and has pointed out on theoretical grounds that the second harmonic 
should not be expected to increase after reflection from a stress free 
surface. If this can be confirmed at microwave frequencies, then 
r would not be an upper limit, i.e., lrl = 0.5. 

2 The magnesiuJil oxide was obtained from the Norton Company. 
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the phonons, interacted so strongly with the phonons 
that the dispersion due to the interaction was manifest. 
Changes in the group velocity of 9 GHz phonons were 
observed to be as large as 30 percent. For the collinear 
phonon phonon interaction to occur, the phase velocity 
at the fundamental frequency and at the harmonic fre
quency must be equal. Thus, by adjusting the magnetic 
field so that the splitting of the paramagnetic levels 
corresponds to the frequency of either the fundamental 
or the second harmonic, one can suppress the phonon 
phonon interaction [13]. 

Figure 4 shows a plot of the peak power of the first 
second harmonic echo at 9.06 GHz, as measured with a 
gated integrator, vs. the magnetic field applied perpen
dicular to the rod axis, At a magnetic field of about 490 
oersteds the magnetic field splitting corresponds to the 
fundamental frequency of 4.53 GHz, and the second 
harmonic power is seen to decrease by - 20 dB or a factor 
of one hundred. This establishes that the interaction is 
due to the phonon phonon interaction, since second har
monic generation at a surface could not be suppressed by 
dispersion at this magnetic field. · 

At the exact resonance frequency for a paramagnetic 
transition, the dispersion vanishes and the absorption is 
a maximum. For a continuous wave, one would expect 
that at the exact resonant frequency, corresponding to a 
magnetic field of 491 oersteds, the second harmonic 
would be decreased by the absorption of the fundamental 
only. From the observed change in pulse height due to 
absorption of the fundamental, one would expect that 
the second harmonic would come back to -2.2 dB [see (7)]. 
This analysis holds only for continuous waves, and the 
fact that the second harmonic does not come back this 
far is most likely due to the spectral width of the 0.5 µs 
pulse. The fact that the broader transition at about 900 
oersteds comes back much further would appear to sup
port this explanation. Further, details as to the exact 
shape of the suppression of the second harmonic shown 
in Fig. 4 are beyond the scope of this paper. 

A summary of the experimental results for the phonon 
phonon interaction in quartz and magnesium oxide is given 
in Table III. The measured value of the coupling constant 
for the phonon phonon interaction is tabulated and the 
value Cu 1 computed from (5b) is given. The sign of cllI 

for X-cut quartz must be negative, since the observed 
value of lrl is so small. The sign of c1u for MgO was 
chosen to be negative to agree with the sign measured 
by Bogardus [15]. The measurements of Cm made by 
McSkimin [14] and Bogardus [15] were made by measuring 
the change in velocity of a low amplitude ultrasonic 
wave when the sample was subjected to uniaxial and to 
hydrostatic stress. Their measurements were made at 
room temperature, while those of the present experiment 
were measured at about 1.5°K. The temperature de-

' f..·t 

pendence of the third-order elastic constants has been 
worked out theoretically [16]-[17] for alkal~ halide crystals, 
and the magnitude of Cm (c111 is predicted to be negative 
for crystals of the NaCl type) was predicted to decrease 
by about 10 to 20 percent, depending on the crystal, 
when the temperature is increased from absolute zero 
to room temperature. The comparison of the two experi
ments is consistent with this prediction (one would ex
pect that MgO would be more like an alkali halide than 
quartz) but the experimental uncertainty is too large to 
give a quantitative experimental verification. There ap
pears to be no dispersion in the third-order elastic con
stants from static to gigacycle frequencies. 
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