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THE COMPUTATION OF ~ADIATION 
AND SCATTERED ELECTROMAGNETIC FIELDS 

In this report we apply some of the results obtained earliert 
to the practical numerical computation of radiation and scattered 
fields. The method we describe can be interpreted as a variational 
technique and its application is so far restricted to the problems we 
consider in this report. N .... vertheless· it has the definite advantage 
over other variational techniques that when applied repeatedly it 
yields a sequence of fields converging uniformly to the exact solution 
of the problem. This is a consequence of the facts established in 
reference l. Also the method gives an estimate of the <?rror at each 
step of the computation. As far as we know, convergence of other 
variational techniques to the solution of these problems has never 
bee:. established rigorously. Nor is there available any estimate of 

. the errors. 

We shall ·1,..:,nsider the problem of solving Maxwell's equations 
fo the infinite domain D exterior to a finite numbe_r of disjoint: 
bounded regions V.. We shall assume that the regions v: are bounded 

l l 
by smooth surfaces Ii as described in reference 1. Of the field we 
shall require that it satisfy the radiation condition and that the 
electric vector have a prescribed tangential component. As has been 
shown, 1 this problem has a unique solution. Given two source-free 
electromagnetic fields E 1,H1 and Ez,Hz in D, satisfying the 
:i:-adiation condition, we associate to this pair the number 

[ E 1,EJ =; r (El x n) • (Ez x. n)do- , (1) 
J ' I. . 

1 
where Ez ,is the complex conjugate to E 2 , n is the unit vector normal 
to the surface Ii' and do- is the element of area of Ii. This quantity 
we shall call the mutual gauge of the fields E 1 and Ez. When 
E1 = Ez = E we shall call it simply the gauge of E •. We note that the 
gauge of a field is a positive real number, and although as far as we 
know it does not have an immediate physical interpretation, it is a 
good·measure of the "size" of the field. In fact, for any quantity x 
depending linearly and continuously on the values of the field an,i its 
derivatives atiPoints away from the surfaces Ii we have that 
lxl•~ A [E,E] 2 , where A is some constant depending on the nature of 

I' 
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: { ',. the quantity x. If x depends quadratically on the values of E or its. 

-- ( derivatives we have that I xi ~ A [E,E] . Such a quantity would be, for 

! it • instance, the radiated energy. This follows from the fact that if En 

( f 'f is a sequence of fields whose gauges tend to zero, then the fields them-

!
. j .-· ( selves and al(l their derivatives tend to zero uniformly away from the 

'I l surfaces Li see reference 1 paragraph 5 ), Now the practica.l signifi-

. J ! cance of the gauge is that it can be computed from the tangential com-

!il,_ } f ponent of E along the !. so that if E is a radiation or a scattered I I ' field to be determined, tbe gauge of E and the mutual gauge of E and 
• ·. l · ! 

0th
er ::,:::::,ht: :::::::,::.~~::o::taw:

1 
a:::,::::• tangential 

l 

l component cf a field E along the surfaces Li and we want to approxi-

l · mate E by means of a linear combination of other known fields En. 

j' Then we compute the gauge of the difference between E and £. linear t, ~ combination of the En, that is, . 

·r. , 
' ! =[E,E]-L{>,n[En,E] +"!n[E,EnH (Z) 

. + I >.. k [E , E ]-
nm · n m J 

and minimize . this expression. If >..~ are the minimizing values of 

the indeterminates, then 6. is stationary for these values of >..n• If 

we set Ea = L >-n En, the,n Ea is the linear combination of the En t , ll · 
i,;"i 
t,. 

JI 
I 

which approximates E best in the sense that the gauge of the difference 

E-Ea is the smallest possible. Furthermore, it is ~·eadily seen that 

the mutual _gauge Clf Ea and E-Ea is zero, so that 

( E;Eal = [Za;Ea l , 

from which it follows that 

that is, the gauge ·of the error E-Ea is equal to the gauge of E minus 

the gauge of Ea. 

·The choke of the fields En is arbitrary in theory but in practice 

it will depend on previous experience, or if the problem is that of 

computing a scattered field one n\ay guess at possible electric current 
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distributions excited at the surface of the perfect conductors Vi by 
the incident. field and take the corresponding electric fields as the En• 

The practical ',JrOblem of minimizing 6 in (2} reduces to solving 
a system of linear equations, but it can be approached. directly by_ 
means of descent ruethorls. For numerical computation the latter 
procedure is perh·aps more adequate. 

One can also proceed step by step, and this is a convenient way 
to proceed. in case one has an infinite sequence of fields E available 
and one wi.shes to proceed with computing until a preassig~ed degree 
of accuracy is obtained, 

Let En be the sequence of fields and E the given field, We de• 
fine then the sequences en' €~ as follows: 

n-1 
-~n = En -Lek [ En:, -e_k) 

l 

Then the approximating fields are 

e1 = e~. c €'1 ~ ~1- -½ 

en=~ [~. ~)--½. 

(3) 

It is readily seen that what we have done here is orthogonalize the 
fields En with respect to the gauge, Since ·. · 

the gauge of Ea 
n 

is 

l 
·.8nm = 

n=m 

0 n\m 

[ E E ] . =t ICE p ll z a ' a ' ~ · 
n n . =l 

There arises the question of whether the Ea in (3) will approxi-
. n . 

mate E to any arbitrarily close degree by taking n sufficiently large. 
The answer to this question is affirmative if one takes the En to. be the 
fields of magnetic dipoles, three of them, mutually perpendicular-, in 
ead. Vi, and all their partial derivatives, Since these fields satisfy 
Maxwell's equation, their derivatives will not be linearly independent 
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and it will be sufficient, for example, to take all their derivatives with 
respect to x and y and all such derivatives of their first del'ivatives 
with respect to. z, 
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GOVERNMENT NOTICES 

When Covernment dra~lng•, speclflcatlona, or other data ·are 
u •ed for any purpo&e other than In connection with a definitely r.,hted 
Covernment procurem .. nt operation, th., Unlteci States Covernment 
thereby Incur• no re •ponsibllltynor &ny obllgntlon whatsoever;and the 
!&ct that the Government may have formulated, furnished, or In any 
way aupplled the said dr•wlnga, specification.,, or other data, Is not to 
be regarded by Implication or otherwhe aa!n any mannerlicenalngthe 
holder 01' 11ny otherperaon or corporation, or conveying any rlglit• or 
Jle71nla• lon to manu!aciure, uee, OT sell any patented Invention that may 
ln anr way be related thereto. 

The IJ>lonna.tlon furnished herewith ii made available for study 
upon the. Wlderstandlng that the Covernment•a proprietary lntereata lo 
bd relating thereto •hall not be Impaired. It la de el red that the Office 
of the 1udge .Advocate, Wright Air Development Center, Wrlght•Pattet• 
•on AFB, Ohio, be promptly ·notified of any appa~ent conflict between 
the Oovcrnment•a proprietary lntereata and those of other •• 
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